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ON  t.DESIGNS 

Dijen  K.  RAY-CHAUDHURI*  and  Richard  M,  WILSON** 
(Received  January  14,  1975) 


Introduction  and  preliminaries 

An  incidence  structure  is  a  triple  S—{X,  J)  where  X  and  JL  are  disjoint 
sets  and  c^cATx.^.  Elements  x^X  arc  called  points  and  elements  AeJl  are 
called  blocks  of  S.  A  point  x  and  a  block  A  are  incident  iff  (r,  A)gJ.  For  any 
block  A,  (A)  will  denote  the  set  of  points  incident  with  A. 

Let  V,  k,  t  and  \  be  integers  with  and  X^l.  An  k,  v) 

(a  t-design  on  v  points  with  block  size  k  and  index  \)  is  an  incidence  structure 
D—{X,  Jl,  S)  such  that 

(i)  \X\^v, 

(ii)  \{A)\=k  for  every  As 

(iii)  for  every  f-subset  T  of  X,  there  are  exactly  X  blocks  AsJl  with 
Tc(A). 

It  is  well  known  that  everj'  S^(f,  k,  c)  has  exactly  A=X^  /  )/(  f  )  *^*0^^*“ 

and  more  generally,  for  any  /-subset  I  of  points  (0^/</),  the  number  of  blocks 
A  of  the  design  with  I  c(A)  is 


independent  of  the  subset  I  [2]. 


Abstract:  We  present  the  generalization  (conjectured  by  A.  Ja.  Petrenjuk)  of  Fisher’s 
Inequality  b^v  for  2-designs  and  Petrenjuk’s  Inequality  for  4-designs.  The  (-designs 

satisfying  the  inequality  with  equality  may  be  considered  as  generalizations  of  the  symmetric 
2-designs  (6=tt)  and  have  the  property  that  there  are  exactly  y  (  possible  values  for  the  size 
of  the  intersection  of  two  distinct  blocks,  these  values  being  computable  from  the  parameters. 
*  This  research  was  supported  in  part  by  ONR  N00014-67-A-0232-0016  (OSURF 
3430A2). 

•*  This  research  was  supported  in  part  by  N.S.F.  Grant  GP-28943  (OSURF  Project  No. 
3228-Al). 
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An  k,  v),  say  D={X,  J),  is  simple  when  the  mapping  Ai-*(A)  from 

Jl  into  £P*(A')  (the  class  of  all  ^-element  subsets  of  X)  is  injective;  and  D  is 
trivial  when  the  mapping  A>-^{A)  is  (surjective  and)  m-to-one  for  some  integer 
m,  i.e.  each  A-subset  “occurs  as  a  block”  exactly  m  times.  In  this  latter  case, 

evidently 

The  well  known  Fisher’s  Inequality  (see  [2])  asserts  that  the  number  b  of 
blocks  of  an  5x(2,  k, »)  is  at  least  v,  under  the  assumption  A.  Ja. 

Petrenjuk  [4]  proved  in  1968  that  ‘5x(^>  with  ti^A+2  and 

conjectured  that  ^  Sifls,  k,  t;)  with  w^A+r.  This  conjecture  is 

established  in  the  following  section. 

This  condition  shows  the  none.xistence  of  certain  t-designs.  For 
example,  Petrenjuk’s  Inequality  shows  that  5,(4,  22,  79)  do  not  exist  even 
though  the  A<’s  (0<*^4)  are  integral.  We  might  note  that  a  hypothetical 

52^4,  A,  2  +  y(A— 1)(A— 2)^  would  satisfy  2)  (and  the  b,'s  are  integral 

when  A^  1  (mod  4)),  but  no  such  designs  exist  by  the  corollary  of  Theorem  5 

below.  The  inequality  2  j  rules  out  the  entire  family  of  6-designs  with 

V  =  120ffi , 

A  =  60m , 

\  =  (20m-  l)(15m-  l)(12m- 1) , 

(for  which  the  A<’s  are  integral). 

By  a  t(?At  t-desigh  (t  even,  say  t=2i)  we  mean  an  Sx{t,k,v)  withuStA+j 
and  6=^®  j.  As  examples,  we  have  the  trivial  designs  S^{2s,  k,  A-l-r)  where 

An  example  of  a  tight  4-design  is  the  well  known  5,(4,  7,  23) 

where  6=253=^2^^  N.  Ito  [3]  has  recently  shown,  using  Theorem  5  below, 

that  the  only  nontrivial  tight  4-desighns  are  the  5,(4,  7,  23)  and  its  complement, 
an  Su(4,  16,  23).  Tight  t-designs  with  t^4  seem  to  be  very  rare. 

Our  proof  of  Petrenjuk’s  conjecture  uses  only  elementary  linear  algebra  and 
the  observation  that  the  nunber  of  blocks  of  an  5x(t,  A,  v)  which  are  incident 
with  some  i  points  and  not  incident  some  other  j  points  is  constant  (i.e.,  depends 
only  on  i,j,  and  the  parameters;  not  the  particular  sets  of  points)  whenever 

Proposition  1.  Let  {X,  ,Jl,  S)  be  an  S^{t,  A,  v).  Let  i  and  j  be  nonnegative 
integers  with  i-\~j‘^t.  Then  for  any  subsets  I,J^X  with  |/|  =  »,  171=;, 
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/  ny=0,  the  number  of  blocks  Ae.Jl  such  that  1  c(^)  and  J  (A)=<f,  is  exactly 


Proof.  By  inclusion-exclusion, 


In  view  of  the  above  expression  for  bf,  we  have  b{—\c  where 

But  in  the  case  of  the  trivial  design  (X,  £Pt(X),  e),  and  bi= 

from  which  we  deduce  the  simpler  expression 

As  a  corollary,  the  complement  (AT,  Jl,  {XxJ)-J)  of  an  k,  o)  is  an 
v—k,  v)  with 

(-'xnr 

(unless  in  which  case  the  original  S,{t,  k,  v)  is  evidently  trivial). 


2.  Generalizations  of  Fisher’s  inequality 

For  any  set  Y,  we  denote  by  V(Y)  the  free  vector  space  over  the  rationals 
generated  by  Y,  i.e.  V(Y)  consists  of  all  formal  sums  a  =  2^6y<i,y  with 
rational  coefficients  a,  and  formal  addition  and  scalar  multiplication.  The  “unit 
vectors”  y,  ye  F,  by  definition  provide  a  basis  for  V{Y). 

Theorem  1.  The  existence  of  an  S^{t,k,v)  with  t  even,  say  t=2r,  and 
implies 

where  b  is  the  number  of  blocks  of  the  design.  In  fact,  the  number  of  distinct  subsets 
(A)  is  itself  at  least  (  ^  • 

Prwf.  Let  D==(X,Jl,  J)  be  an  S^t,  k,  v)  and  put  V.=  V{3>.{X)),  where 
iPyAT)  is  the  class  of  all  r-element  subsets  of  X.  For  each  block  A  of  D,  define 
a  vector  4  S  F,  as  the  “sum”  of  aU  r-subscts  of  (A),  i.e. 
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i4  =  2(S:Se£P.(X),Sc(.|)) 

We  claim  that  the  set  of  vectors  {A:  A^Jl}  spans  V,.  Since  V,  has  dimension 

^  ^  the  theorem  follows  immediately. 

Let  Soe5*,(X).  To  show  belongs  to  the  span  of  {/I;  we  intro¬ 

duce  the  vectors 


=  |5n5„|  =  r-0 

(so  E^=S,)  and 

Fi  =  '^(A:A^JI,  |(^)nSo| 

for  j=0,  1,  ••,s.  Now  for  S,e£P,(X)  with  lS,nS„|=r— »,  the  coefficient  of 
5,  in  the  sum  is  the  number  of  blocks  A  such  that  S,^(A)  and  | (.<4) D  So  |  = 

f— r;  and  this  number  >s  ^  ^  with  the  notation  of  Proposition  1.  Thus 

^’r  =  S(‘)6U..F.-  (r  =  0,l,-,r). 

The  above  system  of  linear  equations  is  triangular  and  the  diagonal  coefficients 
b'  (r=0,  1,  •••,  s)  are  all  nonzero  under  our  hypothesis  v^k+s.  Thus  we  can 
solve  for  the  E/s  (in  particular,  for  E^=S„)  as  linear  combinations  of  the  F,.’s. 
Since  the  F,’s  are  by  definition  in  the  span  of  {4:  A^Jl},  we  have  SoSspan 
{4:  A^Jl]  for  every  Soeff,(.Y),  and  our  claim  is  verified. 

Corollary.  The  existence  of  an  S^(t,  k,  u)  with  t  odd,  say  /  =  2r-t-l  and 
(n— f  implies  the  inequality 

f,  _  ^  (2r+l)',^C^0  /t-n  9/.-l\ 
f  k  \-  fk-l\  V  r  \  s  ) 

U+lj  V  Is  ) 

Proof.  Let  D={X,  Jl,  S)  be  an  Sx(t,  k,  v)  and  .veX  Let  ,Jl'  be  the  class 
of  blocks  incident  with  x  and  o?"  be  the  class  of  blocks  not  incident  with  x. 
Observe  that  both  D'=(X',  Jl',  JD  (X'  X  J'))  and  £>"=(A",  J",  /n  (X'  X  J")), 
where  X'=X—  {x},  are  2i— designs  and  apply  Theorem  1. 

The  above  inequality  also  rules  out  infinitely  many  parameters  for  which  6,’s 
are  integers,  »=0,  1,  t. 

Theorem  2.  Let  D=(X,  Jl,  S)  be  an  S){t,  k,  «)  where  t=2s  and 
If  there  exists  a  partition  U-JljU  •••  such  that  each  substructure 

(X,  Jli,  ^r\(XxJli))  is  an  S^fs,  k,  ti)  for  some  positive  integers  \<,  then 
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6  =  MI^(^)+r-l. 

Proof.  With  the  notation  of  Theorem  1,  the  vectors  {A\  span  V. 

But  observe  that 

S  {A:  2(S;  5eiP/A:))  =  X.i’,  say. 

So  if  we  choose  one  block  A/  from  each  cJf,,  then  {A:  A^Jl—  {A,,  •••,  A^}}  U 
spans  V.  The  stated  inequality  follows. 

3.  Tight  t-designs 

Recall  that  a  tight  /-design  (/=2f)  is  an  Sx{t,  k,  v)  with  and 

‘-^c  )/(*)-(:)■ 

In  view  of  Theorem  1,  tight  designs  are  simple.  In  this  section  we  extend 
the  well  known  result  that  two  distinct  blocks  of  a  symmetric  design  (tight 
2-design)  have  exactly  \  common  incident  points  (see  Theorem  4  below). 

Theorem  3.  Let  X  be  a  v-set  and  Jl  a  class  of  k-subsets  of  X  such  that  for 
distinct  A,  B^Jl, 

l.i4nB|  e  /ij 

ipAere  Then 

'M:)- 

Proof.  Let  V—  For  each  S^iPfX),  define  a  vector 

S  =  2(^:  AgJI.A^S). 

We  claim  that  the  vectors  {S :  5e5’,(*Y)}  span  V.  Since  V  has  dimension  |  o?  | , 
the  theorem  will  follow. 

Write  fi„=k.  Let  A^^Jl  be  given.  Define 

fit  =  Be  IBn^l  =  tn) 

for  (=0,  1,  f  (note  H„=A^).  For  r=0,  1,  •••,  s,  we  see  that 

G,  =  2  (S :  5 e S>.{X),  1 5  n  I  =  r)  =  2  (  7)(* • 

by  comparing  the  coefficient  of  each  Ae^A  on  both  sides  of  the  equation.  We 
now  show  that  the  coefficient  matrix  of  this  system  of  r-J- 1  linear  equations  is 
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nonsingular,  so  that  we  can  solve  for  the  //,’s  in  terms  of  the  G\s.  In  particular, 
we  then  have  //j=--l„espan  {Cj,  G„  •••,  G,)  £span  {S:  S^3’,{X)}. 

So  consider  the  s  -r  1  row  vectors 


r=0,  1,  •••,  s. 
mial 


Suppose  c^v^+CyV^-\ - l-c,tJ,=0.  This  means  that  the  polyno- 


of  degree  <s  has  r+l  distinct  roots  fii>  ^nd  hence  is  the  zero  poly¬ 

nomial.  Now  /)(0)  =  c„^  ^  so  Co=0:  then  />(l)=c.Qz|).  so  c.=0;  and,  in¬ 
ductively,  Cj=c,=-"=^c,=0.  That  is,  t’o,  •••,  v,  are  linearly  independent.  This 
completes  the  proof. 

Theorem  4.  Let  D=(X,  Jl,  J)  be  an  5x(i.  k,  v)  with  t=2s  and  v>k~-s. 
Then  there  are  at  least  s  distinct  elements  in  the  set 

{l(^)n(B)l :  AgJI,  B^Jl,  A^B)  , 

and  there  are  exactly  s  distinct  elements  if  and  only  if  D  is  a  tight  t-design. 

Proof.  In  view  of  Theorems  1  and  3,  it  remains  only  to  show  that  for 
any  tight  <-design,  there  exist  s  integers  /t,,  so  that 

l(24)n(fi)|  e{Mi.  •••>  for  distinct  blocks  A  and  B.  Let  D  =  {X,  Jl,  3) 

be  a  tight  Sf^t,  k,  f).  With  the  notation  of  Theorem  1,  the  6=^  ^  ^  vectors 

{A:  A^JI)  must,  since  they  span  V„  be  a  basis  for  V,. 

Fix  Aa^Jl  and  for  B^Jl,  write  ^,3=  l(B)n(24o)l-  For  t=0, 
define  vectors 

Mi  =  '^(S:S^iP,{X),  |snwi  =  o. 

Now  given  Se^iBfX)  with  15n(24o)l=*.  coefficient  of  S  in  the  sum 
JV,  is 

i.e.,  the  number  of  ordered  pairs  (B,  R)  in  Jly.2‘,{X)  such  that  S S(B)  and 
BS(i4o)n(B).  For  any  r-subset  RQ(A„)  with  |BnS|=;,  the  number  of 
blocks  B  such  that  (B,  R)  satisfies  the  above  conditions  is  Thus  the 

coefficient  of  S  in  Af,  is 
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^  ct-Mi  (r  =  0,  1,  •",  s) . 

The  j-fl  vectors  Nr—c‘M,  are  contained  in  the  span  of  M^,  M^,  •••,  M,_,; 
hence  there  exist  rationals  a,,  a„  — ,  a„  not  all  zero,  such  that 


2  OriNr—clM,)  =  0 ,  or 
'■-«  r  / 

Now  {/i;  A^J!)  is  a  basis  for  V„  so  for  the  coefficient 


of  ^  must  be  0.  That  is,  for  any  B4=A^,  the  intersection  number  fig  is  a  root 
of  the  polynomial 


of  degree  at  most  s.  Finally,  note  that  the  coefficients  cf.  are  (and  hence  f(x)  can 
be  chosen  to  be)  independent  of  the  block  A„:  all  intersection  numbers  are  roots 
of/(x). 


The  pol)momials  f(x)  described  in  the  proof  of  Theorem  4  have  been  found 
explicitly  by  P.  Delsarte  [1].  As  an  example,  we  consider  the  case  t=4.  The 
equations  of  Theorem  4  are 


N,  =  , 

iV.  =  kb,M,+(b,+(k-l)b,)MM2b,+(k-2)b,)M,, 

Using  the  relation  4,=  ^  2  )  in  a  tight  4-design,  one  verifies  that 

(A3-W-(A-l)(A,-6,)iV.-f(26,(63~63)-6,(h3-h,))iV, 

is  a  scalar  multiple  of  Mi=A„.  For  a  block  B^A^,  the  coefficient  of  6  in  the 
above  expression  must  be  zero,  i.e.. 


{b,-b,) 


(b,-b,) 


Rewriting  the  coefficients  in  terms  of  v,  k,  and  \,  we  have 
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Theorem  5.  The  two  ''intersection  numbers”  of  a  tight  A-design 

k,  v)  are  the  roots  of  the  polynomial 

Application  of  Theorem  5  yields  the  well  known  fact  that  any  two  distinct 
blocks  of  an  5,(4,  7,  23)  meet  in  1  or  3  points. 

Since  f(x)  has  integral  roots,  it  must  have  integral  coefficients,  and  we  have 
the 

Corollary.  The  existence  of  a  tight  A-desigh  5^(4,  k,  v)  implies  v  —  Z  divides 
2{k—V){k—2),  and  k  —  3  divides  4\. 

In  [1],  Delsarte  obser\'es  that  Theorems  4  and  5  are  similar  to  Lloyd’s 
Theorem  on  perfect  codes.  Indeed,  Delsarte  develops  a  theor}'  of  designs  and 
codes  (emphasizing  a  “formal  duality”)  in  the  conte.xt  of  association  schemes. 
Contained  therein  are  results  analogous  to  the  above  for  orthogonal  arrays  of 
strength  t,  the  analogue  of  Theorem  1  being  Rao’s  bound. 

We  conclude  with  the  following  remarks. 

Let  D={X,  Jl,  c?)  be  a  tight  5i(t,  k,  v)  with  t=2s  and  v>k+s.  Let  J{s,  v) 
denote  the  association  scheme  whose  points  are  the  r-element  subsets  of  A' 
(see  [1]).  Let  N  be  a  (0— l)-matrix  whose  rows  are  indexed  by  elements  of 
£P,(A)  and  columns  are  indexed  by  the  blocks  of  D.  At  the  row  corresponding 
to  5  and  column  corresponding  to  a  block  A,  the  entiy  of  A'  is  1  iff  5  Q{A). 
The  matrix  NN"^  belongs  to  the  Bose-ISIesner  algebra  of  the  scheme  J{s,  v). 
The  matrix  NN'^'  is  obviously  rationally  congruent  to  the  identity  matrix. 
Using  the  properties  of  the  algebra  of  J(s,  v),  it  is  possible  to  compute  the  Hasse- 
Minkowski  invariant  of  and  obtain  some  more  necessarj'  conditions  for 

the  existence  of  tight  2y-designs.  (See  also  [5].) 

The  Ohio  State  University 
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UNIQUENESS  OF  ASSOCIATION  SCHEMES  (*) 


RiassUNTO.  —  Sia  V  un  insieme  finito.  Una  relazione  binaria  simmetrioa  su  V’  e  una 
funzione  R:V  xV'->-{o,  i  }  dove  R  (.r  ,  y'j  =  R  (j  ,  x)  \^x  ,  y  e  V.  Tale  relazione  puo  essere 
vista  come  una  matrice  (yxz')  simmetrica  di  zeri  e  uni  dove  f  e  il  numero  di  dementi 
dell’insieme  V.  Siano  v  ,m  ,  p^j. ,  i  ,  j  ,  k  —  o  ,  i  interi  non  negativi.  L'no  schema 

di  associazione  s/  con  parainetri  [y  ,  m  ,  ,  i  .J  .  i  =  o  ,  i  ,■  ■  ■ ,  m)  consiste  di  un  insieme 
finito  V  e  di  relazioni  binarie  simmetriche  non  nulle  Ro  ,  Ri  ,  ■  •  • .  R,„  su  V  tali  che  Ro  sia 
la  relazione  identita  e 

(i)  2  R.-  =  J  e 

<-0 

(ii)  =  -  m.  R;  Ri  =  2  P)i;  R, 

l-»0 

dove  J  (.r  ,y')  =  i,  per  tutti  gli  x  ,y  c  V.  II  presente  lavoro  descrive  vari  risultati  riguardanti 
certe  famiglie  di  schemi  di  associazione  che  sono  caratterizzati  da  pochi  dei  loro  parametn. 


I.  Graphs,  Incidexce  structures  and  Association  schemes 

A  graph  G  is  a  triple  (V  ,  E,  I)  where  V  and  E  are  disjoint  sets  and  I  is 
a  mapping  from  E  to  the  subsets  of  vertices  such  that  for  all  ^  e  E  ,  I  (e)  contains 
at  most  two  elements.  Elements  of  V  and  E  are  respectively  called  vertices 
and  edges.  For  an  edge  e,  the  vertices  of  the  set  I  (e)  are  called  the  ends  of  e. 
The  edge  e  is  said  to  be  joining  its  ends  together.  An  edge  e  with  only  one 
end  is  called  a  loop.  If  two  edges  have  the  same  set  of  ends  p,  then  they  are 
called  parallel  edges  or  multiple  edges.  A  graph  without  loops  and  multiple 
edges  is  called  a  simple  graph.  The  degree  (or  valence')  of  a  vertex  v  in  Sl 
simple  graph  is  the  number  of  edges  e  which  have  v  as  an  end.  If  all  vertices 
have  the  same  degree,  then  the  graph  is  said  to  be  regular.  Two  vertices  are 
said  to  be  adjacent  iff  there  exists  an  edge  joining  them.  The  complete  graph 
K„  is  a  simple  graph  on  v  vertices  in  which  any  two  distinct  vertices  are  adja¬ 
cent.  A  path  P  is  an  ordered  tuple  ^t'o  ,  ,  t'l  >  ^2  ,  t'j ,  •  •  ■ ,  c,  ,  such  that 

for  f  =  I  ,••■,«,  t/,_i  and  Vi  are  the  ends  of  <?(.  The  path  P  is  said  to  join 
the  vertices  i%  and  The  integer  n  is  the  length  of  the  path  «.  The  graph 
is  said  to  be  connected  iff  there  exists  a  path  joining  any  two  vertices  of  the 
graph.  The  distance  between  two  vertices  x  and  y  is  the  smallest  integer  n 

{*)  This  research  was  supported  m  part  by  ONR  contract  No.  N  oooi4-67-A-o:32- 

ooi6. 
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for  which  there  exists  a  path  of  length  n  joining  x  and  y.  An  incidence  struc¬ 
ture  71  is  a  trijde  (P  ,  B,  I)  where  P  and  B  are  disjoint  sets  and  I  ~  P  X  B. 
The  elements  of  P  and  B  are  respectively  called  points  (or  treatments)  and 
lines  (or  blocks).  For  /»  €  P  and  i  e  B  if  (^  ,  3)  6  1,  we  say  that  the  point  p  and 
the  block  b  are  mutually  incident  and  the  ordered  pair  {p  ,  b)  is  called  a  flag. 
The  flag  graph  of  tt  is  a  simple  graph  whose  vertices  are  the  flags  of  tt  and  two 
flags  {p  ,  b)  and  {p'  ,b')  are  adjacent  iff  either  p=p' ,  b  ^  b'  ox  p  Pp'  and  b  =  b' . 
Let  V  ,  k  ,\ho  positive  integers.  A  {v  ,  k,  X)-balanced  incomplete  block  design 
(bibd)  is  an  incidence  structure  tt  with  v  points  such  that  every  block  is  inci¬ 
dent  with  exactly  k  points  and  for  any  two  distinct  points  x  and  y,  there  are 
exactly  X  blocks  incident  with  both  x  and  y.  If  moreover  the  number  of  blocks 
is  equal  to  the  number  of  points,  then  the  b  i  b  d  is  called  a  symmetric  bibd. 

Association  schemes  were  implicitly  considered  by  Bose  and  Nair  in  [5]. 
Association  schemes  were  explicitly  introduced  by  Bose  and  Shinamato  [6]. 
Let  V  be  a  finite  set.  A  binary  symmetric  relation  on  V  is  a  mapping 
R  ;  V  X  V  {o  ,  1}  where  R  (a;  ,  jy)  =  R  (y  ,  ;r)  V  ,  v  e  V.  Such  a  relation 
can  be  viewed  as  a  (y  Xij)-symmetric  o  —  i  matrix  where  v  is  the  number 
of  elements  of  the  set  V.  Let  v  ,m,  p^  ,  i  ,j,  k  —  o  ,  i,  •••,;«,  be  non  nega¬ 
tive  integers.  An  association  scheme  si  with  parameters  {y  , /‘j  ,i,j,k  = 
—  o  ,  i,  -  ■  •  .m)  consists  of  a  finite  set  V  and  non  null  binary  symmetric  rela¬ 
tions  Ro  ,  Ri ,  •  •  • ,  R»n  on  V  such  that  Ro  is  the  identity  relation  and 

m 

(i)  2  —  J 

m 

(ii)  'ij  ,  k  —  o  ,  \  Ry  Ri  =  X  p'jic  Rf 

U 

where  ]  {x  ,y)  ■=  i ,  for  all  e  V. 

Elements  of  V  are  called  vertices  or  treatments.  If  R;  (;»:  .y)  =  i,  then  we 
say  that  x  and  y  are  fth  associates,  _/  =  o  ,  i  ■  ,m.  The  condition  (i)  states 
that  for  any  two  vertices  x  and  y,  there  exists  exactly  one  integer  i  such  that 
o  <  f  ^  M  and  X  and  y  are  Ah  associates.  For  two  vertices  x  and  y  and  j ,  k  = 
=  0,1  ,  •  •  • ,  let  pjii{x  ,y)  denote  the  number  of  vertices  z  such  that  z  and  x 
are  jth  associates  and  z  and  y  are  /Jth  associates.  The  matrices  Ri ,  •  •  • ,  R„ 
define  an  edge  coloring  of  K„,  the  complete  graph  on  v  vertices  by  m  colors. 
If  the  vertices  x  and  y  are  Ah  associates,  then  the  edge  joining  them  is  colored 
by  the  Ah  color,  i  =  1  ,  2  ,  -  •  ■  ,  m.  The  graph  consisting  of  the  edges  of  the  Ah 
color  is  called  the  Ah  associate  graph.  The  parameters  of  an  association  scheme 
are  not  all  independent.  For  instance  for  a  2-class  scheme,  it  is  sufficient  to 
specify  the  4  parameters  v  ,  p^^^  ,  p\j  and  p-^.  Graphs  of  the  first  associates 
in  a  2-class  scheme  are  also  called  strongly  regular  graphs.  A  strongly  regular 
graph  with  parameters  (t' . /J,  1  . /Ji)  contains  v  vertices  such  that  (i) 

every  vertex  is  incident  with  /Jj  edges,  (2)  for  any  two  adjacent  vertices  x 
and  V,  there  are  exactly  p\^  vertices  z  which  are  adjacent  to  both  x  and  v  and 
(3)  for  any  two  nonadjacent  vertices  x  and  r  there  are  exactly  p*^  vertices  z 
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which  are  adjacent  to  both  x  and  y.  We  give  below  some  examples  of  strongly 


regular  graphs. 
Example  i 


parameters  (4,  2,  o,  i) 
Example  3 


parameters  (6,  4,  2,  4) 


Example  2 


parameters  (10,  3,  o,  i) 


Example  4 


In  example  4  vertices  are  the  elements  of  GF  (13).  Two  elements  x  and  y 
are  adjacent  iff  x — y  is  a  square  in  GF  (13). 

Association  schemes  are  readily  available  in  nature.  We  only  describe 
a  few  infinite  families  of  association  schemes.  An  exhaustive  survey  of  2-class 
schemes  (or  strongly  regular  graphs)  can  be  found  in  [7]. 

(i)  Three  class  schemes  of  projective  planes.  Let  :r  be  a  finite  projective 
plane  of  order  «.  Let  G  (:r)  be  the  flag  graph  of We  define  two  vertices  to 
be  fth  associates  iff  the  distance  between  them  in  G  (:;)  is  *  where  i  is  a  non 
negative  integer.  This  definition  of  the  association  relations  satisfy  the  pro¬ 
perties  of  a  3-class  association  scheme  ^(n)  with  parameters 


0) 


V  =  («  +  i)  («»+  «  +1)  ,  p«,  =  2n  ,  p%  =  2«*  , 

p\i  =  n — I,  =  pli  =  n(n — i) , 

/ii  =  1  .  /:»  =  «—  I  ,  =  «  . 

.^11  =  0,  =  2  and  =  4  («  —  i)  • 


The  remaining  parameters  of  the  scheme  can  be  expressed  in  terms  of  the  para¬ 
meters  given  above.  Conversely  it  can  be  shown  that  for  any  association  scheme 
s/  with  parameters  given  in  (i),  there  exists  a  projective  plane  n  of  order  n 
such  that  .V  and  a/(tt)  are  isomorphic.  In  other  words  an  association  scheme 
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.5i/\vith  parameters  (i)  is  really  nothing  but  the  projective  plane  tz.  It  is  intere¬ 
sting  to  note  that  the  association  scheme  ^  does  not  distinguish  between  points 
and  lines  of  the  projective  plane. 

(2)  Three  class  schemes  of  symmetric  balanced  incomplete  block  designs 
(bibd).  Let  v'  >  k  >  X  >  o  be  integers.  Consider  a  symmetric  b  i  b  d  t: 
with  parameters  {v' ,  k  ,  X).  Let  G  («)  be  a  bipartite  graph  whose  vertices 
are  points  and  lines  of  7:  and  two  vertices  are  adjacent  iff  one  of  them  is  a 
treatment  and  the  other  is  a  block  incident  with  the  treatment.  Two  vertices 
X  and  y  are  defined  to  be  /th  associates  iff  the  distance  between  x  and  y  in  G(:t) 
is  i  where  i  is  a  non  negative  integer.  The  association  relations  so  defined 
produce  a  3-class  association  scheme  s/{tz)  with  parameters 

V  =  2  v'  ,  p\x  =  k  ,  p%,  =  V  -  I  , 

p\l  —  Q  ,  Pit  —  k  —  I  ,  p\i  =  O  , 

(2) 

/ll  =  ^  I  P\i  =  O  ,  pli  =  V  —  2  , 

pix  o  ,  pxi  ^  and  p^i  o  . 

Conversely  if  j^is  a  3-class  scheme  with  parameters  given  by  (2),  then  there 
exists  a  (v' ,  k  ,  X)-symmetric  bidb  -  such  that  s/  and  are  isomorphic. 

(3)  Association  schemes  of  the  projective  spaces.  Let  w  and  d  be  positive 

integers  satisfying  vi  <  t//2  and  ^  4.  Let  tt  denote  the  projective  space 
VG  (d — I  ,q).  Construct  an  association  scheme  with  (in — i)-flats  as  the 
vertices.  Two  (nt — i)-flats  are  ith  associates  iff  their  intersection  is  an 
(m  —  I  —  *)-flat,  i  —  o  ,  I  The  association  relations  so  defined  sati¬ 

sfy  the  properties  of  an  w-class  scheme.  This  scheme  will  be  denoted  by 
V  (m  ,q  ,  d).  This  scheme  can  be  described  in  terms  of  G  (“),  the  graph  of  the 
first  associates.  Two  vertices  are  »th  associates  iff  the  distance  between  them 
in  G(tc)  is  f  ,  f  =  o  ,  i  ,  2  ,  •  •  • ,  /«.  The  graph  of  the  first  associates  oi  ?  (2  ,q  ,d) 
is  also  called  the  line  graph  of  PG  (d —  i  ,q). 

(4)  Association  schemes  of  the  restriction  of  projective  spaces.  Let  m 

and  d  be  positive  integers  satisfying  m  <  .  Let  r  be  the  projective 

space  PG  (m  +d —  i  ,q).  Let  be  a  (d —  i)-flat  of  tz.  Construct  an 
association  scheme  whose  vertices  are  the  (>n  —  i)-flats,  which  do  not  inter¬ 
sect  2^_,.  Two  flats  are  fth  associates  iff  they  intersect  in  an  (m  —  1  —  /)- 
flat,  i  =  o ,  i  The  association  relations  so  defined  satisfy  the  properties 

of  an  w-class  scheme.  This  scheme  is  denoted  by  R  (in  ,q,(f).  R(m  ,q  ,d) 
can  be  described  in  another  way.  Let  be  a  vector  space  of  dimension  d 
over  GF  (q).  The  vertices  of  R  (in  ,q  ,d)  are  w-tuples  (xi ,  xz,  •  •  • ,  .t„)  belong¬ 
ing  to  V  X  V  X  •  •  ■  X  V.  Two  w-tuples  (xi,X2,'",  x„)  and  (3/1 ,  y2  ,  •  •  •  ,.V„) 

"  m 

are  rth  associates  iff  the  dimension  of  the  subspace  spanned  by  the 
vectors  xi  — yi  ,  •  •  ,x„  — y„  is  f  ,  «  =  o  ,  i  , •  •  • ,  w.  R  (m  ,q  ,d)  also  can  be 
described  in  terms  of  its  graph  of  the  first  associates  G.  Two  vertices  are  /th 
associates  iff  the  distance  between  them  in  G  is  /  ,  /  =  o  ,  1 


2.  Study  of  association  schemes 


There  had  been  three  kinds  of  investigations  about  association  schemes; 
(i)  non  existence  of  schemes  with  certain  parameters,  (2)  construction  of 
schemes  and  (3)  uniqueness  of  certain  schemes. 

Bose  and  Mesner  [4]  introduced  the  algebra  of  the  association  matrices. 
Let  sJ  be  an  association  scheme  with  association  matrices  Ro  ,  Ri ,  •  •  ■ ,  R,„ 
and  parameters  {v  ,m  ,  p%  ,  i  J,  k  =  o  ,  i  ,•■•,»*).  Consider  the  set  of  ma- 

m 

trices  ^  where  Cj ’s  are  arbitrarily  chosen  rational  coefficients.  From 

1-0 

the  defining  properties  it  is  easily  seen  that  this  set  is  closed  under  addition  and 
multiplication.  Therefore  we  get  an  algebra  of  matrices  called  the  association 
algebra.  Let  P*  =  {{pa))  be  an  {m  +  0  X(/«  4-  i)-matrix  whose  entry  in 
the  fth  row  and^th  column  is  the  parameter  p^*.  It  can  be  seen  that  the  para¬ 
meter  matrices  Po  ,  Pi  ,  •  •  • ,  P„  generate  an  algebra  over  the  rationals  which 

»»  m 

is  isomorphic  to  the  association  algebra.  Let  R  c;  R,-  and  P  =  ^  c,  Pj. 

The  matrices  R  and  P  have  the  same  minimum  polynomials  and  the  same  set 
of  distinct  eigen  values  60 , 0i  ,  •  ■  6„  ,  «  <  w.  Let  *,•  be  the  multiplicity 
of  the  eigen  value  0(  in  the  matrix  R  ,  z  =  o  ,  i  ,  •  •  • ,  u.  For  any  integer  p, 

m 

matrix  R"  can  be  expressed  as  a  linear  combination  ^  where  Cp,  ’s 

depend  on  ’s  and  the  parameters  of  the  scheme.  Computing  trace  R”  in 
two  different  ways,  we  get  the  equation 

(3)  X  ,  p  =  O  ,  I  ,  ■  ■  ■ ,  U. 

1*0 

In  the  equations  (3),  all  quantities  except  ao  ,  ai  ,  •  •  a„  can  be  computed 
explicitly  as  functions  of  the  parameters  of  the  scheme.  Hence  a  necessary 
condition  for  the  existence  of  a  scheme  with  parameters  {v  , ;«  ,  /j*  ,  i,  j,  k  = 
=  o  ,  I  ,-••,»*)  is  that  the  equations  (3)  have  integral  solutions  for  the  unk¬ 
nowns  ao  ,  ai  ,  ■  •  • ,  a„.  This  necessary  condition  is  a  very  strong  condition 
and  eliminates  many  parameter  sets.  Since  the  association  algebra  is  commu¬ 
tative,  the  algebra  of  the  parameter  matrices  is  also  commutative.  Therefore 
the  parameter  matrices  commute  pairwise.  The  commutativity  of  the  para¬ 
meter  matrices  also  imply  several  .relations  among  the  parameters.  For  in¬ 
stance  some  necessary  conditions  are 

m 

(4)  ^  P'ik  =  p]j  ,  p'ii  p)i!  =  p])  p\k  •  "it  ,j  ,  k  —  o  ,  ■  ,m. 

The  algebra  of  association  matrices  had  been  used  successfully  to  prove  the 
nonexistence  of  Moore  graphs  of  diameter  greater  than  2.  The  diameter  of 
a  connected  graph  is  the  largest  possible  distance  between  two  vertices  of  the 
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graph.  The  girth  of  a  graph  is  the  smallest  possible  number  of  edges  in  a  poly¬ 
gon  of  the  graph  if  such  a  polygon  exists.  A  Moore  graph  of  diameter  k  and 
valence  ^  is  a  graph  with  valence  d,  diameter  k  and  girth  (zk  -f  i)-  such 
a  graph  we  can  define  two  vertices  to  be  /th  associates  iff  the  distance  between 
them  is  f  ,  /  =  o  ,  i  ,  •  •  • ,  This  defines  a  ^-class  association  scheme.  Hoffman 
and  Singleton  [i6]  exploited  the  association  algebra  to  prove  that  Moore  graphs 
of  valence  d  >  2  and  diameter  3  do  not  exist.  Vijayan  [23],  Bannai  and 
Ito  [i]  and  Damerell  [10]  used  the  association  algebra  to  prove  the  following 
theorem. 

Theorem  i.  For  d  >  z  ,  k  'i,  Moore  graphs  of  valence  d  and  girth 
{2  k  -\-  I )  do  not  exist. 

3.  Uniqueness  of  association  schemes 

Study  of  uniqueness  of  association  schemes  was  started  by  Connor  [9] 
in  connection  with  the  triangular  scheme.  Shrikhande  [19]  did  pioneering 
work  in  proving  the  uniqueness  of  the  La-scheme  and  Bruck  [8]  in  a  certain 
sense  proved  the  uniqueness  of  the  Lr-scheme.  Bose  [2]  generalized  the 
methods  of  these  workers  and  proved  an  important  theorem  for  partial  geo¬ 
metries.  Let  r  ,  k  and  t  be  positive  integers.  An  (r  ,  k  ,  (‘)-partial  geometry  71 
is  an  incidence  structure  of  points  and  lines  such  that  (i)  every  line  is  incident 
with  exactly  k  points,  (2)  every  point  is  incident  with  exactly  r  lines,  (3)  two 
distinct  points  are  incident  with  at  most  one  common  line  and  (4)  given  a 
point  p  and  a  nonincident  line  /,  there  are  exactly  t  lines  which  are  incident 
with  p  and  also  a  point  of  /. 

It  is  easy  to  see  that  the  dual  of  an  {r ,  k  ,  /)-partial  geometry  is  a 
{k  ,r  ,  /)-partial  geometry.  For  a  partial  geometry  sz,  we  define  a  simple  graph 
G  (sz)  whose  vertices  are  the  points  of  ::  and  two  points  are  adjacent  in  the 
graph  iff  there  is  a  line  in  tt  incident  with  both  the  points.  G  (zz)  is  a  strongly 
regular  graph  with  parameters 

v  =  h/t((r—i)(h—i)-ht)  ,  p^i=r(h—i), 

^  /{,  =  — 2)  +  (f  —  I)  (if— 0  and  Pf^  =  rt 

G  (zz)  is  called  an  (r ,  k  ,  /)-geometric  strongly  regular  graph.  A  strongly  re¬ 
gular  graph  with  parameters  given  in  (5)  is  called  an  f ,  k  ,  /)-pseudogeome- 
tric  graph. 

Theorem  2.  (Bose  [2]);  Let  r,k  and  t  be  positive  inhgers  satisfying 

k  >  ^  (^  (^ - I)  -r  ^  (f  -f  0  —  2r  ~  zf)  and  G  be  an  {r ,  k  ,  t)-psetido- 

geometric  strongly  regular  graph.  Then  there  exists  a  nniqtie  (y ,  k  ,  t)-partial 
geometry  tz  such  that  G  and  G  (-)  are  isomorphic. 

The  concepts  of  claw  and  clique  play  an  important  role  in  the  proof  of 
Bose’s  theorem.  An  j-claw  of  G  is  an  ordered  pair  (o ,  U)  where  U  is  a  set 
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of  f-vertices  such  that  no  two  vertices  of  U  are  pairwise  adjacent  and  o  is  a 
vertex  adjacent  to  all  vertices  of  U. 


A  clique  is  a  subset  of  vertices  such  that  any  two  are  pairwise  adjacent.  Let 
(o  ,  U)  be  an  (r —  i)-claw  of  G  and  /(/)  be  the  number  of  vertices  x  of  G 
which  are  adjacent  to  o  and  also  adjacent  to  exactly  i  of  the  (r —  i)-vertices 
in  the  set  U.  L'sing  the  parameters,  one  gets  bounds  for  the  power  sums  S  f'/(0 
for  /  =  o  ,  1  ,2  which  in  turn  gives  information  about  the  frequencies  /(d) 
and /(i).  This  method  is  commonly  known  as  the  method  of  moments.  One 
then  proves  that  G  contains  no  (r  —  i)-claw  and  that  every  pair  of  adjacent 
vertices  is  contained  in  a  maximal  clique  of  size  at  least  i  —  (r —  —  0- 

Such  cliques  are  called  grand  cliques.  After  some  simple  manipulations  one 
proves  that  (/)  these  grand  cliques  have  size  exactly  equal  to  k,  (ii)  every 
vertex  is  contained  in  exactly  r  grand  cliques,  (iii)  every  pair  of  adjacent 
vertices  is  contained  in  a  unique  grand  clique  and  (iv)  given  a  clique  C  and  a 
vertex  o  not  in  C,  exactly  t  vertices  of  C  are  adjacent  to  o.  Hence  if  one  takes 
the  vertices  of  G  to  be  points  and  the  grand  cliques  as  lines,  one  easily  gets 
an  (r  ,  k  ,  ^)-partial  geometry  t:  with  G  (t:)  isomorphic  to  G. 

Recently  Bose,  Shrikhande  and  Singhi  [7]  made  an  important  genera¬ 
lization  of  Theorem  2.  Consider  an  incidence  structure  (P  ,  B  ,  I)  where  P  and 
B  are  disjoint  sets  and  I  P  xB.  Elements  of  P  and  B  are  respecti%ely 
called  points  and  blocks.  For  two  points  p  and  p\  let  m  (j) ,  p')  denote  the 
number  of  blocks  b  incident  with  both  p  and  p' .  For  ^  €  P,  ^  e  B,  define 
^(P  <b)  —  (p  ,  p')  where  the  sum  is  over  all  points  p'  incident  with  b. 
Let  r  ,  k  ,  t  and  c  be  non  negative  integers.  An  incidence  structure  of  points 
and  blocks  is  said  to  be  an  (r  ,  k  ,  t ,  rj-partial  geometric  design  iff  (i)  every 
block  is  incident  with  exactly  k  points,  (2)  every  point  is  incident  with  exactly 
r  blocks,  (3)  for  an  incident  pair  ,  b) ,  n  (p  ,  b)  =  r  —  k  —  \  c  and  (4.) 
for  a  nonincident  pair  (p  ,  b)  ,  n(p  ,  b)  =  t.  It  is  easy  to  see  that  z.n(r ,  k  ,  t ,  d)- 
partial  geometric  design  is  an  (r ,  k  ,  ^)-partial  geometry.  Define  a  graph 
G(n)  whose  vertices  are  the  points  of  tz  and  two  points  p  and  p’  are  joined  by 
^  ip  >  P')  distinct  edges.  The  graph  G(«)  is  called  an  (r  ,  k  ,  t ,  z)-geometric 
graph  and  possesses  some  “  regularity  properties  ”.  An  arbitrary  graph  G 
with  similar  “  regularity  properties  ”  is  called  an  (r  ,  k  ,  t ,  z)-pseudo-geo- 
metric  graph.  Bose,  Shrikhande  and  Singhi  proves  that  if  k  is  greater 
than  a  certain  function  of  r  ,t  and  c,  then  every  (r  ,  k  ,  t ,  z}-pseudogeometric 
graph  is  an  (r  ,  ^  ,  f)-geometric  graph. 

Bose’s  theorem  played  an  important  role  in  the  development  of  the 
subject.  A  theorem  of  the  present  author  and  a  theorem  of  Alan  J.  Hoffman 
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also  played  important  roles.  Let  G  be  a  simple  graph,  i.e.  a  graph  without 
loops  and  multiple  edges.  The  line  graph  L  (G)  is  a  graph  whose  vertex  set 
is  the  edge  set  of  G.  Two  vertices  e  and  e'  of  L  (G)  are  adjacent  if  the  corre¬ 
sponding  etiges  of  G  have  a  common  incident  vertex.  For  a  simple  graph  G 
with  V  vertices,  the  adjacency  matrix  of  G  is  a  (t/ x  t')-matrix  A  =  {\Ai^ 
where  rty  =  i  (o)  iff  the  /th  vertex  and  the  yth  vertex  are  adjacent  (not  adja¬ 
cent),  j  ,_/■  =  i  ,  2  ,•  •  • ,  t’.  The  eigen  values  of  the  adjacency  matrix  are  called 
the  eigen  values  of  the  graph. 

Theorem  3.  (Ray-Chaudhuri  [18],  Characterization  of  line  graphs). 
Let  G  be  a  finite  simple  graph  siuh  that  the  number  of  edges  of  G  is  greater  than 
the  number  of  vertices  of  G.  Then  the  minimum  eigen  value  of  L  (G)  is  — 2. 
Conversely,  let  H  be  a  simple  graph  ivith  the  7ninimn7n  eigen  value  equal  to  —2, 
the  minhnion  valence  not  less  than  46  and  the  property  that  for  any  two  adjacent 
vertices  x  and  y,  there  are  at  least  two  distinct  vertices  z  and  z  adjacen  to  x 
and  not  adjacent  to  y.  Then  there  exists  a  simple  graph  G  with  L  (G)  isotnorphic 
to  H. 

Proof  of  the  first  part  of  the  theorem  is  easy.  The  proof  of  the  converse 
part  of  the  theorem  uses  some  interesting  ideas.  It  is  easily  seen  that  a  line 
graph  L  (G)  has  a  class  of  cliques  'C  such  that  every  vertex  of  L  (G)  is  contained 
in  exactly  two  cliques  of  V  and  every  edge  is  contained  in  exactly  one  clique 
of 'd.  Conversely  one  can  show  that  if  a  simple  graph  H  contains  such  a  class 
of  cliques  '6,  then  H  will  be  a  line  graph.  To  build  the  class  of  cliques  '?f  in  H, 
first  one  shows  that  H  does  not  contain  a  3-claw.  Since  the  minimum  eigen 
value  of  H  is  — 2,  many  graphs  can  not  occur  as  induced  subgraphs  of  G. 
To  give  an  example,  H  can  not  contain  the  graph 


A  graph  H  is  said  to  be  an  induced  subgraph  of  G  iff  V  (H)  ^  V  (G)  and  every 
edge  of  G  with  ends  belonging  to  V'(H)  is  an  edge  of  H.  .Suppose  the  minimum 
eigen  value  of  a  graph  F  is  smaller  than  — 2.  If  F  were  an  induced  subgraph 
of  H,  then  by  the  minimum  principle  the  minimum  eigen  value  of  H  will  be 
strictly  smaller  than  — 2.  One  builds  up  a  list  of  inadmissible  subgraphs  for 
H  and  uses  these  subgraphs  to  prove  the  nonexistence  of  a  3-claw. 

Disjoint  unions  of  the  complete  graph  is  easily  seen  to  be  a  strongly 
regular  graph.  The  class  of  these  graphs  and  their  compliments  is  called  the 
class  of  trivial  strongly  regular  graphs.  Hoffman  proved  the  following  impor¬ 
tant  theorem. 
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Theorem  4.  (Hoffman  [13]).  Let  m  be  a  positive  integer.  Then  there 
exists  a  function  f  [tri)  such  that  for  every  non  trivial  strongly  regular  graph  G 
with  minimum  eigen  value  — m,  the  parameter  is  not  greater  than  f{fn). 

Using  the  theorems  stated  above,  one  can  prove  the  following  Theorem. 

Theorem  5.  Let  m  be  a  positive  integer  and  G  be  a  non  trivial  strongly 
regular  graph  with  minimum  eigen  value  equal  to  —  m.  Then  with  finitely  many 
exceptions  G  is  either  an  {m  ,  k  ,  tn)-pseudogeometric  strongly  regular  graph 
or  an  (>«  ,  k  ,m  —  \  )-pseiidogeometric  strongly  regular  graph  where  k  is  a  posi¬ 
tive  integer  depending  on  G. 

Using  the  relations  (3),  one  can  see  that  the  three  parameters  p\x,  p\x 
and  p\\  determine  the  parameter  v  for  ^  (t'  >  /’ll  .  /ii  .  /’ll)  -strongly  regular 
graph.  For  a  fixed  parameter  triple  (/11,/Ji  ,/n),  there  are  only  finitely 
many  nontrivial  strongly  regular  graphs.  Using  the  association  algebra, 
one  can  show  that  the  eigen  values  of  G  are  /Jj  ,  —  m  and  p\.^  —  —  w. 
Also  denoting  by  r  the  multiplicity  of  the  eigen  value  />}, — we 
get  the  the  following  two  equations 

(6)  -b  (/>},  —  p’n)  m  -rpu=  Pit 

/>n''(/’ii— /Ii  +  2 ;«)  =  (>«  —  (mp\j  —  im  —  l)/?,  l)). 

Given  m  ,  p'^^  and  p^^,  the  equation  (6;  determines  />"|.  Therefore  there  are 
finitely  many  nontrivial  strongly  regular  graphs  with  fixed  values  for  the 
minimum  eigen  value  — m  and  the  parameters  p\^  and  /j, .  By  Hoffman’s 
theorem,  the  parameter  of  G  will  be  bounded  by  a  function /(>«).  Hence 
we  need  to  consider  only  finitely  many  values  for  the  parameter  .  Suppose 
we  fix  m  and  p'f^  and  try  to  find  the  possible  values  for  /[j.  Let  x  be  the 
unknown  value  of  />[, .  From  the  equations  (6),  we  can  derive  the  equation 

(7)  /’ll  ^  (-»■  — /’ll  —  2m)  —  ijn  —  i)  {mx  —  (;«  —  i)  />“,  m‘)  x 

(mx  —  {m  —  i)  p]i  -r  m  (m  -7-1)). 

We  use  the  fact  that  r  is  a  positive  integer.  If  p'^^  i^nt^-  or  m  (;« —  i ,,  the 
equation  (7)  leads  to  finitely  many  possible  values  for  Hence  if 

#  w®  or  m{m — i),  there  are  finitely  many  nontrivial  strongly  regular 
graphs  with  fixed  values  for  the  parameters  —  m  and  p\^ . 

Suppose  p\^  =  iri-.  If  we  let  k  =  p\^  —  2  —  (w  —  i)®,  then  a  strongly 
r^ular  graph  with  parameters  fn,p\^=^m-,p\.^  is  an  (tm  ,  ,  >«)-pseudo- 

geometric  strongly  regular  graph.  Similarly  if  =  m  (;n  —  i),  we  let 
^  =  ^1,  —  2  —  (m  —  i)(jn  —  2).  A  non  trivial  strongly  regular  graph  with 
parameters  (m  ,  ==  m  (m  —  i)  ,  /Jj)  is  then  an  (m  ,  k  ,m  —  i  )-pseudogeo- 

metric  strongly  regular  graph. 

C.  C.  Sims  [20]  proved  a  beautiful  characterization  theorem  for  a  large 
class  of  strongly  regular  graphs.  We  define  4  classes  of  strongly  regular  graphs 
as  follows. 
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Siip()ose  G  =  G  (~)  where  tt  is  an  {m  ,  k  ,  wVpartial  geometry.  Then 
r:*  the  dual  of  tt  is  a  (k  ,  m  ,  w)-i)artial  geometry.  The  4-vertex  condition  for 
G  is  usetl  to  show  that  tz*  satisfies  the  Pasche  axiom,  i.e.  if  /,  ,  /.. ,  4  and  4  are 
lines  such  that  no  three  have  a  common  point  and  5  pairs  of  lines  intersect, 
then  the  6th  pair  also  must  intersect.  The  condition  can  be  described  by  the 
above  picture. 

It  is  then  easily  seen  that  r*  is  a  projective  space.  If  G  =  G  (r) 
where  r  is  an  {m  ,  k  ,7n  —  i)-partial  geometry,  then  r:*  satisfies  the  Pasche 
axiom.  Sims  then  essentially  shows  that  t:*  is  isomorphic  to  an  incidence 
structure  .^P ,  L  ,  I)  where  P  is  the  set  of  points  of  S,,  —  is  a  projec¬ 

tive  space  of  dimension  n  ,  is  an  n  —  2Vflat  of  S„,  L  is  the  set  of  lines 
of  S„  which  do  not  intersect  — „_2,  incidence  relation  is  that  in  and  n  is  a 
suitable  positive  integer.  This  result  shows  that  if  we  assume  the  Pasche  axiom, 
then  the  projective  space  for  «  >  3  can  be  reconstructed  from  the  lines 
which  do  not  intersect  a  distinguished  («  —  2}-fiat  .  This  result  itself 
is  very  interesting.  Unfortunately  the  proof  given  by  Sims  is  very  long.  For 
the  case  m  =  2,  the  4-vertex  condition  is  not  necessary  and  one  can  prove  the 
following  theorem. 

ThEORE.M  7.  There  exists  a  finite  class  of  graphs  '.(/such  that  if  G  is  a  strongly 
regular  graph  leith  —  z  as  the  minbmim  eigen  value,  then  cither  G  e  or  G 
is  a  line  graph  of  a  complete  graph  or  G  is  a  line  graph  of  a  complete  bipartite 
graph. 

Let  G  be  a  finite  connected  graph.  For  two  vertices  x  and  v,  and  integers 
j  and  k  ,  pjf^  (x  ,  y)  will  denote  the  number  of  vertices  z  which  have  distance  j 
from  X  and  distance  k  from  y.  If  for  all  pairs  of  vertices  {x  ,y)  with  distance 
/,  the  numbers  Psit’pc  ,y')'s,  are  equal,  the  common  value  is  denoted  by 
and  we  say  that  the  distance  parameter  p'j^  exists. 

Let  n  and  m  be  positive  integers  satisfying  the  inequality  n>2m  and  X 
be  an  H-set.  We  can  define  an  association  scheme  with  the  ;«-subsets  of  X 
as  the  vertices.  Two  w  element  subsets  Y  and  Y'  are  defined  to  be  fth  associates 
iff  their  intersection  contains  exactly  m  —  i  elements,  /  =  o  ,  i  ,•••,?«.  Dow- 
ling  [i  I  ]  denotes  the  graph  of  the  first  associates  of  this  scheme  by  GJJ, .  Dowling 
proves  that  the  graph  G”,  (or  the  corresponding  association  scheme)  can  be 
reconstructed  from  a  few  of  its  properties. 

Theore.M  8.  (Dowling  [ii]).  Let  n  and  m  be  positive  integers  such  that 
n>  2m{m  —  i)-j-  i.  Let  Q  be  a  connected  graph  on  vertices  with  distance 

parameters  p\^  =  m{n  —  7n)  ,  /},  =  n  —  2  and  (.r  ,  y)  <  4  for  all  pairs 
of  vertices  (x  ,  y)  with  distance  more  than  i .  Then  G  is  isomorphic  to  G"„  . 

Alan  Sprague  and  the  author  in  a  certain  sense  generalized  the  results  of 
Sims.  Our  results  are  about  reconstruction  of  the  P  {tn  ,q  ,d)  and  R  fn  ,q  ,d)- 
schemes  for  ^  3.  We  can  prove  that  if  d  is  large  compared  to  m  and  q, 
then  such  reconstruction  is  possible.  We  do  not  need  to  assume  all  the 
parameters  of  the  scheme.  The  existence  and  correct  values  for  the  parameters 
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in  the  P, -matrix  are  sufficient  for  the  purpose  of  reconstruction  of  these 
schemes.  The  investigation  is  not  complete  yet.  W'e  think  we  will  he  able 
to  reduce  the  number  of  parameters  considerably.  Also  we  need  only  assume 
the  existence  of  the  graph  of  the  first  associates  with  certain  properties.  For 
the  case  m  =  3,  we  have  the  following  theorems. 

Theore.M  g.  (Alan  Sprague  and  D.  K.  Ray-Chaudhuri  [21].  Unique¬ 
ness  of  the  P  (3  ,q  ,  d)-schemes). 

Let  q  and  d  be  integers  satisfying  q  >  2  ,  d  g  and  fq  ,d)=^  (2 , 9). 

^  ~  ^ ^  ^  ^  finite  simple  connected  graph  with  distance 

parameters 

0(^  —  0  p'n=(k—2)-q-{q^l)  , 

=  and  q- (^k  —  q^— q  —  . 

Then  ^  is  a  prime  power  and  G  is  isomorphic  to  the  graph  of  the  first 
associates  of  P  (3  ,  ,  <f). 

Theorem  10.  (Alan  Sprague  and  D.  K.  Ray-Chaudhuri  [22].  Unique¬ 
ness  of  the  R  (3  ,  ^  ,  d)-scheTnes). 

Let  q  and  d  be  integers  satisfying  ^  2  ,  ^/  >  6  ,  ,  </)  =t  (2 , 6).  Let  G 

be  a  finite  simple  connected  graph  which  satisfies  the  4-vertex  condition  and 
has  the  distance  parameters  ^  —  0  —  0>  /n  =q'^  —  —  q  —  2. 

P\\  ~  9’  P\\  =  "  —  9*  and  =  q-  {q-  -^q  i).  Then  G  is  isomorphic 

to  the  graph  of  the  first  associates  of  the  R  (3  ,  9  ,  tf)-scheme  and  y  is  a  prime 
power. 

Correspondence  between  obiects  in  t.  and  G  fn) 


plane 

vertex 

1 

i 

Line 

/ 

the  pencil  of  planes 
containing  the  Line 

A  clique  of  size 

qd-2..,  , 

q  -1  : 

i 

1 

1 

I 
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riiforeni  8  and  Thcorcni  y  are  deep  theorems  and  their  proofs  are  unfor¬ 
tunately  very  lon>r.  I  try  to  give  below  an  idea  about  the  structun*  of  the  proof, 
l.et  T!  and  G  (— )  respectively  denote  the  projective  space  PG  'J —  i  ,  and 
the  graph  of  the  first  associates  of  the  P  ,  y  ,  <7 i-scheme.  The  we  have  the 
following  correspondences. 

Given  a  graph  G  with  the  properties  stated  in  Theorem  y,  we  first  prove 
the  existence  of  large  cliques.  V\'e  prove  the  existence  of  a  family  of  cliques 

of  size  p  such  that  every  edge  of  the  graph  is  contained  in  exactly  one 

of  these  “  grand  cliques  Next  one  jtroves  the  existence  of  complexes  of 
cliques.  A  complex  of  cliques  is  a  class  ^ -  cliques  such  that  any  two 

cliques  of  the  class  have  exactly  one  common  vertex.  Complexes  and  cliques 
will  respectively  correspond  to  points  and  lines  of  the  projective  space.  One 
proves  that  the  incidence  structure  of  complexes  and  cliques  satisfies  the 
axioms  of  the  projective  space.  One  of  the  interesting  by-product  of  Theorem 
9  is  the  fact  that  the  projective  space  can  he  reconstructed  from  the  incidence 
structure  of  the  lines  and  the  planes.  One  needs  to  assume  very  few  properties 
of  this  incidence  structure  for  this  reconstruction  problem.  The  proof  of 
Theorem  lo  is  much  more  difficult  than  that  of  Theorem  9.  In  fact  this  is  not 
surprising.  It  can  be  easily  seen  that  the  R  (3  ,  ^  ,  c/)-scheme  in  a  certain  sense 
is  a  suit-scheme  of  the  P  j  ,<],</  --  3j-scheme.  Theorem  10  also  produces 
a  reconstruction  theorem  for  projective  spaces.  Let  be  a  finite  projective 
space  of  dimension  7/  -r  2)  and  lie  a.  (d —  1)  flat.  Let  tt  be  the  incidence 
structure  of  the  lines  and  planes  of  which  do  not  intersect  ■  It  cat*  he 
shown  that  a  few  properties  of  the  incidence  structure  ~  are  sufficient  for  the 
reconstruction  of  the  projective  space. 

In  the  proofs  of  Theorems  9  and  10,  to  prove  the  existence  of  large  cliques 
we  apply  the  Bose-Laskar  theorem.  The  theorem  of  Bose  and  Laskar  shows 
that  if  in  a  graph  G  the  parameters  and  exist  and  the  remaining  numbers 
(x  ,y)  are  not  too  large,  then  one  can  prove  the  existence  of  a  nice  family 
of  large  cliques. 

Theorem  i  i  .  (Bose  and  Laskar  [3]}.  Le/  f  ^  i  ,  S:  2,  e?  ^  o  and  b'^Q 

be  integers  such  that  k  >  max  (l  —  —  e  '2r —  i),  i  —  I  (r  —  i)  {rb  —  2«). 

Let  G  be  a  graph  such  that  the  distance  parametej-s  /J,  and  /jj  are  given  by 
/ii  =  —  2  —  e  and  (.v  ,  <  I  ^  for  pairs  of  vertices 

(x  ,  y)  tvith  distance  greater  than  i .  Then  every  vertex  is  contained  in  exactly 

r  grand  cliques  and  every  edge  is  contained  in  exactly  one  gran  clique  where  a 
maximal  clique  containing  at  least  k  —  {r  —  i )  e  vertices  is  called  a  grand 
clique. 

4.  Near  association  schemes 

Frequently  we  come  across  situations  where  the  symmetric  relations 
defined  on  a  set  satisfy  many  but  not  all  of  the  properties  required  of  an  asso¬ 
ciations  scheme.  Such  structures  could  be  called  “  near  association  schemes  ”. 
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A  tew  uniqueness  theorems  ha\e  been  proved  about  such  “  near  association 
schemes  I  give  only  two  illustrations  of  such  theorems.  Let  v  >  k  >'/.  >  o 
be  integers  and  r.  be  a  symmetric  (v  ,  k  ,  A)-bibd.  Let  G  (rt)  denote  the  flag 
graph  of  T..  The  distance  relations  in  the  grajih  G  (tr)  satisfy  many  but  not 
all  the  properties  required  of  an  association  scheme.  A  theorem  of  Hoffman 
and  the  present  author  shows  the  graph  G  (— )  can  be  reconstructed  from  its 
distinct  eigen  values  and  connectedness. 

Theorem  12.  (A.  J.  Hoffman  andD.  K.  Ray-Chaudhuri  [15]).  Let  v>k> 
>  X  >  o  be  integers  and  (w  ,  >&  ,  X)  =!=  (4 , 3  ,  2).  Let  Q  be  a  regular  simple 
connected  graph  with  distinct  eigen  values  ik  —  2,  —  2,  k  —  2-r|  k  —  X  and 
^  —  2  —  \k  —  X.  Then  there  exists  a  symtnetric  bibd  n  such  that  G  is  iso7norphic 
to  G  (-).  Further,  //  ,  X)  =  (4 , 3  ,  2)  a7td  G  is  not  iso7)iorphic  to  the  graph 

draw7i  below  the7i  the  state7ne7it  of  the  theoretn  holds,  /w  the  diagra7n  e  and  e' 
represent  the  sa77ie  vertex. 


The  distance  relations  in  the  flag  graph  of  a  finite  affine  plane  also  satisfy 
many  but  not  all  the  properties  required  of  an  association  scheme.  A  theorem 
of  Hoffman  and  the  present  author  proves  that  the  flag  graph  of  an  affine 
plane  can  be  reconstructed  from  its  distinct  eigen  values  and  connectedness. 

Theorem  13.  (A.  J.  Hoffman  and  D.  K.  Ray-Chaudhuri  [14]).  Let  n  be  a 
positive  integer  and  G  be  a  regular  connected  siTnple  graph  with  distinct  eigen 
values  2  n— i,  ~2,  1/2  (2«— 3  —  )(4«  i /2  (2  w  —  3  —  )  (4~«  ^1))  and 

^ —  2.  Then  there  exists  a  finite  affine  plane  71:  such  that  G  is  isomorphic  to  the 
flag  graph  of  tc. 
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Preface.  No  special  mathematical  preparation  is  necessary  in  order  to  read  this  paper. 
The  reader  would  be  well  advised  to  have  some  knowledge  of  primitive  roots  and  residua 
classes  modulo  primes,  as  well  as  of  finite  Galois  fields.  All  other  preparatory  information 
necessary  to  understand  the  problems  of  balanced  incomplete  block  designs  is  given  in 
Sections  2,  3.1  and  3.2. 

The  reader  is  advised  to  read  carefully  Section  1.5  (notation)  before  proceeding  further. 
Some  of  the  notations  used  in  this  paper  are  not  standard. 

The  author  will  be  grateful  for  remarks  regarding  mistakes  or  misprints  in  this  paper  as 
well  as  for  suggestions  for  simpler  or  more  elegant  proofs  of  the  theorems  proved  here. 
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1.  Introduction 

1. 1.  Designs 

Let  A’  be  a  finite  set  of  points  and  let  T3  =  {5, :  /  €  /}  be  a  family  of  - 
not  necessarily  distinct  -  subsets  -  called  blocks  -  of  X.  The  pair 
(X  T3 )  is  called  a  design. 

The  order  of  a  design  (X'-'H  )  is  Ul  (the  cardinality  of  X)  and  the  set 
{1^,1 :  fi,-  e  T9  }  is  the  set  of  block-sizes  of  the  design. 

1.2.  Balanced  incomplete  block  designs  ( BIBD) 

Let  v>  k>  2  and  X  be  positive  integers.  A  design  (X T3  )_is  called  a 
balanced  incomplete  block  design  (BIBD)  B[k,  X;  u]  if 

(i)  Ul  =  V  (the  design  is  of  order  v); 

(ii)  the  blocks  are  of  size  k : 

(iii)  every  pairset  (a:,  y}  c  ^  is  contained  in  exactly  X  blocks  of  . 

A  well-known  theorem  states: 

Tlieorem  1.1.  A  necessary  condition  for  the  existence  of  a  BIBD 

B[k,  X;u]  is  that  \(v  -  1)  s  0  (mod  (k  -  l))and  Xu(i;  -  1)  s  0  (mod  k(k  -  1)). 

Proof,  r  =  X(i;  -  l)/(fc  -  1)  is  the  replication  number  of  every  point  of  the 
design  and  b  =  Xu(u  -  \  )l(k(k  -  1))  is  the  total  number  of  blocks. 
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For  k  =  2  tlie  construction  of  BIBD  is  trivial:  we  obtain  such 

design  by  taking  all  the  pairsets  {.v,  y}  c  A",  X  times  each.  For  k  =  3  and 
X'  =  4  it  has  been  proved  [  16]  that  the  condition  of  Theorem  1.1  is  also 
sufficient  for  the  existence  of  a  BIBD  B[k,  X;u].  ForX  >  4  the  condition 
of  Theorem  1.1  is  in  general  not  sufficient. 

1.3.  Known  results 

Balanced  incomplete  block  designs  B[3,  l;i)]  with  X  =  3  and  X  =  1  were 
introduced  by  Kirkman  and  Steiner  (30)  more  than  a  hundred  years  ago 
and  are  also  known  as  Steiner  triple  systems.  Reiss  proved  [25]  that 
v=  1  or  3  (mod  6)  is  a  necessary  and  sufficient  condition  for  the  existence 
of  a  Steiner  triple  system.  In  more  modern  period  Bose  proved  [2]  that 
the  condition  of  Theorem  1.1  is  sufficient  if  X  =  3  and  X  =  2.  Further  it 
has  been  proved  [16,18]  that  the  condition  of  Theorem  1.1  is  sufficient 
for  the  existence  of  BIBD  with  X  =  3,  4  and  5  and  every  X,  with  the  ex¬ 
ception  of  the  design  £?[  5,  2;  1 5  ] . 

On  the  other  hand  it  has  been  shown  by  Tarry  [32]  that  BlBD’s 
B[6,  1:36]  and  B[l,  1:43]  do  not  exist.  Later,  more  general  results  have 
been  obtained  on  non-existence  of  BlBD’s  with  parameters  v.  X  and  X 
satisfying  the  condition  of  Theorem  1.1.  We  give  here  the  relevant 
lemmas  without  proof  and  the  interested  reader  may  find  the  proofs  in 
the  book  of  Hall  [  14].  We  start  with  the  well-known  inequality  of  Fisher 
[14,  p.  103]. 

Lemma  1.1.4  necessary  condition  for  the  existence  of  a  BIBD  B{k.  X;i;] 
is  that  b  =  Xu(u  -  1  )/{X(X  -  1 ))  >  u. 

It  follows  from  Lemma  1.1  that  e.g.  BlBD’s  5[6,  l:16],fi[6.  1;21], 

5[  10, 3;  25],  5[  1 2,  2; 34],  .e[  1 5,  2; 36]  and  Bl  1 5, 4; 36]  do  not  exist. 

As  mentioned,  b  =  Xu(i;  -  1)/(X(X  -  1))  is  the  number  of  blocks  in 
B{k,  X;u].  A  BIBD  is  symmetric  if  b  =  v.  The  following  lemma  on  the 
existence  of  symmetric  BlBD’s  is  due  to  Bruck,  Ryser  and  Chowla  [5,7] 
(see  also  [  14,  p.  107]). 

Lemma  1.2.  If  a  symmetric  BIBD  fi[X.  X;i;]  exists,  then 
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(a)  if  vis  even,  then  (k  -  X)  is  a  square-, 

(b)  if  vis  odd.  then  =  {k  -  \)x^  +  ^  solution  in 

integers  x.  y,  z  nor  all  zero. 

It  follows  that  e.g.  BIBD’sfi[7,  1 ;  43],  7,  2;  22],  5[8,  2;  29], 

5(10,2;461,5[12,4;34]  and  i?l  15,  5;43]  do  not  exist. 

Further  Hall  and  Connor  [9,15]  (see  also  [  14,  p.  257])  proved  the 
following  lemma  on  symmetric  BIBD’s: 

Lemma  1 .3.  Let  v,  k,  X  satisfy  X(u  -  1 )  =  k(k  -  \  )  and  let  X  =  I  or  2,  then 
Blk  -\.\v-k]  exists  if  and  only  if  5[X',  X.  u]  exists. 

It  follows  that  e.g.  BIBD’s  fl[5,  2;  15],  fi[6,  1;36],  J5[6,2;21]  and 
5[8,  2;36]  do  not  exist. 

1.4.  On  this  paper 

The  main  purpose  of  this  paper  is  to  determine  necessary  and  sufficient 
conditions  for  the  existence  of  BIBD’s.  For  BIBD’s  with  block-sizes  3, 4 
and  5  such  conditions  are  already  known  [  16,18]  and  simpler  proofs  than 
the  old  ones  are  given  herewith.  For  BIBD’s  with  block-size  6  a  necessary 
and  sufficient  condition  is  determined  for  X  >  1.  At  the  present  state  of 
knowledge  it  seems  hopeless  to  find  a  reasonable  necessary  and  sufficient 
condition  for  the  existence  of  BIBD’s  with  k  =  6  and  X  =  1.  However,  a 
list  of  known  BIBD  s  with  k  =  6,  X  =  1  and  v  <  2000  is  given  in  Section 

5.4.  Further,  a  necessary  and  sufficient  condition  is  given  for  the  existence 
of  BIBD’s  with  block-size  7  and  X  =  6,  7  and  42.  In  Section  5.6  a  table  is 
given  of  all  BIBD’s  of  order  v  <  43. 

In  order  to  prove  that  the  known  necessary  condition  of  Theorem  1 . 1 
is  (with  few  exemptions)  also  sufficient  for  the  mentioned  values  of  k  and 
X,  some  auxiliary  designs  had  to  be  introduced,  namely,  the  pairwise 
balanced  designs,  group  divisible  designs  and  transversal  designs.  In  Section 
2  the  most  important  properties  of  the  pairwise  balanced  designs  and  of 
the  group  divisible  designs  will  be  found.  In  Section  3  a  more  detailed 
discussion  on  transversal  designs  is  given. 

This  paper  is  selfsustained  and  all  the  existence  theorems  are  proved 
in  it  completely.  However,  the  nonexistence  lemmas  of  Section  1.3  are 
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proved  by  methods  different  from  those  used  in  this  paper.  Consequently, 
they  are  not  proved  here  and  the  reader  interested  in  them  may  find  the 
proofs  in  the  book  of  Hall  [14]. 

For  designs  with  block-size  3  some  further  properties  are  given  in 
Sections  6  and  7.  In  Section  6  a  necessary  and  sufficient  condition  is 
determined  for  the  existence  of  a  group  divisible  design  with  k  =  3  and 
in  Section  7  the  problems  of  covering  pairs  by  triples  and  of  packing  of 
triples  in  pairs  are  discussed. 

As  mentioned  before  some  parts  of  this  paper  have  already  been 
published  —  in  different  form  -  before.  For  the  first  time  are  published 
the  following  parts:  Section  3.4,  several  lemmas  in  Section  4.2,  Sections 
5.4  and  5.5,  most  of  Section  5.6,  and  Sections  6  and  7. 

Finally,  it  should  be  mentioned  a  recent  proof  by  Wilson  [351  that 
the  necessary  condition  of  Theorem  1.1  is  also  sufficient  for  every  k  and 
every  X  if  u  is  sufficiently  large. 

7.5.  Notation 

Usually: 

lower  case  letters  (a,  k,  m, ...)  will  denote  points  or  integers; 
capital  letters  {A,  K,  M, ...)  will  denote  sets  of  points  or  sets  of  integers; 
script  capital  letters  (^ ,  § ,  , ...)  will  denote  families  of  sets. 

q  denotes  exclusively  a  prime-power  (an  integer  which  is  a  power  of  a 
prime). 

|5|  denotes  the  cardinality  of  S  (the  number  of  points  in  the  set  5). 

/  denotes  the  set  of  non-negative  integers  7  =  {0, 1,  2, ...}. 

7(n)  denotes  the  set  of  non-negative  integers  smaller  than  n,  e.g., 

7(5)=  (0,1, 2, 3, 4). 

Z(«)  denotes  the  cycle  of  residua  mod  n. 

GF(<7)  denotes  Galois  field  of  order  q. 

In  general  theorems  for  prime-powers  q,  the  Galois  field  GF(<7)  will  be 
used  covering  also  the  case  that  <7  is  a  prime. 

Zip,  x)  (only  when  p  is  a  prime)  denotes  Zip)  with  the  additional  in¬ 
formation  thatx  is  the  primitive  root  used. 

GF(q,/(x)  =  0)  denotes  GF(q)  with  the  additional  information  that  x 
is  the  primitive  mark  used. 
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In  all  cases  that  X  =  Z(p.  .v)  or  Z  =  GF(q.  fix)  =  0).  the  points  are  de¬ 
noted  by  exponents  of  .v  and  so  the  symbol  a  denotes  the  point  .v^. 
For  the  residuum  (or  mark)  0  the  symbol  0  is  used. 

If  X  =  I(n)  or  in  other  cases  that  the  integer  itself  is  used  and  not  the 
exponent,  the  integer  appears  with  a  prime  sign,  e.g.,  a'. 

When  X  =  Y  X  Z,  then  the  points  are  denoted  by  a  symbol  (a,  b)  where 
a  is  an  exponent  of  an  element  in  Y  and  b  an  exponent  of  an  element 
in  Z. 

In  case  of  group  divisible  designs  and  transversal  designs,  X  =  Y  X  Z,  Y 
denotes  the  set  of  points  in  a  group  and  Z  the  set  of  the  groups.  In 
such  case  a  semicolon  is  used  in  the  symbol  ia\b). 

The  brackets  <  >  are  used  exclusively  to  denote  blocks. 

The  words  mod  (c/j,  ^2)  ^fter  a  block  denote  that  all  the  elements  of  the 
block  should  be  taken  cyclically  by  adding  to  them  all  the  residua  of 
Ziq)  or  all  the  marks  of  GF(qf). 

If  5  is  a  set  of  integers,  then  S  +  1  =  {s  +  1 :  5  e  S}  similarly 
mS  =  [ms:  s  e  S}. 


2.  Combinatorial  designs 
2 1.  Pairwise  balanced  designs 

Let  u  and  X  be  positive  integers  and  K  a  set  of  prositive  integers.  A 
design  [X,  'T3  )  is  a  pairwise  balanced  design  BIK,  X;  u]  if 

(i)  I Zl  =  V  (the  design  is  of  order  u); 

(ii) {|fl,  |;  Bj  eT3 }  c  K  (the  block-sizes  are  from  K): 

(iii)  every  pairset  {.v,  _v}  C  Z  is  contained  in  exactly  X  blocks  of  “TB  . 

A  pairwise  balanced  design  BIX,  X;u],  where  K  =  {k}  consists  of  exactly 
one  integer,  is  a  BIBD  Blk,  X;t;]. 

The  set  of  integers  u,  for  which  pairwise  balanced  designs  B[K,  X;u] 
exist,  will  be  denoted  by  BfK,  X).  Similarly,  the  set  of  integers  v,  for 
which  BlBD’s  5[X'.  X;i;J  exist,  will  be  denoted  by  B(k.  X). 

The  following  lemmas  are  evident: 


Lemma  2.1.  AT  c  BiK,\). 
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Lemma  2.2.  If  K'  C  K,  then  B(K',  X)  C  B(K.  X). 

Lemma  2.3.  //X'  divides  X.  then  B(K,  X')  C  BiK,  X). 

And  more  generally: 

Lemma  2.4.  B{K,  X)  n  B{K,  X')  C  B{K,n\  +  n'\'),  where  n  and  n  are  any 
non-negative  integers. 

Further  we  have: 

Lemma  2.5.  Ifv  €  BiK',  X')  and  K'  c  B(K,  X),  then  v  G  B(I^.  XX')  ho/ds. 

The  following  special  case  of  Lemma  2.5  will  be  useful: 

Lemma  2.6.  //u  e  BiK.  \)and  K  C  B{k,  X),  then  v  e  B(k,  X)  holds. 

2. 2.  Finite  planes 

As  an  illustrative  and  important  example  of  BlBD’s  may  serve  the  finite 
planes.  Those  interested  in  the  geometric  aspect  of  finite  planes  may  find 
full  description  in  the  book  of  Hall  [  14,  pp.  167-188).  We  deal  here  only 
with  the  combinatorial  aspect  of  finite  planes  connecting  them  with  the 
BlBD’s. 

A  finite  projective  plane  PG(2,i?)  (projective  geometry  of  dimension 
2  and  order  q)  is  a  BIBD  [<?  +  !,  1  +  <7  +  1).  The  blocks  of  such  designs 

are  usually  called  lines.  By  definition  of  BlBD’s  (see  also  the  proof  of 
Theorem  1.1),  a  projective  plane  PG(2,«/)  hasq^  +  q  +  1  lines  and  every 
point  is  included  in  <7  +  1  lines.  Considering  any  given  line,  we  see  that  it 
intersects  in  each  of  its  points  q  other  lines  and  all  together  all  the  other 
q^  +  q  lines.  It  follows  that  in  PG(2,i7)  every  two  lines  intersect.  It  is  known 
—  since  Galois  -  that  PG(2,f/)  exists  whenever  c/  is  a  prime-power.  So  far 
no  projective  plane  has  been  constructed  of  non-prime-power  order.  We 
prove: 

Theorem  2.1.  If  q  is  a  prime-power,  then  q^  +  q  +  \&  Biq  I,  1);  in  other 
words  there  exists  a  finite  projective  plane  PG(2,  q). 
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Proof. 

^  =  GF(«/,/(.r)  =  0)XGF(^/./(.v)  =  0)u {(“,);  j  =  0,  1,...,^}. 

=  <(“o)*  (“l)’ 

<(“, ),  (0, 0).  (0, 0),  ( 1 , 0),  -2, 0)>  mod(  - , 

<(“,_i),(0, 0),(0,O),(0,  1) . (0,<ir  -2)>  mod  (q,  -), 

<(“0).  (0.  0),  (a,  0),  (a+\,  1),  ...,(a  +q  -2,q  -  2)>  mod  (q,-), 

a  =  0,  1,...,  q  -  2  . 

By  deleting  the  points  («>,),  /  =  0,  1, q,  from  the  described  design, 
we  obtain  a  BIBD  Blq,  1  ,q^]  which  is  also  called  a  finite  affine  plane 
A.Gi2,q)  (affine  geometry  of  dimension  2  and  order  q).  It  follows  im¬ 
mediately: 

Theorem  2.2.  If  q  is  a  prime-power,  then  q^  €  B{q,  1 );  in  other  words 
there  exists  a  finite  affine  plane  AG(2,  q). 

2. 3.  Group  divisible  designs 

Let  a  design  (X  'Ti? )  be  given.  A  parallel  class  of  blocks  is  a  subfamily 
§  C'B  of  disjoint  blocks,  the  union  of  which  equals  X 
We  shall  consider  at  length  designs  of  the  form  (Ar.§ .  5>),  where  X  is 
a  finite  set  of  points,  §  is  a  parallel  class  of  subsets  of  X  called  groups 
and  ;?  is  a  family  of  subsets  of  X  called  proper  blocks,  or  for  short 
-  blocks. 

Let  k,  m,  X  and  v  be  positive  integers.  A  design  (X  §.  ?)  is  n group 
divisible  design  GD(k,  X.  m;u]  if 

(i) l.^n  =  u; 

(ii)  I C,- 1  =  m  for  every  G,-  e  §  ; 

(iii)  \  Bf\=  k  for  every  Bje'?  ; 

(iv)  I G,n  Bj\<  1  for  every  G/  €  §  and  every  By  e  9  ; 

(v)  every  pairset  {.x,  y)  c  X,  such  that  .t  and  .v  belong  to  distinct 
groups,  is  contained  in  exactly  X  blocks  of  9. 

It  follows  immediately  that  a  BIBD  B[k,  X;i;]  is  a  group  divisible  de¬ 
sign  GD(k.  X,  l;i;]. 
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The  set  of  integers  v  for  which  group  divisible  designs  GD[A:,  X.  m:v] 
exist,  will  be  denoted  by  GD(k.  X.  m).  Clearly  GD(A-,  X,  m)  c  ml. 

Some  of  the  properties  of  the  group  divisible  designs  are  given  in  the 
following  lemmas; 

Lemma  2.7.  IfX'  divides  X,  then  GD(A,  X',  m)  C  GD(A,  X,  m). 

Lemma  2.8.  GD(A,  \  m)C  B(.{k,  w},  X). 

Proof.  Take  the  groups  of  the  group  divisible  design  as  additional  blocks, 
X  times  each. 

Lemma  2.9.  GD(A.  X,  m)  +  1  c  B{[k,  m  + 1}, X). 

Proof.  Take  as  additional  blocks  the  groups  of  the  group  divisible  design, 
each  X  times  with  a  fixed  additional  point  adjoint. 

Putting  in  Lemmas  2.8  and  2.9,  m  =  k  and  m  =  k  —  respectively,  we 
obtain  the  special  results  which  are  most  useful. 

Lemma  2.10.  GD(A,  X,  k)  c  Bik.  X). 

Lemma  2.11.  GD(fc,  X,  A  - 1)  +  Ic  B{k,  X). 

In  the  case  X  =  1  we  have  the  stronger  result: 

Lemma  2.1 2.  GD(A.  1.  A  -  1)  + 1  =  fi(A,  1). 

Proof.  GD(A,  1 ,  A  -  1)  +  1  C  B(A,  1 )  follows  from  Lemma  2. 1 1 .  To  prove 
Bik,  1)  C  GD(A,  1,  A  -  1)  +  1,  choose  any  fixed  point  of  the  BIBD  and 
denote  it  by  (»).  Consider  all  the  blocks  containing  the  point  (»),  delete 
this  point  and  take  the  truncated  blocks  as  groups  of  a  group  divisible 
design.  The  remaining  blocks  of  the  BIBD  serve  as  blocks  in  the  group 
divisible  design. 

Let  us  assume  that  in  Lemmas  2.8  and  2.9,  respectively,  m  €  Bik,  X) 
and  w  +  1  e  Bik,  X).  In  these  cases  instead  of  taking  the  blocks  having 
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m  and  m  +  1  points,  respectively,  we  take  the  blocks  of  B\k.  X;wl  or 
B[k.  X;m  +  1]  and  get; 

Lemma  2.13.  If  m  e  B(k.  X),  then  GD(A'.  X.  m)  C  B(k.  X). 

Lemma  2.14.  //w  +  1  6  B(k,  X).  then  GD(A'.  X,  w)  +  1  C  B(k,  X). 

Further  we  prove; 

Lemma  2.15.  If  m  +  A  €  B{k,  1),  then  GD(A.  X,  m)  +  A  c  B(k,  X). 

Proof.  .\dd  to  the  group  divisible  design  A  fixed  points.  On  these  points 
together  with  each  of  the  groups  form  a  BIBD  Blk,  l;m  +  A]  in  such  way 
that  these  A  points  form  a  block. 

Lemma  2.16.  If  n  e  B(K,  \)anil  mK  c  GD(A,  X',  m),  then  mn  €  GD(A,XX'.  m). 

Proof.  Consider  the  groups  of  the  group  divisible  design  as  points  of  the 
BIBD  B[K,  X;//l  and  form  a  group  divisible  design  on  every  block  of 
B[K.\\n\. 

Lemma  2.17.  If  n  e  BIK,  \)and  (A  -  1)  +  1  C  B(k,  1),  then 

(A  -  1 )«  +  1  e  B(k.  X). 

Proof.  By  Lemma  2.12,  (A  -  1)A^C  GD(A,  1,A  -  1)  and  by  Lemma  2.16. 

(A  -  1 )/;  e  GD(A,  X,  A  -  1 ).  Furtlier  use  Lemma  2. 1 1. 

2.4.  Pairwise  group  divisible  designs 

The  pairwise  group  divisible  designs  are  a  generalization  of  the  group 
divisible  designs  by  allowing  botli  the  groups  and  the  blocks  to  attain 
several  sizes.  Like  in  Section  2.3  let  a  design  (X.§ ,  9)  be  given.  Further 
let  V  and  X  be  positive  integers  and  K  and  M  sets  of  positive  integers.  A 
design  (X,  5* )  is  a  pairwise  group  divisible  design  GD[A',  X,  ;l/;  u]  if 

(i)  \X\  =  u; 

(ii) {|C;,|;  GiegjcM: 

(iii) {|fi/|;  Bje9}c  K\ 
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(iv)  iGj  n  <  1  t'or  every  G,  e  §  and  every  Bj  €  9  ; 

(v)  every  pair'et  {.v,  r}  c  X  such  that  .v  and  y  belong  to  distinct  groups 
is  contained  in  exactly  X  blocks  of  9. 

A  pairwise  group  divisible  design  GDI  A'.  X,  A/;i;l,  where  K  =  {k}  and 
M  =  {m}  consists  of  exactly  one  integer,  is  a  group  divisible  design 
GD[^,  X,  m:  u]. 

The  set  of  integers  v  for  which  pairwise  group  divisible  designs 
GDIA^.  X,  A/;ul  exist,  will  be  denoted  by  GD(A.  X,  M ). 

Evidently  we  have; 

Lemma  2.18.  M  c  GD(A'.  X.  M). 

Lemma  2.19.  If  M' c  M  and  K' c  K.  then  GD(  K\X.  .M')  C  GD(K.X.M). 

Lemma  2.20.  IfX'  divides  X.  then  GD(A.  X',  M)  C  GD(A.  X,  M  ). 

Lemma  2.21.  If  v  S  GD(K,X',  M')  and  M'  c  GD(K.  X,M).  then 
veGDiK.  XX'.  M). 

As  a  special  case,  when  X  =  X'  =  1 ,  we  obtain  from  Lemma  2.2 1 ; 

Lemma  2.22.  [fv^GD(K,\,M')andM'cGD{K,  I, A/),  then 
veGDiK.  \,M). 

As  immediate  generalizations  of  Lemmas  2.8  and  2.9  we  get; 

Lemma  2.23.  GDfA",  X.  A/)  C  BiK  u  A/,  X). 

Lemma  2.24.  GDfAT.  X.  A/)  +  1  c  BfAf  u  (A/  + 1),  X). 

Further  we  prove; 

Lemma  2.25.  If  n  e  GD(S,  1,^),  mR  C  B{k.  X)  and  mS  C  GD(A,  X,  m) , 
then  mn  e  B(k,  X). 

Proof.  Consider  the  set  I{m)  X  /(«).  On  /(«)  form  a  pairwise  group  divis¬ 
ible  design  GD[S,  !,/?;«].  For  every  group  G  of  this  design,  \  G\&  R  and 
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therefore  a  BIBD  B[k.  X;m  |G|]  may  be  constructed  on  I(m)  X  G.  For 
every  block  B  of  the  pairwise  group  divisible  design,  form  a  group  divis¬ 
ible  design  GD[X',  m-,ni{B\]  on  I(m)  X  B. 

In  a  similar  way  can  be  proved: 

Lemma  2.26.  Ifne  GD(5,  l,R),mR  +  lc  B(k,  X)  and  mS  c  GD(A:,  X,  m), 
then  mn  +  1  e  B{k,  X). 

Remark.  Lemmas  2.25  and  2.26  may  be  easily  generalized  as  follows: 

(a)  If  rt  e  GD(5,  X'.  R),  mR  c  BiK,  XX')  and  mS  c  GDfXT,  X,  m/  then 
mn  €  BiK.  XX'). 

(b)  If  «  e  GD(5.  X'.  R),  mR  +  \c  BiK.  XX')  and  mS  c  GDCXT,  X,  m), 
then  mn  +  \e  BiK.  XX'). 


3.  Transversal  designs 
3.1.  Introduction 

Transversal  designs  are  a  special  case  of  group  divisible  designs,  satis¬ 
fying  the  additional  condition,  that  every  block  of  9  intersects  every 
group  of  § . 

Formally,  like  in  Section  2.3,  let  a  design  (A'.§,9)  be  given.  Further, 
let  s,  r  and  X  be  positive  integers.  A  design  iX.§.9)  isa  transversal  de¬ 
sign  T[s,  X;r]  if 

(i)  1 G,- 1  =  r  for  every  Gjeg  ■, 

(ti)  t§l  =  5; 

(iii)  I  Gj  n  By  I  =  1  for  every  C,-  e  §  and  every  By  €  9  ; 

(iv)  every  pairset  {.v,  y}  c  X,  such  that  Jc  and  y  belong  to  distinct 
groups,  is  contained  in  exactly  X  blocks  of  9. 

It  follows  immediately  that  in  a  transversal  design  T[5,  X;r],  IX\  =  sr. 
|By|  =  s  for  every  By  6  9,  and  I  91  =  r^X.  Further,  a  transversal  design 
TU  X;  r]  is  a  group  divisible  design  GD[5,  X,  r;  rs]. 

The  set  of  integers  r  for  which  transversal  designs  T[5,  X;  r]  exist, 
will  be  denoted  by  T(s,  X). 

Evidently  we  have: 
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Lemma  3.1.  If  s'  <  s,  then  T(5,  X)  C  T(s',  X). 

Lemma  3.2.  //X'  divides  X,  then  T(5.  X')  C  T(s.  X). 

And  more  generally: 

Lemma  3.3.  T(i,  X)  n  T(5,  X’)  C  T(5,  «X  +  n'\'),  where  n  and  n'  are 
any  non-negative  integers. 

Further  we  have; 

Lemma  3.4.  //re  T(s,  X)  and  f  e  T(j,  X'),  then  rr'  e  T(5,  XX'). 

Proof.  For  every  block  B  of  T[5,  X;  r],  consider  as  elements  of  B  the 
groups  ofT[s,  X';r’]  and  form  on  them  the  blocks  of  Tfs,  X';r']. 

For  X  =  1  the  following  further  results  are  known; 

Lemma  3.5.  For  every  prime-power  q,  q  &  T{q  +  1,  1). 

Proof.  Consider  the  projective  plane  ?G{2,q)  constructed  in  Theorem 
2.1.  Delete  the  point  (oo^)  and  consider  as  groups  the  truncated  lines 
which  contained  this  point.  The  other  lines  of  PG(2,<7)  are  the  blocks  of 
T[9  +  1,1;?). 

From  Lemmas  3.5,  3.1  and  3.4  follows  the  theorem  of  MacNeish  [20]. 

Theorem  3.1.  Let  r  =  ITp®'  be  the  factorization  of  r  into  powers  of  dis¬ 
tinct  primes,  then  r  €  T(s,  1 ),  where  s  =  1  +  min  p®'. 

In  some  applications,  transversal  designs  are  used  in  which  the  blocks 
can  be  partitioned  into  parallel  classes.  Accordingly  we  define; 

A  resolvable  transversal  design  RT[s,  X;  r]  is  a  transversal  design 
T[s,  X;  r]  in  which  the  family  9  of  blocks  can  be  partitioned  into  Xr 
parallel  classes.  As  usually,  we  shall  denote  by  RT(5,  X)  the  set  of  integers 
r  for  which  resolvable  transversal  designs  RT[s,  X;  r]  exist. 

For  X  =  1,  we  have; 
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Lemma  3.6.  RT(5.  1 )  =  Ki  +  1 , 1 ). 

Proof.  If  RT[s,  1;/  ]  exists,  adjoin  a  fixed  additional  point  to  all  the  blocks 
of  any  given  parallel  class.  Proceeding  in  this  way  for  every  parallel  class. 
r  additional  points  are  obtained.  Form  a  group  from  these  r  additional 
points  and  get  Tti  +  1,  1 ;  rj.  If,  on  the  other  hand,  T[s  +  1.  I ;  r]  is  given, 
delete  any  one  of  the  groups.  The  blocks  which  contained  a  fixed  deleted 
point  form  now  a  parallel  class  and  the  design  is  RT(s,  1 ;  /■]. 

In  general,  we  may  prove  in  the  same  way; 

Lemma  3.7.  RT(5,  X)  c  T(5  +  1 ,  X). 

We  shall  now  prove  the  following; 

Tlieorem  3.2.  Ifr  e  GOf/f.  X.  M),  M  C  Tfs,  X)  and  K  c  RTfs.  1 ),  then 
r  e  T(5,  X). 

Proof.  Denote  the  set  of  points  of  a  r  X  5  matrix  by  X  =  /(r)  X  Ks).  where 
Hr)  is  the  set  of  points  of  GD[A',  X,  M\r\.  We  shall  prove  that  a  transversal 
design  T[s,  X;  r]  can  be  constructed  on  X  with  /(r)  X  {/},  i  e  /(s)  as  groups. 
Let  G  C  Hr)  be  a  group  of  GDI  A'.  X,  M;r].  Clearly  |G|  =  m  e  M  and  by 
hypothesis  we  may  form  T[s.  X;  m\  on  G  X  Hs).  We  perform  this  opera¬ 
tion  for  every  group  of  GD(  A,  X,  A/;  r].  Further  let  B  c  Hr)  be  a  block 
of  GD[  A,  X,  M',  /■].  Clearly  |5|  =  k  E  K  and  by  hypothesis  we  may  form 
RT[5,  1;  A]  on  B  X  /(s).  Considering  that  we  deal  with  a  resolvable  trans¬ 
versal  design  we  may  assume  that  one  of  the  parallel  classes  is  composed 
of  the  blocks  {/}  X  Hs),  /  e  B:  these  blocks  we  omit.  Again  we  perform 
this  operation  for  every  block  of  GD(A,  X.  A/;  r].  So  obtained  blocks  are 
all  the  blocks  of  T[s,  X;  r]  which  is  hereby  constructed. 

Putting  in  Theorem  3.2,  X  =  1  and  A/  =  {1},  we  obtain; 

Theorem  3.3.  If  rE  B{K,  1 )  and  K  c  RTfs,  1 ).  then  r  E  Tfs.  1 ). 

The  transversal  designs  are  strongly  connected  with  other  combina¬ 
torial  designs.  We  have  already  seen  (Lemma  3.5)  their  connection  with 
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the  finite  projective  planes  and  (Lemmas  3.5  and  3.6)  with  the  finite 
affine  planes.  Further,  the  existence  of  transversal  designs  T(5.  I ;  rj  is 
equivalent  to  the  existence  of  5  -  2  mutually  orthogonal  Latin  squares 
of  order  r  and  the  transversal  designs  T[4X  -  1,  2]  are  equivalent  to 

the  Hadamard  matrices  of  order  4\.  The  interested  reader  may  find 
these  subjects  dealt  with  in  the  book  of  Hall  [  14,  pp.  189-222]. 

3. 2.  Truncated  transversal  designs 

Let  a  transversal  design  T[s  +  t,  X;  r]  exist.  Delete  some  points  from 
at  most  t  of  its  groups.  The  obtained  design  is  a  pairwise  group  divisible 
design 

GD^  {5.  5  +  1 , ...,  s  +  t),  X,  (r,  r^,  r^ . r,};  +  Z/  r,  j . 

where  r,-  are  the  sizes  of  the  truncated  groups.  It  follows  (for  X  =  1): 
Lemma  3.8.  //r  €  T(s  +  r,  1 )  and  0  <  Zj  <  1-2  <  ...  <  r,  <  r,  then 

t 

r j  +  Z/  €  GD({5.  5  +  1,  ...,  5  +  /  },  I,  (r,  r,.  r^ . r,}) . 

1=1 

From  Lemma  2.23  and  Lemma  2.24,  respectively,  considering  Lemma 
2.5,  we  have: 

Lemma  3.9.  If  r  e  T(s  +  r,  1 ),  0  <  r,  <  r2  <  ...  <  r,  <  r,  and 
{s,  s  + 1, ...,  s+t,r,  rp  r2 . r,}  C  B{K,  X),  then 

t 

r5  +  S  r,-  6  B{K,  X) . 


Lemma  3.10.  If  r  e  T(5  +  f,  1),  0  <  Zj  <  Z2  <  ...  <  r,  <  r,  and 
{5,  5  +  1, ...,  5  +  t,  r  +  1,  r,  +  1, 1-2  +  1.  '■f  +  1}  C  B{K,  X),  then 

t 

rs  +  12  r,  +  1  €  BiK,  X)  . 

1=1 
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In  the  special  case  7  =  0  we  get; 

Lemma  3.1 1.  If  re  T(5,  l)and  if  {s.  r}  c  B(K.  X),  then  rs  e  B(K.  X). 

Lemma  3. 1 2.  //r  e  T(s,  1 )  and  i/{5.  r  +  1 }  c  B{K,  X),  then  rs  +  1  €  B{K,  X). 

Tchebychef,  Sylvester  and  others  (see,  e.g.,  [  10,  p.  435])  proved  that 
for  every  positive  s  and  every  sufficiently  large  integer  d>  dQ=  d^is), 
there  exists  a  prime  between  d  and  d(s  +  l)/s.  Using  this  result  we  have; 

Lemma  3. 1 3.  Let  s  and  t  be  positive  integers  and  let  D  be  a  finite  set  of 
integers,  then  there  exists  an  integer  Vq  such  that  for  every  v>  Vq  we  can 
find  integers  r.r^ . r,  satisfying  the  following  conditions: 

(i) 

(ii)  u  =  rs  +  r,-, 

(hi) re  T(s  +  X  1), 

(iv)  {r,  rj,  r2 . r,}  n  £)  =  0, 

(v)  it  may  also  be  assumed  that  forgiven  a,  r  =  a  (mod  s). 

Lemma  3.13  will  be  used  in  Section  5  with  f  e  {1, 2}.  In  each  case  the 
value  of  Uq  will  be  stated  and  it  has  to  be  checked  that  actually  for  every 
v>  Vq  the  conditions  of  the  lemma  are  satisfied.  If  s  +  1  <  8,  upper 
bounds  for  Uq  are  given  by  Theorems  3.7,  3.8,  3.9  and  3.10.  For  values 
of  V  below  these  upper  bounds  usually  Theorem  3. 1  may  be  applied. 

3.3.  Transversal  designs  with  X  =  1  {Wilson’s  theorem) 

It  has  been  proved  by  Chowla,  Erdos  and  Straus  [6]  that  for  every 
positive  integer  s,  there  exists  an  integer  rg(s)  such,  that  for  every 
r  >  rg(s),  r  €  T(s,  1)  holds.  They  proved  that  rgfs)  <  (3s)^f  This  result 
has  been  improved  by  Rogers  [26]  who  proved  rgfs)  <  with  e  -►  0 
as  j  Lately  Wilson  proved  [34]; 

Tlieorem  3.4.  For  every  sufficiently  large  s,  if  r>  then  r  €  T(s,  1) 

holds. 

This  theorem  as  well  as  the  forthcoming  Theorems  3.5  and  3.6  shall 
not  be  used  in  sequel  and  are  cited  here  without  proof. 


B  [6 

.  1; 

See  p. 

368  . 

We  prove  305^  GD  (6,  1, 

T  ■  <(  ^;  6  a  +  3  0)  ,  ( 

(  B;  60  H-  36  ■+  34),  (8  + 
o  o  0,  1,  2,  3,  4,  6  ®  ' 

Lemma  2.17  and  106  6rB 

5)  .  X  =  Z  (5,  2) 

i|);  6a  4-  3  6  +  30)  , 

2;  6o  4-  36  4-  26)  , 

0,  1  . 

(6,  1)  . 

X  Z  (61,  2)  . 

(  6;  6a  4-  36  4-  4)  , 

(6  4-2;  6o  4-  36  4-  56)>  mod  (5;  61) 

Lemma 

3.11, 

106^  B  (6, 

1)  and  106^  T(6,  1) 

• 

X  =  GF 

'»=  < 

(841,  =  X  +  26)  . 

5  o,  5a  .+  8,  5a  +  280,  5a  +  288,  5o  4 

•  568  >  mod  841,  a=  0,  1,...,  27. 

Lemma 

1 

2.15  , 

1516:  B(6, 

1)  and  145  ^  T(6, 

1)  . 

Lemma 

2.15  , 

211  ^  B(6, 

1)  and  205^  T(6, 

1)  . 

1 

j  Lemma 

2.15  , 

241  &  B(6, 

1)  and  235  €;  T(6, 

1)  . 

1 

Lemma 

2.15  , 

271e  B(6, 

1)  and  265  T(6, 

1)  . 

Lemma 

3.11  , 

306^  B(6, 

1)  and  306  ^  T(6, 

1)  . 

Lemma 

2.15  , 

331  e  B(6, 

1)  and  325 e  T(6, 

1)  . 
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For  specific  values  of  5,  stronger  results  have  been  obtained  and  so 
Bose,  Parker  and  Shrikhande  proved  [23,4.3]  (for  a  proof  see  also  [14, 
pp.  194-203]  or  [34]): 

Theorem  3.5.  For  every  r>  6,  re  T(4,  1 )  /to/ds. 

Further  it  is  known  [17]: 

Tlieorem  3.6.  For  every  r>  34  115  553,  r  €  T(3 1,1)  /lo/ds. 

We  shall  now  proceed  to  prove  that  ro(8)  <  90.  The  proof  is  due  to 
Wilson  [34]  and  will  be  given  here  in  full.  From  this  results  the  bounds 
of  rgCs)  for  s  e  {5, 6,  7}  are  easily  obtained.  We  start  with  the  almost 
obvious  lemma: 

Lemma  3.14.  //r  e  T(5,  l)a/id  r>  1,  then  r>s—  1. 

Proof.  Suppose  s>  r  +  2.  Every  point  of  the  design  is  included  in  r  blocks. 
Any  given  block  B  has  s  points  and  therefore  it  intersects  5(r  - 1 ) 

>  (r  +  2)  (r  -  1)  >  blocks,  but  there  are  only  r^  -  I  blocks  in  addition 
to  B,  which  leads  to  a  contradiction. 

Lemma  3.15.  //r  €  T(^.  \)and  r>  s,  then  in  the  design  T[s,  1 ;  r]  there 
are  at  least  two  disjoint  blocks. 

Proof.  Every  point  of  the  design  is  included  in  exactly  r  blocks.  Accor¬ 
dingly  any  given  block  B  intersects  s(r  -  1)  <  rfr  -  1)  other  blocks.  But 
the  transversal  design  has  r^  blocks  and  accordingly  there  exists  a  block 
which  does  not  intersect  B. 

We  shall  now  describe  a  truncated  transversal  design  as  follows.  Let 
r  e  T(5  +  t,  1)  and  let  t  groups  be  truncated  in  this  design.  We  denote 
tlie  set  of  points  of  this  design  by  A"  =  (/(r)  X  /(s))  u  T',  where 
(I(r)  X  /(s))  is  the  untruncated  part  and 

r  =  (/(r,)X{l'})u  (/(r2)X{2'})u  ...u{/(r,)X{r'}) 


is  the  truncated  part.  We  prove: 
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Lemma  3.16.  Let  a  transversal  design  TIi +  /,  \  ;r]  exist,  and  let  t  groups 

in  this  design  be  truncated,  these  truncated  groups  having  r,-.  /  =  1,2 . t, 

points,  provided  {r,:  /  =  1, 2,  ...,  /}  C  T(s,  1).  Let  T'  be  the  set  of  points 
of  the  truncated  part  (IT'I  =  r,}  and  let  m  be  a  positive  integer  such 

that  [m,  m  +  l,m+2}  C  T(s,  1).  If  for  every  block  Bo/T[5  +  f,  l;rl, 

\B  n  T'\  <  2,  then  p  =  mr  +  \T'\e  T(5, 1). 

Proof.  Denote  the  set  of  points  of  a  (mr  +  IT"!)  X  s  matrix  by 
X  =  {I{m)  X  l{r)  u  T')  X  /(s),  where  Y  -  /(r)  X  I{s)  is  the  untruncated 
part  of  the  (existing)  design  T[ s  +  r,  !;/•].  We  shall  prove  that  a  transversal 
design  T[s,  l;p]  can  be  constructed  on  X  with  (/(/n)X  /(r)u7’')  X  {/}, 

/  e  I{s),  as  groups.  For  every  block  5  of  T[s  +  r,  \  \r],\et  B'  =  B  n  T'  and 
Bq  "  ^  clearly  IBqI  =  s  and  0  <  |fi'|  <  2.  Considering  that 
{m,  w  +  1,  w  +  2}  c  T(j,  1),  we  may  form  a  transversal  design  T[s,  l;w+|5'|] 
on  (/(to)  X  ^0)  u  {B'  X  I{s))  C  X.  By  Lemma  3. 14,  to  >  5  —  1  and  therefore 
TO  +  2  >  s.  Accordingly,  if  IB'j  =  2,  there  are  in  our  transversal  design  at 
least  2  disjoint  blocks;  we  may  choose  them  as  {b}  X  I{s),  beB'.  These 
blocks  we  delete.  (If  |fl'|  <  2,  this  procedure  is  trivial.)  Further  for  every 
/  =  1, 2, ...,  t  we  form  T[5. 1;r,]  on  (/(r,)  X  {/'})  X  /(s)  C  (f'X  /(s)).  All  blocks 
so  obtained  form  a  transversal  design  T(s,  1 ;  p]. 

From  Lemma  3.16  follows  easily: 

L«mma  3.17. //r  €  T(s  +  2,  1),  0<  r^^rand  {to,  TO  +  l,TO+2,ri.  rj} 

C  T(s.  1),  then  mr  +  +  ^3  €  T(s,  1). 

Proof.  Put  in  Lemma  3. 16,  r  =  2. 

Lemma  3.18.  Ifr>  ^{t  -  l)(r  -  2),re  T(s  +  r,  1)  and  {m,  to  + 1,  to +  2} 

C  T(5,  1),  then  mr  +  t  Q  T(s,  1). 

Proof.  Put  in  Lemma  3. 16,  rj  =  =  ...  =  r,  =  1.  In  order  to  apply  Lemma 

3.16  it  has  to  be  proved  that  under  the  hypothesis  of  our  lemma  the 
points  of  the  truncated  groups  can  be  so  chosen  that  no  three  of  them 
are  in  a  block.  This  is  shown  by  induction.  Suppose  we  have  already 
chosen  t'<  t  such  points.  There  are  exactly  5 r'(/'-  1)  <  ^(t  -  l)(r  -  2) 
blocks  containing  two  of  these  points  each.  However,  every  not  trun- 
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cated  group  has  at  least  j(t  -  1)  (r  -  2)  +  1  points  and  therefore  an  addi¬ 
tional  point  can  be  chosen  so  that  no  three  points  of  the  truncated  groups 
are  in  a  block. 

Lemma  3.19.  For  any  integer  n,  at  least  one  of  the  integers 

n,  n  +  I,  n  +  2, ...,  n  +  9  is  not  divisible  by  any  of  the  numbers  2,  3,  5 

and  7. 

Proof.  Let  «'  be  the  odd  integer  of  [n,  n  +  1}.  Of  the  integers 
n',  n'  +  2,  n'  +  4,  n'  -t-  6,  h'  +  8,  at  most  two  are  divisible  by  3,  at  most  one 
by  5,  and  at  most  one  by  7;  hence  at  least  one  is  divisible  by  neither 
3,  5,  7,  nor  2. 

For  integers  w,  7  <  w  <  76,  define  u^^,  and  as  in  Table  3. 1 .  Note  that 
for  each  w,7<w<  76,  we  have  {u^,  u^,}C  /(64),  and  that  by  Theorem 3.1, 
{“w  T(8,  l)(if  {0,  1},  v^^,  €  T(8, 1)  is  trivial). 


Table  3.1. 


w 

“ve 

pr 

“w 

“w 

r 

7 

7 

0 

31 

23 

8 

54 

27 

27 

8 

8 

0 

16 

16 

55 

32 

23 

9 

9 

0 

33 

17 

16 

56 

29 

27 

10 

9 

1 

34 

17 

17 

57 

32 

25 

11 

11 

0 

19 

16 

58 

29 

29 

12 

11 

1 

36 

19 

17 

59 

32 

27 

13 

13 

0 

37 

29 

8 

60 

31 

29 

14 

7 

7 

38 

19 

19 

61 

32 

29 

15 

8 

7 

39 

23 

16 

62 

31 

31 

16 

8 

8 

40 

23 

17 

63 

32 

31 

17 

9 

8 

41 

25 

16 

64 

32 

32 

18 

9 

9 

42 

23 

19 

65 

49 

16 

19 

11 

8 

43 

27 

16 

66 

37 

29 

20 

11 

9 

44 

25 

19 

67 

56 

11 

21 

.  13 

8 

45 

29 

16 

68 

37 

31 

22 

11 

11 

46 

23 

23 

69 

37 

32 

23 

16 

7 

47 

31 

16 

70 

41 

29 

24 

13 

11 

48 

25 

23 

71 

63 

8 

25 

16 

9 

49 

32 

17 

72 

41 

31 

26 

13 

13 

50 

25 

25 

73 

41 

32 

27 

16 

11 

51 

32 

19 

74 

37 

37 

28 

17 

11 

52 

27 

25 

75 

43 

32 

29 

16 

13 

53 

37 

16 

76 

47 

29 

30 

17 

13 
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Table  3.2 


r  Proof  of  ;-eT(8,l) 


455-516  Lemma  3.20.  n  =  64,  7  «;  w  <  68 
420-454  Lemma3.20,>i  =  59. 7<w<;41 

378-419  Lemma  3.20,  n  »  53, 7  <  w  <  48 

350-377  Lemma  3.20,  n  «  49,  7  <  w  <  34 

308-349  Lemma  3.20,  n  =  43,  7  <  w  <  48 

266-307  Lemma  3.20,  n  =  37,  7  <  w  <  48 

224-265  Lemma  3.20,  n  =  31,  7  <  w  <  48 

196-223  Lemma  3.20,  re  =  27.  7  <  w  <  34 

168-195  Lemma  3.20.rt  =  23,7  <w<  34 

164-167  Lemma  3.18,  m  «  7,r  =  23,  3  <  K  6 
140-163  Lemma  3.20,  n  =  19,  7  <  w  <  30 

119-139  Lemma  3.20, /I  =  16,  7  <  tv  <  27 

114-118  Lemma  3.18,  m  =  7,/- =  16,  2  <  /  <  6 

98-113  Lemma  3.20,  n  *  13,  7  <  IV  <  22 

91-97  Lemma  3.20,  n  =  11,  14  <  IV  <  20 
84-  89  Lemma  3.20,  n=ll,7<iv<12 

83  Theorem  3.1 

77-  81  Lemma  3.18,  m  =  7,/- »  11,  0  <  f  <  4 


Lemma  3.20.  //«  e  T(  10,  1 ),  7  <  w  <  76  and  <  n,  i/ien 

7n  +  w  e  T(8,  1). 

Proof.  Apply  Lemma  3.17  with  m  =  7,ri  =  and  . 

Theorem  3.7.  For  every  r>  90,  re  T(8, 1)  holds. 

Remark.  We  prove  moreover  that  if  r  >  76  and  r  ^  {82, 90},  then 
re  T(8,  1)  holds. 

Proof.  By  Lemma  3.19,  an  integer  n  may  be  found  which  is  relatively 
prime  to  2 1 0  and  satisfies  r-76<  7«<r-7.  Ifr>  517,  then  putting 
w  =  r  —  7n  we  have  7  <  w  <  76,  and  n>  ij{r  —  76)  >  63.  By  Theorem 
3. 1 ,  we  have  n  e  T(  1 2, 1)  and  applying  Lemma  3.20,  we  get 
r  =  7n  +  w  e  T(8,  1 ).  If  r<  517,  the  proof  of  re  T{8, 1 )  is  given  in 
Table  3.2. 

Theorem  3.8.  For  every  r>  62,  re  T(7, 1)  holds 
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Remark.  We  prove  moreover  that  {47,49,  50,  53,  56,  57,  58,  59, 61} 
CT(7,1). 

Proof  (See  [17]).  By  the  remark  to  Theorem  3.7,  it  remains  to  prove 
this  theorem  for  the  set  of  integers  (47, 49,  50,  53,  56,  57,  58,  59, 6 1 , 63, 
64,...,  76,  82,  90}.  By  Theorem  3.1,  (47,49,53,56,59,61,63,64,67,71, 
72,  73}  C  T(8,  1 ).  For  other  values  of  r  namely  r  6  (50,  57,  58, 65, 66, 68, 
69,  70,  74,  75,  76,  82, 90},  we  shall  prove  that  r  s  B{K,  1)  with  K c  RT(7, 1 ) 
and  use  Theorem  3.3. 

50eB({7,8},  1).  Lemma  3.12  and  7  e  T(7,  1). 

57  e  1 ).  Lemma  3. 1 2  and  7  €  T(8,  1 ). 

58  6  fl({7, 8, 9},  1).  InT[9, 1;8]  delete  7  points  from  each  of  2  groups; 

further  apply  Lemma  3.9. 

65  6fi({8,9},  1).  Lemma  3.12  and  8  6  T(8,  1). 

66  6  fi({7,  8, 9},  1).  In  T[  10,  1;9]  delete  8  points  from  each  of  3  groups 

in  such  a  way  that  the  remaining  3  points  be  not  in  one  block  (this 
is  possible,  as  explained  in  the  proof  of  Lemma  3. 1 8);  apply  Lemma 
3.9. 

68  6  B({7,  8, 9},  1).  In  T[9,  1 ;  8]  delete  1  point  from  each  of  4  groups  in 

such  a  way  that  no  3  deleted  points  be  in  one  block;  apply  Lemma 
3.9. 

69  6  B({7,  8, 9},  1).  In  T[9,  1 ;  8]  delete  1  point  from  each  of  3  groups. 

not  all  3  deleted  points  from  the  same  block;  apply  Lemma  3.9. 

70  6  B({7,  8, 9},  1).  lnT[8,  1;9]  delete  2  points  from  one  of  the  groups; 

apply  Lemma  3.9. 

74  6  B({7,  8,9},  1).  Let  Gg,  G^,  C2,  G3  be  any  4  groups  in  T[9,  1;9]  and 

let  Qq  6  Gq  and  Bq,  J5i  be  any  2  blocks  containing  Oq.  Delete  the 
4  points  (^0*^  ^1)  (^2  ^3)  3nd  one  point  on  Gj  which  is  not  in 

a  block  from  which  already  two  points  have  been  deleted;  further 
delete  from  Gg  two  points,  none  of  them  in  a  block  from  which  al¬ 
ready  two  points  have  been  deleted;  apply  Lemma  3.9. 

75  6  B({7,  8, 9},  1).  Like  above,  but  in  the  last  step  delete  from  Gg  only 

one  point. 

76  6  B{[1,  8, 9},  1).  Like  above,  but  delete  no  points  from  Gg. 

82  6  j5({7,  8, 9, 1 1},  1).  In  T[  12,  1,11]  delete  10  points  from  each  of  5 
groups  in  such  a  way  that  4  of  the  remaining  5  points  be  in  one 
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block  and  the  fifth  point  be  not  in  this  block;  apply  Lemma  3.9. 

90  e  B({1,  8, 9,  1 1},  1).  In  TI9,  1 ;  1 1  ]  delete  3  points  from  one  group  and 
2  points  from  another  one;  then  delete  4  points  from  a  third  group, 
none  of  them  in  a  block  from  which  already  2  points  have  been  de¬ 
leted;  apply  Lemma  3.9. 

A  different  proof  of  Theorem  3.8  -  independent  of  Theorem  3.7  - 
may  be  found  in  [17], 

Before  proceeding  we  prove  the  following  lemma  [11]  (see  also  114, 
p.  2031); 

Lemma  3.21.  12  e  RT(6,1). 

Proof.  By  C(2,a^  =  1),  C(6,  b®  =  1)  we  denote  cyclic  groups  of  orders  2 
and  6  with  generators  a  and  h,  respectively.  As  usually  we  shall  use  the 
exponents  of  the  generators  to  denote  the  points  of  the  design. 

.T  =  (C(2,  =  1 )  X  C(6,  =  1 ))  X  J(6). 


9  =  ((0, 0;  O'),  (0,0 

1 '),  (0, 0;  2'),  (0. 0;  3'),  (0, 0;4'),  (0, 0;  5'))  mod  (2, 6 

-) 

<(0,0;  O’),  (0,  1 

l'),(l,0;2'),(0,3;3'),(l,2;4'),(0,4;5')>mod(2,6 

-) 

<(0.0;  O'),  (0,2 

1'),  ( 1 , 2;  2’),  ( 1 , 0;  3'),  (0,  1 ; 4'),  (1,5;  5'))  mod  (2. 6 

-) 

<(0, 0;  O'),  (0,3 

1'),  (0,  2;  2'),  (0,  1 ;  3'),  (1,  5;4’),  (1, 4;  5')>  mod  (2,  6 

-) 

<(0,0;  O'),  (0,4 

!'),(!,  1;2'),(1,3;3'),  (0,  5;4’),  (0,  2;  5-'))  mod  (2.  6 

-) 

<(0,0;  O'),  (0,5 

r),(0,l;2'),(l,5;3'),(l,3;4'),(l,  1 ;  5')> mod  (2,  6 

-) 

<(0,0;0'),(1,0 

!'),(!,  3;  2'),  (0,  2;  3'),  (0, 3;  4'),  ( 1 , 2;  5')>  mod  (2, 6 

-) 

<(0,  0;0'),(1,  1 

l'),(l,5;2'),(l,2;3'),(l,4;4'),(l,0;5')>mod(2,6 

-) 

<(0,0;  O'),  (1,2 

T),  (0, 4;  2'),  (0, 5:3'),  (0, 2;4'),  ( 1 , 3;  5')>  mod  (2, 6 

-) 

<(0,0;  O’),  (1,3 

1’),  (1,4;  2'),  (0,4;  3'),  (1,  1;4'),(0,  l;5')>mod(2,6 

-) 

((0,0;  O'),  (1,4 

1'),  (0,  5;  2'),  (1,  1  ;3’),  (1, 0;4'),  (0, 3;  5')>  mod  (2, 6 

-) 

<(0,0;  O'),  (1,5 

1 '),  (0,  3;  2'),  (1,4;  3'),  (0, 4;  4’),  (0, 5 ;  5’)>  mod  (2,  6 

-) 

Tlieorem  3.9.  For  every  r>  52,  re  T(6,  1 )  holds. 
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Remark.  We  prove  moreover  that  {41,43,45,47,49,  50}  C  T(6,  1). 

Proof.  By  the  remark  to  Theorem  3.8,  it  remains  to  prove  this  theorem 
for  the  set  of  integers  {41,43,45,  54,  55,60,62}.  By  Theorem  3.1, 
{41,43,45,  55}  C  T(6,  1).  Further, 

54  6  T(6,  1 )  by  Lemma  3. 1 7  with  r  =  7,  j  =  6,  m  =  7,  r  j  =  0,  r2  =  5. 
60  e  T(6,  1)  by  Lemma  3.4  and  Lemma  3.21. 

62  e  T(6,  1)  by  Lemma  3.17  with  r  =  8,  s  =  6,  m  =  7,  rj  =  1,  r2  =  5. 

Theorem  3.10.  For  every  r  >  42,  r  e  T(5,  1)  holds. 

Proof.  By  the  remark  to  Theorem  3.9,  it  remains  to  prove  that 
{44,46,48,  51, 52}  C  T(5,l).  By  Theorem  3.1,  {44,52}C  T(5,l).  For 
other  values  of  r  we  have: 

46  e  T(5, 1)  (see  (35)).  We  prove  46  €  fi({4,  5,  7,  8},  1)  with  exactly 
one  block  size  of  4.  Take 

X  =  Z(7,3)XZ(3,2)XZ(2)u{(=o.);  /  =  0,  1,2,3}, 

^  =  <(“o)>  (“l)-  (“2).(‘”3)>' 

< (»,,),  (2o ,  0, 0),  ( 2a  +  2, 0, 0),  ( 2a  +  4,  1 , 0),  (4a ,  0, 0), 

(4a +2, 0,0), (4a +4,  l,0)>mod  (7,-,-),  a  =  0,  1,2, 
((“>3).  (0. 0. 0).  (0, 0, 0),  (1,0, 0),  (2,  0,  0),  (3, 0, 0),  (4, 0, 0), 
(5,0,0))  mod  (-,3,2), 

<(0,  0, 0),  (0, 0,  0),  (4, 0, 0),  (2,  0, 0),  (0,  1, 0)>  mod  (7,  -,  2), 
<(0, 0, 0),  (0,  1 , 0),  (2,  ft  0),  (0, 0, 0),  (4, 1 , 0)>  mod  (7,  -,  2), 
<(0, 0, 0),  (0,  1 , 0),  (0, 0,  0),  (4, 0, 0),  (2,  1 , 0)>  mod  (7,  -,  2). 

Further  apply  Theorem  3.3.  It  should  be  noted  that  4  ^  RT(5, 1)  but 
only  4  e  T(5, 1).  However,  it  may  be  easily  checked  that  the  existence 
of  only  one  block  of  size  4  (or  —  by  the  way  -  of  any  number  of  such 
disjoint  blocks)  does  not  prevent  the  use  of  Theorem  3.3. 

48  e  T(5, 1 )  by  Lemma  3.17  with  r  =  1 1 ,  s  =  5,  m  =  4,  Zj  =  0,  r2  =  4. 
Because  ri=  0,  the  condition  m  +  2  e  T(s,  1)  is  not  necessary  and  may 
be  omitted. 

51  e  T(5, 1)  by  Lemma  3.17  with  /•  =  1 1,  s  =  5,  m  =  4,  rj  =  0,  r2  =  7. 
Because  ri=  0,  the  condition  m  +  2  €  T(s,  1)  may  be  omitted. 
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3. 4.  Transversal  designs  with  X  >  / 

We  prove  the  theorem  [19]; 

Theorem  3.1 1.  For  every  r  >  1  and  every  X  >  1,  r  €  T(7,  X)  huids. 

Proof.  For  r  =  1  the  theorem  is  trivial.  Further,  it  follows  from  Theorem 
3.1  and  Lemma  3.4  that  it  is  sulficient  to  prove  the  theorem  forr  being 
factors  of  60;  also  from  Lemmas  3.1,  3.3  and  3.7  follows  that  it  suffices 
to  prove  the  theorem  for  X  =  2  and  X  =  3  and  for  each  of  these  values  of 
X,  to  prove  /•€  T(s,  X)  orr  e  RT(s  -  1,  X)  for  any  s>  1. 

2  eT(7,2).  A'  =  /(2)X  Z(7,3). 

9  =  <(0' ;  0),  t  O' .  0).  (O' ;  1 ),  (O' ;  2),  (O' ;  31.  (O' ;  4),  (O' ;  5)>, 

<(0';0),(0';2),  (0';4).  ( 1';  0),  ( 1';  1 ),  ( 1'; 3),  ( 1';  5)>  mod  (-;7). 

2  6  T(ll,3).  T  =  /(2)X  Z(ll,2). 

9  =  ((O' ;  0),  (O' ;  0).  (O' ;  1 ),  (O' ;  2),  (O' ;  3),  (O' ;  4),  (O' ;  5),  (O' ;  6),  (O' ;  7), 
(0';8),(0';9)>, 

<(O';O),(O';2),(O';4),(O';6),(O';8),(r;0),(l';l),(l';3),(l';5), 

(l';7),(r;9)>mod(-;ll). 

3  e  RT(6,  2).  J  =  Z(3,  2)  X  (Z(3,  2)  X  7(2)). 

9  =  <(0;0,O'),(0;O,O'),(O;1,O').(1;0,  r),(l;0,  l'),(0;l.'r))  mod  (3;3,-), 

<(0;  0,  O'),  (0; 0,  O'),  (0;  1 ,  O'),  (0;  0,  1'),  (0; 0,  1'),  (0;  1,  1  ’)>  mod  (3;  -,  -), 

<(0;  1 ,  O'),  (0;  0,  O'),  ( 1 ;  0,  O'),  (0;  0,  1'),  (0;  1,  1'),  ( 1 ; 0,  1  ')>  mod  (3;  -), 

<(0;  0,  O'),  ( 1 ;  1,  O'),  (0; 0,  O'),  (0;  1,  1 '),  ( 1 ; 0,  1 '),  (0;  0,  1  ')>  mod  (3;  -). 

3  eT(13,3).3r  =  (Z(2)u{oo})x  Z(13,2). 

9  =  <(«;0),(“>;O),  ('“',  1),('«;2),(«;3),  (<><>;4),(«;  5),(«;6),(«;7),  («;8), 
(oo;9),(«>;10),(»;ll)>, 

((«;  0),  (»;  1 ),  («;  5),  (« ;  9),  (0;  0),  (0;  4),  (0;  8),  (0;  2),  (0;  3),  (0;  6), 
(0;7),  (0;10),  (0. 1 1)>  mod  (2;  13). 
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4  E  RT(8,  2).  ^  =  GF(4,.v2  =  x  +  I)X  (2(7,  3)  u  {«}). 

5>  =  <((};«),  (5);  0),  (0;  0),  (0;  1 ),  (0;  2),  (0;  3),  (0;4),  (0;  5)>  mod  (4;  -), 
((0;»).  (0; 0),  (0; 0),  (0;  1 ),  (1 ;  2), ( 1 ;  i), (2; 4), (2;  5)>  mod  (4;  7). 

4  €  RT(8.3).  2  =  GF(4,.r2  =  .v  +  l)X  GF(8,.v2  =  .y  +  1). 

9  =  «0;  0),  (0;  0),  (a ;  1 ),  (a  +  1 ;  2),  (0;  3),  (a  + 1 ;  4),  (a ;  5),  (a;  6)> 
mod  (4;-),  a  =  0,1,2, 

<(0;  0),  (a ;  0),  (0;  1),  (a  +  1 ;  2).  (a  +  1 ;  3),  (0;4),  (a;  5),  (a  + 1 ;  6)> 
mod  (4; -),  a  =  0,  I,  2, 

<(0;  0),  (a ;  0),  (a  +  1 ;  1 ).  (0;  2),  (a  +  1 ;  3),  (a ;  4),  (0;  5),  (a ;  6)  > 
mod  (4;  -),  a  =  0,  1,  2, 

<(0;0), (a  +  l;0).(a+l;l).{a  +  l;2),(a;3),(a;4),  (a;5),(0;6)) 
mod  (4;  -),  a  =  0,  1, 2. 

5  e  RTdO,  2).  A'  =  2(5,  2)X  (2(5,  2)X  7(2)). 

9  =<(0;0,O’),  (0;0,  1’),  (0;  1,  O').  (0;  3,  O'),  ( 1 ;  0,  r),(l;2,  l'),(2;0,  O'), 
(2;2,0'),(3;l,l'),(3;3,  1'))  mod  (5; 5, -), 

<(0;0,O'),(0;0,  1'),  (1;0,0'),(1;  1,  l'),(l;2,0'),(l;3,  l'),(3;0,  1'), 
(3;  1,0'),  (3: 2,  r),(3;3,0')>mod(5;5,-). 

5  e  RT(7, 3);  X  =  2(5, 2)  X  2(7, 3). 

9  =  <(0;0),(0;O),(0;  1),  (0;  2),  (0;  3),  (0;4),  (0;  5))  mod  (5;-), 

<(0;  0),  (a;  0),  (a;  3),  (a  +  1 ;  2),  (a  +  1 ;  5),  (a  +3;  1 ),  (a  +  3;4)> 
mod  (5;  7),  a  =  0,  1. 

6  6  T(7,  2).  X  =  (2(5,  2)  u  {~})  x  2(7,  3). 

9=  ((<»;0),  (»;0),  («;  1),  («;2),  (- ;3),  («;4),  (°<>;5)>,  2  times, 

<(oo; 0),  (0; 0),  (0; 3),  (a;  2),  (a;  5),  (a  +  2;  1),  (a  +  2; 4)>  mod  (5  ; 7), 
a  =  0,  1. 

6  6  T(7, 3).  .V  =  (2(5,  2)  u  {<x.})  X  2(7, 3). 

9  =  <(“>;0),  (“;0),  («>;  1),  («;  2),(«;3),  (»;4),  (»>;5)>,  3  times. 
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<(«;  0),  (0;  1 ),  (0;  2),  (0;  5),  ( 2a ; 4),  (2a  +  1 ; 0),  (2a  +  3;  3))  mod  ( 5;  7), 
a  =  0,  1 , 

<(~;  0).  (0; 0),  (0;  3),  (0;  2),  (0;  5),  (2;  1),  (2;4)>  mod  (5;  7). 

10  €  T(7,  2).  X  =  (Z(9)  u  {«.})  X  Z(7, 3). 

9  =  <('»;0),  (“’;0),  («>;  1),(«;2),  (“;3),  (“;4),(<»;5)>,  2  times, 

<(O';0),  (O';  0),  (O';  1),  (O';  2),  (0';3),  (0';4),  (O';  5))  mod  (9;  -), 

<(<» ;  0),  (O' ;  3a),  ( 1 ' ;  3a  +  2),  (2' ;  3a  +  4),  (4' ;  3a  +  5),  (6';  3a  + 1 ), 
(7';3a+3)>  mod  (9;7),  a  =  0,  1, 

<(0' ;  0),  ( 1 ' ;  2),  ( r ;  5),  (2' ;  0),  (2' ;  3),  (7' ;  1 ),  (7' ;  4)>  mod  (9 ;  7). 


10  €  T(8,  3).  X  =  (Z(3,  2)  X  Z(3,  2)  u  {«})  X  (Z(2)  X  Z(2)  X  Z(2)). 
9  =  < («> ;  0, 0, 0),  (« ;  0, 0, 0),  («> ;  0, 0,  0),  («> ;  0, 0, 0),  (« ;  0, 0,  0), 
(«;0, 0,0),  (~;  0,0,0),  ('»;  0,0, 0)>,  3  times  , 


((0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0). 


(0;  0;  0, 0, 0),  (0,  0; 0, 0, 0),  (0, 0;0, 0, 0)>  mod  (3,3;-,-,  -), 

<(«;  0, 0,  0),  (0, 0;  0, 0,  0),  (0,  0; 0, 0, 0),  (0, 0;  0, 0, 0),  (0,  1 ;  0, 0,  0), 

(0,  1 ;  0, 0, 0),  (0,  1 ;  0, 0, 0),  ( 1 , 0;  0, 0, 0)>  mod  (3, 3;  2,  2,  2), 

<(~ ;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0,  1 ;  0,  0, 0), 

(0, 0;  0, 0, 0),  (0, 0;  0, 0,  0),  ( 1 , 0;  0,  0, 0)>  mod  (3,3;  2,  2,  2), 

<(“ ;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0,  1 ;  0, 0,  0), 

(0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  ( 1 , 1 ;  0, 0, 0))  mod  (3, 3;  2,  2,  2), 

<(0, 0;  0, 0, 0),  (0, 0;  0, 0, 0),  (0,  1 ;  0, 0, 0),  (0, 0;  0, 0, 0),  (0,  0;  0,  0, 0), 

(0, 1 ;  0, 0, 0),  ( 1 , 0;  0, 0, 0),  ( 1 , 0;  0, 0, 0)>  mod  (3, 3 ;  2, 2, 2). 


12e  RT(6, 1).  Lemma  3.21. 

1 5  e  RT(7, 2).  X  =  (Z(3,  2)  X  Z(S,  2))  X  Z(7, 3). 

9  =  <(0, 0;  0),  (0, 0;  0),  (0, 0;  1),  (0, 0;  2),  (0, 0;  3),  (0, 0;  4),  (0, 0;  5)> 
mod  (3,  5 ;  -),  2  times, 

<(0,  ^  +  3 ;  0),  (a,  0;  0),  (a  + 1 , 0;  3),  (a,  0;  2),  (a  +  1 ,  (?;  5),  fa,  i3  +  2;  4), 
(a  +  l,j3  +  2;l)>mod(3,5;7),  a  =  0,1,  <3  =  0,  1. 
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15  e  RT(7,3).  A'  =  (2(3,2)X  Z(5,2))X  Z(7,3). 

?  =  ((0,  0;  0),  (0, 0; 0),  (0, 0;  1 ),  (0, 0;  2),  (0,  0;  3j,  (0, 0; 4),  (0,  0;  5)> 
mod  (3,  5; -),  3  times, 

<(0,  0; 0), (0, 0;a), (1 , 0;a  +  1 ), (0, 0;a  +  2), ( 1 ,  1 ; a  +  3), (0,  2;a  +  4), 

(1, 3;a  +  5)>  mod  (3,  5;  7),  a  =  0,  I, 5. 

20  e  T(7,  2).  -Y  =  (Z(  19,  2)  u  {«})  X  Z(7, 3). 

9  =  <(oo;0),  (oo;0),  (oo;  ] ),  (oo ;  2),  (<» ;  3),  (» ;  4),  (°o ;  5)>,  2  timcs, 

<(»;0),(lOa  +  2;O),(lOa  +  2;3),(lOa  +  8;2),(lOa  +  8;5),(lOa  +  14;l), 
(10a  +  14;4)>  mod  (19;  7),  a  =  0,l, 

<(0;  0),  (9a ;  4(3),  (9a  +  1 ;  4/3  +  3),  (9a  +  6;  4/3  +  2),  (9a  +  7 ;  4/3  +  5), 

(9a  +  12;4/3+4),(9a  +  13;4/3+l)>mod(19;7),  a  =  0.  1,  /3  =  0,  1. 
20eT(7,3).  ^  =  (Z(19,2)U{«})X  Z(7,3). 

?  =  <(“; 0), (®“; 0), (■»;  1 ), (»; 2), («>; 3), (‘»;4), (»; 5)>,  3  times, 

<(« ;  0),  (u;0),  (m;  3),  (m  +  6;  2),  (m  +  6;  5),  (jU  +  1 2;  1 ),  (p  + 1 2;  4)> 
mod(19;7),  ju  =  6,  14,  16, 

<(0;0),(2a  +  9)3;O),(2a  +  9/3  +  l;3),(2a  +  9/3  +  6;2),(2a  +  9/3  +  7;5), 

(2a  +  9/3  +  12;4),(2a  +  9/3  +  13;l))  mod(19;7),  a  =  0,  1,2,  /3  =  0,  1. 

For /•  =  30  we  make  use  of  the  resolvable  transversal  design  RTI8,X;4), 

X  >  1.  Deleting  2  points  from  one  of  the  groups  we  obtain 
30  e  GD({7,  8},  X,  {2, 4}).  Further  we  apply  Theorem  3.2  and  observe 
that  {7, 8}  c  RT(7, 1)  and  {2, 4}  C  T(7,  X).  Consequently,  30  6  T(7,  X) 
for  X  >  1. 

For  r  =  60  we  make  use  of  T[  8,  1 ;  8]  and  delete  4  points  from  one  of 
the  groups.  We  obtain  60  e  GD({7,  8},  1,  {4,  8}).  Apply  again  Theorem 
3.2  and  observe  that  {7,8}c  RT(7, 1)  and  {4,8}c  T(7,X),  X>  1.  Con¬ 
sequently,  60  6  T(7,X)  for  X  >  1. 

With  the  help  of  Theorem  3. 1 1  the  following  -  most  useful  -  lemmas 
are  easily  proved  in  the  same  way  as  Lemma  3. 1 1  and  Lemma  3. 1 2. 

Lemma  3.22.  //X  >  1,  A:  <  7  and  r  6  B{k,  X),  then  kr  €  B(k,  X). 

Lemma  3.23.  If  \>  1 ,  k  <  1  and  /--He  Bfk,  X),  then  kr  + 1  €  B{k.  X). 
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4.  Auxiliary  designs 

4. 1.  General  auxiliary  designs 

If  u  =  (/  is  a  power  of  a  prime,  then  some  BIBD’s  may  be  easily  con¬ 
structed  with  the  help  of  Galois  fields  GFfiy).  Let  x  be  a  primitive  mark 
of  GF(<7)  satisfying  the  equation /(.v)  =  0.  To  shorten  the  notation  we 
shall  denote  a  Galois  field  GF{q)  with  fix)  =  0  by  GF(q.fix)  =  0)  (see 
Notation,  Section  1.5).  Further  we  shall  denote  by  /  =  (a.  b)  the  greatest 
common  factor  of  a  and  b. 

The  Lemmas  4. 1-4.4  are  generalizations  of  observations  made  ori¬ 
ginally  by  Bose  [2]. 

Lemma  4.1.  If  q  is  a  prime-power  and  f  =  (q  -\,k),  then  q  e  Bik.kik-\)lf). 

Proof.  Let  d  =  iq-\)lf  X  =  GFiqJix)  =  0). 

T3  =  (a,  a-(- 1 . a-1  k/f,  a  +d,  a  +  d  +  \, ...,  a  +  d  -  1  +  k/f, ..., 

a  +  (/  -  l)d,  o  +  (/-  l)c/  -I- 1 . a  -t-  (/-!)</-  1  +  k/f)  mod  q, 

a  =  0,l . d-l. 

Lemma  4.2.  If  q  is  a  prime-power  and  f  =  iq  —  \,k  —  \),  then 
qeBik,  kik-\)lf). 

Proof.  Let  rf  =  (c?  -  1 )//.  X  =  GF(q.  fix)  =  0). 

^  =  (0,a,a  -t-l,  ...,a  —  1  +  (A:  —  1)//,  a  +  d,  a  +  d  +  1,  ...,  a  +  d  —  1  +  (/c  —  1 )//, 
...,  o +  (/- l)d,  a +  (/-l)d+l,...,  a +  (/-l)d-l +(*-!)/> 
mod  q,  o  =  0,  1 . d-l. 

Lemma  4.3.  If  q  is  a  power  of  an  odd  prime,  k  is  odd  and  f  =  iq  -\,k), 
then  q  6  Bik,  kfk  -  l)/2/). 

Proof.  Let  d  =  iq-\)lfX  =  GFiqJix)  =  0). 

‘^=(a,  o  +  l,...,a  —  1+  k/f,  a  +  d,  a  +  d  +  \, ...,  a+  d  —  1  +  k/f, ..., 

a  +  (/-  l)d,  o  +  (/-  l)d  +  1,  ...,  a  +  (/-  l)d  -  1  +  k/f)  mod  q, 
o  =  0,  1,  ...,  id  -  1. 

Lemma  4.4.  If  q  is  a  power  of  an  odd  prime,  k  is  even  and  f=iq-\,k-l), 
then  q^  Bik,  kik-\)l2f). 
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Proof.  Let  d  =  (^?  -  1 )//.  X  =  GFiqJM  =  0). 

^  =  <0,a,a  + 1, a  —  1  +  (A:  —  1)//,  a  +  d  +  1,  a  +  d  —  I  +  (k  -  \)/f, 

a  +  (/-l)d,  a  +  (/-l)d  +  l,  ...,a  +  (/-l)d  -  1  +  (A' -!)//>  mod  q, 
o  =  0,  1, jd  -  1. 

Further,  by  taking  the  complement  of  each  block  we  obtain  the  follow¬ 
ing  almost  selfevident  lemma; 

Lemma  4.5.  //2<A<u-2  and  if  vG  B{k.  X),  then  A.  X';  u]  exists, 
where  X'  =  X(i;  -  A)  (u  -  A  -  1  )/(A  (A  -  1 )). 

Mullin  and  Stanton  [22]  proved: 

Lemma  4.6.  If  both  B[k,  X;i;]  and  B[k  +  l,r-  X;  u]  exist,  where 
r  =  X(t;  -  1)/(A  -  1 ),  then  also  A  + 1 ,  r;  u  + 1  ]  exists. 

Proof.  X  =  /(u)  u  {«>}.  T0  =  blocks  of  B[k,  X;i;]  on  /(u)  with  the  point  « 
adjoint  to  each  block  and  blocks  of5[A  +  l,r-X;u]on  I{v). 

From  Theorem  2. 1  and  Lemma  2. 1 2  follows: 

Lemma  4.7.  If  k  -  \  is  a  prime-power,  then  (A  —  1 )  A  e  GD(A,  1 ,  A  - 1 ). 

From  Theorem  2.2  and  Lemma  2.12  follows: 

Lemma  4.8.  If  A  is  a  prime-power,  then  (A  -  1  )(A  + 1 )  e  GD(A,  1 ,  A  -  1 ). 

4. 2.  Special  auxiliary  designs 

Lemma  4.9.  {6, 8}  c  GD(3, 1 , 2). 

Proof.  Follows  from  Lemmas  4.7  and  4.8. 

Lemma  4. 1 0.  { 1 2,  1 5}  c  GD(4, 1,3). 


Proof.  Follows  from  Lemmas  4.7  and  4.8. 
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Lemma  4.11.  {20,24}C  GD(5,1,4). 

Proof.  Follows  from  Lemmas  4.7  and  4.8. 

Lemma  4.12.  If  q  is  a  power  of  an  odd  prime,  then  5<7  €  GD(5,  2,  5) 
and  5c/e  B(5,2). 

Proof.  We  prove  5q  e  GD(5,  2,  5).  Let  d  =  i{q  -\). 

X  =  Z(5,2)X  GF(</,/(;c)  =  0). 

5*  =  <(0;0),  (0;a),(0;a  +  d),(2;a  +  l),(2;a  +(/  +  !)>  mod  (5  ,q), 
a  =  0,  1,  ...,d-  1. 

Sq  e  5(5,  2)  follows  from  Lemma  2.10. 

Lemma  4.13.  If  q  =  1  (mod  4)  is  a  prime-power,  then  5q  e  GD(5, 1, 5) 
and  5<7  6  5(5,1). 

Proof.  We  prove  5q  6  GD(5, 1,  5).  Let  d  =  l(q  -  1). 

X  =  Zi5,2)X  GF(^7,/(.v)  =  0). 

5>  =  <(0;0),(O;ft),(O;a  +  2c(),(2;a+£f),(2;a  +  3c/)>mod(5;(?), 
a  =  0,l,...,d-l. 

5q  6  5(5,  i)  follows  from  Lemma  2.10. 

Lemma  4.14.  {40,44}  C  GD(5,1,4). 

Proof.  We  prove  4 1  6  5(5, 1 ).  ^  =  Z(4 1 , 6). 

03  =  <2a,2a  +  8,  2a  +  16,  2a  +  24,  2a  +  32>mod41,  a  =  0,l. 

45  6  5(5, 1)  holds  by  Lemma  4.13.  Further  apply  Lemma  2.12. 

Lemma  4. 1 5.  { 1 0, 1 2}  C  GD(5,  2,  2). 

Proof.  10  6  GD(5,  2, 2)  follows  from  Theorem  3.1 1  and  Lemma  3.1. 

1 2  6  GD(5,  2, 2).  X  =  Zi2)X  (Z(5,  2)  u  {«}). 

?  =  <(0;“),  (0;  0),  (0;  2),  (0;  1),  (0;  3)>  mod  (2;  5), 

<(0; 0),  (0; 0),  (0;  1),  (0; 2),  (0; 3)>  mod  (2;  -). 

Lemma  4.16.  If  q  is  a  power  of  an  odd  prime,  then  4q  6  GD(5,  5, 4) 
and  4<7  + 1  6  5(5,  5). 


H.  Hanani  /  Balanced  incomplete  block  designs 


285 


Proof.  We  prove  Aq  6  GD( 5,  t ,  4).  Let  d  =  \((i  -\). 

X  =  GF(4,x^  =  x  +  \)X  GF(q.  }\)  )  =  0). 

y  =  <(0;0),  (0;a),  (0;a  + J),  ( 1  ;o  + 1 ),  ( 1  ;a  +  c/  +  D)  mod  (4  ,q), 
a  =  0,  1,  ....  d  -  \  , 

<(0;0).  (0;o:),  (0;a  +c/). (0;o+  1),(  1  ;a  +c/+  1)>  mod  (4;£jf), 

a  =0, \,...,d-\. 

4<7  +  1  6  B(5,  5)  follows  from  Lemma  2.1 1. 

Lemma  4.17.  {8,14.32}C  5({5,6},5). 

Proof.  8  €  6},  5).  X  =  Z(2)  X  Z(4). 

T3  =  ((O'. O'), (O',  r),(0',2'),(r,0').(l',  r)>mod(-,4), 

((O',  O'),  (O',  3'),  ( r.  O'),  ( 1 ',  1'),  ( 1 ',  2')>  mod  (-,  4), 

((O',  O'),  (O',  1'),  (O',  2'),  (O',  3'),  ( r,o'),  ( r,  (a  +  2)')>  mod  (2,  -). 
a  =  0,  1. 

14  €  B({5, 6},  5).  .V  =  Z(  13,  2)  u  {«}. 

^  =('»,0,2,  5,  8,ll>mod  13, 

(0,a, a +  3, a +6, a +  9)  mod  13,  a  =  0,l. 

32  e  5({5, 6},  5).  J  =  Z(3 1, 3)  U  {«}. 

Oa  =(«,  5, 11, 17,23,29)  mod  31, 

(0,3,10,13,20, 23)  mod  31, 

(a,  a  +  6, a  +  12,a  +  18,a  +  24>  mod  31,  a  =  0,  1,  2, 3,4. 

Lemma  4.18.  14  e  GD(5, 10,  2). 

Proof.  X  =  Z(2)  X  Z(7, 3). 

y  0),  (0;a),  (0;a  +  3),  (0;a  + 1),  (0;a  +  4)>  mod  (2;  7),  a  =  0,  1, 
((0;a),(0;a  +  l),(0;a  +  3),(0;a  +  4),(O;0)>mod(2;7),  a  =  0,  1, 

Lemma  4.19.  Ifqsl  (mod  6)  is  a  prime-power,  then  5q  €  GD(6,  2,  5) 
and  5<7  + 1  €  B(6,  2). 

Proof.  We  prove  5q  e  GD(6,  2,  5).  Let  d  =  j(«7  —  1). 

J  =  Z(5,2)X  GF(^,/(x)  =  0). 

?  =  (0,  a),  (0,  a  +  3cO.  (/3.  a  +  d ),  (/3,  a  +  4d ),  (/? +2,  a  +  2d ),  03  +  2,  a  +  )> 

mod  (5,9),  a  =  0, 1,  ....  d  -  1,  (3  =  0,  1. 

59  +  1  €  5(6,2)  follows  from  Lemma  2.1 1. 


ri 


286 


H.  Hanani  /  Balanced  incomplete  block  designs 


Lemma  4.20.  30  e  GD(6, 1,  5). 

Proof.  Follows  from  Lemma  4.7. 

Lemma  4.21.  {35,45,  50, 60,65}  C  GD(6,2,  5). 

Proof.  35  e  GD(6,  2,  5)  follows  from  Lemma  4.19. 

45  e  GD(6, 2,  5).  A'  =  /(5)  X  GD(9, .v^  =  2.x  + 1 ). 

5'i  =  <(0';a),(0';o  +  4),(r;a  +  l),(2';a  +  2),(3';a  +  6),  (4';a  +  5)> 
mod  (-;9),  a  =  0,  1, ....  7. 

Change  the  notation  of  A  to  A  =  7(5)  X  (Z(3,  2)  X  Z(3,  2)). 

92  =  ((l';0,0),(r;0,  O),(2';O,0),(2’;1,O),(3';O,  1),(3';  1,  1))  mod  3,  3), 
<(r;0,0),(r;O.  1),(2';0,O),(2';O.O),(4';  1,0),(4';1,  1 ))  mod  (-; 3, 3), 
<(l';0,0),(r;O,O),(3';0,  O),(3';O,0),(4';0,  1),(4';0,  1)>  mod  (  -;3, 3), 
((2';0,0),(2';O,  1),(3';1,0),(3';1,  1),(4';0,  1),(4';O,0)>  mod  (--.3,3), 
<(r;0,0),(l';0,O).(r;0, 0), (r;0, 0), (T;  1, 0), ( 1';  1, 0)>  mod  3). 
((2';  0, 0),  (2'; 0, 0),  (2'; 0, 1),  (2';  0, 0),  (2’; 0, 0),  (2’: 0,  1  )>  mod  (-;  3;  -), 
<(3’;0,0),(3’:0, 0),(3';0,0),(3';0,  1),(3';1,  1),(3';  1,0))  mod  (-; -;3), 
<(4';  0, 0),  (4';  0, 0).  (4'; 0,  1 ),  (4';  0, 0),  (4';  1, 0),  (4';  1,  1  )>  mod  3), 

50€GD(6,2,5).  A  =  Z(5,2)X  Z(10). 

5'  =  ((0;O'),(0;  r),(0;2'),(O;3'),(2;5'),(3;6')>  mod  (5: 10), 

<(0;  O'),  (0: 2’),  (0;6'),  (0;  1'),  (0;  8'),  (3;  3')>  mod  (5;  10), 
<(0;O'),(0;5'),(1;  l'),(l;4'),(2:2'),(3;8')>  mod  (5;  10). 

60 €  GD(6,  2,  5).  A  =  Z(5,  2)  X  (Z(l  1 , 2)  U  {-=0}). 

9  =  <(0;«>),  (0; 9),  (2a; 4),  (2a  + 1 ;  0),  (2a  + 1 ;  0),  (2a  +  2;  6))  mod  (5;  1 1 ), 

a  =  0,1, 

<(0;0),(0;l),(0;4),(2a;7),(2a;8),(2a  +  3;2)>mod(5;ll),  a  =  0,  1. 

65  €  GD(6,  2, 5)  follows  from  Lemma  4.19. 

Lemma  4.22.  {35,40}  c  GD(6, 3,  5). 

Proof.  35  e  GD(6, 3, 5).  A  =  Z(5,  2)  X  Z(7, 3). 

5*  =  <(0; 0),  (0;  2),  (0; 4),  (2a; 0),  (2a  + 1 ;  1 ),  (2a  +  3;  5)>  mod  (5;7).  a  =  0,  1 , 
<(0; 0), (0;  3), ( I ;  2), ( 1 ;  5), (3 ;  1), (3 ; 4)>  mod  (5 ;  7). 
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40  6  GD(6, 3,  5).  -V  =  Z(5,  2)  X  GF(8,  =  a:  + 1 ). 

?  =  <(0;0>,(0;a),(0;a  +  3),(O;a  +  6),(l;a  +  4),  (3;a  + 1)>  mod  (5; -), 

a  =  0,  1....,  6, 

<(0;0),  (0;a  +  5),  (0;a  +  6),  (2;a),  (2;a  + 1),  (2;a  +  3)>mod  (5;  -), 
a  =  0,  1, 6, 

<(0;0),(O;a  +  3),(l;a  +  2),(l;a  +  6),(3;Q),  (3;a  + 1)> mod  (5; -), 
a  =  0,  1, ....  6, 

<(0;a+l),(0;o  +  3),(l  ;a  +  2),(l;a  +  4),(2;a),(2;a  +  6))  mod  (5;  -), 

Q  =  0,  1, 6. 

Lemma  4.23.  { 18,  21, 24}  c  GD(6,5,3). 

Proof.  1 8  €  GD(6,  5, 3)  follows  from  Theorem  3. 1 1  and  Lemma  3. 1 . 

21  6  GD(6,  5, 3).  X  =  Z(3,  2)  X  Z(7,  3). 

^  =  <(a;0),  (a;  2),  (a;4), (a  + 1 ;  1),  (a  + 1  ;3),  (a  + 1;  5)>  mod  (3:7),  a  =  0. 1 
<(0;  0),  (0; 3),  (0;  1),  (0;4),  ( 1 ;  2),  ( 1 ;  5)>  mod  (3;  7). 

24  e  GD(6,  5, 3).  X  =  Z(3,  2)  X  (Z(7, 3)  U  {oo}). 

?  =  <(a; «),  (0;  1 ),  (0;  3),  (0;  5),  (0;  2a  +  2),  ( 1 ;  2q  +  4)>  mod  (3;  7),  a  =  0,  1 
<(0;~),(0;  1),(0;3),(0;5),(O;O),(1;2)>  mod  (3;7), 

<(0;  1),  (0;  3),  (0;  5),  ( 1 ;  0),  ( 1 ;  2),  ( 1 ;  4)>  mod  (3;  7). 

Lemma  4.24.  48  e  GD(7,  1,6). 

Proof.  Follows  from  Lemma  4.8. 

Lemma  4.25.  {42,  54}  C  GD(7,  7, 6). 

Proof.  42  €  GD(7,  7, 6)  follows  from  Theorem  3. 1 1. 

54  e  GD(7, 7, 6)  follows  from  Lemma  2.16,  9  €  5(8,7)  by  Lemma  4.1 
and  48  €  GD(7,  1,  6)  by  Lemma  4.24. 

Lemma  4.26.  If  q>  1  is  a  power  of  an  odd  prime,  then  Iq  e  GD(7, 3,  7). 

Remark.  More  generally,  if  A:  s  3  (mod  4)  is  a  prime-power  and  q>  k\s 
a  power  of  an  odd  prime,  then  kq  e  GD(fc,  \{k  -  1),  <■)• 
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Proof.  Let  d  =  \iq  —  \). 

X  =  Zil,3)XGFiq.f(x)  =  0). 

9  =  ((0;0),  (0;a),  (0;a  +  t?),  (2;a  +  l),  (2;a  +  c/  +  l),  (4;a  +  2),  (4;a  +  £/  +  2)> 
mod(7,fl),  a  =  0, 1, d  -  1. 

Lemma  4.27.  49  €  GD(7, 1, 7). 

Proof.  Follows  from  Theorem  2.2. 

Lemma  4.28.  {56, 63}  c  GD(7, 6, 7). 

Proof.  56  e  GD(7, 6,  7)  follows  from  Lemma  2.16,  8  €  B(l,  6)  by  Lemma 
4.1  and  49  e  GD(7, 1, 7)  by  Lemma  4.27. 

63  e  GD(7, 3,  7)  follows  from  Lemma  4.26. 

Lemma  4.29.  {14,  16}  c  GD(7,3,2). 

Proof.  14  e  GD(7, 3,  2)  follows  from  Theorem  3. 1 1. 

16  e  GD(7, 3,  2).  X  =  Z(2)  X  (Z(7, 3)  u  {«}). 

^  =  <(0;«),  (0; 0),  (0;  2),  (0;4),  (0;  1),  (0;  3),  (0;  5)>  mod  (2;  7), 

<(0;  0),  (0; 0),  (0;  1),  (0;  2),  (0;  3),  (0;4),  (0;  5)>  mod  (2;  -). 


5.  Necessary  and  sufficient  conditions  for  BIBD’s 

In  this  section  we  shall  prove  that  the  necessary  condition  of  Theorem 
1.1  is  also  sufficient  for  the  existence  of  BIBD’s  X;ul  with  k  =  3,4,  5 
and  every  X  with  the  exception  of  the  nonexisting  [9,151  BIBD,  B[5, 2;  15). 
Further  we  shall  prove  that  this  condition  is  sufficient  for  the  existence 
of  BIBD’s  with  k  =  6  and  X  >  1  with  the  exception  of  the  nonexisting 
[9,15]  design  B{6,  2, 21],  and  also  for  the  existence  of  BIBD’s  with 
k  =  l  and  X  =  6,  7  and  42. 

In  the  proof  of  the  relevant  lemmas  and  theorems  extensive  use  will  be 
made  of  the  Lemmas  2.1,  2.2,  2.3,  2.7,  2.10,  2.1 1,  2.18,  2.19,  2.20,  2.22, 

3. 1 ,  3.2,  3.5,  3. 1 1 ,  3. 1 2  and  of  the  Theorems  2. 1 ,  2.2,  3. 1  often  without 
mentioning  them. 
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5.1.  BIBD’s  with  block-size  3 

Lemma  5.1.  If  u=  Oor  I  (mod  3),  then  u  €  GD({3,4},  where 

.W3  =  {1,3,4,6,7,  19}. 

Proof.  According  to  Lemma  3. 13  with  t=  l,s  =  3,r=0or  1  (mod  3),  it 
may  be  checked  that  if  w  >  21,  then  there  exists  (use  Theorems  3.1  and 
3.10)  a  transversal  design  T[3  +  l,  1  ;r]  such  that  r  s  0  or  1  (mod  3)  and 
one  of  its  groups  can  be  truncated  to  obtain  3r  +  ri  =  w.  Evidently  also 
rjs  0  or  1  (mod  3).  Further  apply  Lemma  2.22. 

For  M  <  21  use  the  truncated  transversal  designs  7(3  + 1,  1 ;  r]  as  follows: 
for  9  <  «  <  12,  r  =  3,  for  13  <  »  <  16,  r  =  4  and  for  u=  18,  r  =  6. 

Lemma  5.2.  For  every  positive  integer  u,  u  e  GD({3, 4},  l,Mf)  holds, 
where  M'^  =  {1,2, ...,  8}. 

Proof.  According  to  Lemma  3.13  with  r  =  1,  5  =  3,  it  may  be  checked 
that  if  «  >  9,  then  there  exists  (use  Theorem  3.1)  a  transversal  design 
T[3  + 1,  1 ;  r]  such  that  one  of  its  groups  can  be  truncated  to  obtain 
3r  +  Tj  =  w. 

Lemma  5.3.  For  every  integer  v>  3,  ve  B{K-j,\)  holds,  where 
Ki={3,4,5,6,  8}. 

Proof.  According  to  Lemma  3.13  with  t  =  \,  s  =  3,  D  =  {2},  it  may  be 
checked  that  if  K'^  =  {5, 6,  7, 8, 1 1, 14,  17,  23},  then  there  exists 
(use  Theorems  3.1  and  3.10)  a  transversal  design  T[ 3  + 1,  1 ;  r]  such  that 
one  of  its  groups  can  be  truncated  to  obtain  3r  +  rj  =  u  and  r  ¥=  2  ¥=  r^. 

By  Lemmas  2.22  and  3.9,  it  follows  that  v  e  BiK'^  u  {3,4},  1).  It  remains 
to  prove  that  if  oe  {7, 1 1,  14, 17,  23},  then  u6  BiK^^,  1).  7  e  B(3, 1) 
follows  from  Lemma  4.3. 

1 1  e  £({3,  5},  1).  X  =  1(2)  X  Z(5, 2)  u  {(«)}. 

^  =<(oo),(O',0),(l',0)>mod(-,5), 

((O',  0),  ( 1 ',  a),  ( 1 ',  a  +  2)>  mod  (-,  5),  a  =  0,  1 , 

<(O',0),(O',O),(O',  1),(0',2),(0',3)>. 
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14  €  fi({3,4,  5},  1).  ^  =  GF(4,x2  =  x  +  1)  X  Z(3, 2)  u  {(«..);  /  =  0,  1}. 

(“•  1)>,  a  =  0,  1,  2, 

<(“  1  )>  (a,  0),  (oi  + 1 , 0),  (a  +  2, 1  )>,  a  =  0, 1 , 2, 

<(0,  0),  (0, 0),  ( 1 , 0),  (2, 0)>  mod  (-,  3), 

<(0,0),(a,O),(a  +  2,  l)>mod(-,3),  a  =  0,  1,2. 

17  €  B({4,  5},  1).  Lemma  3.12  and  4  e  T(4,  1). 

23  e  5({3.  5 } ,  1 ).  X  =  /( 2)  X  Z(  1 1 , 2)  u  {(«)} . 

T3  =  Blocks  of  fi[{3,  5},  1;  1 11  on  {0'}X  Z(1 1),  as  above, 
<(“),(O',0),(r,0)>mod(-,  11), 

((O',0),(r,a),(r,a  +  5)>mod(-,  11),  a  =  0,  1, 2,3,4. 

Lemma  5.4.  If  v=  1  or  3  (mod  6),  then  v  €  5(3,  1)  holds. 

Proof.  Let  u  =  2m  +  1,  where  m  s  0  or  1  (mod  3).  By  Lemma  5.1, 

M  6  GD({3,4},  1,4/3).  By  Lemmas  2.26  and  4.9,  it  suffices  to  show  that 
u  =  2|i  +  1  €  5(3,  1)  for  every  n  €  This  is  done  in  Table  5.1. 

Lemma  5.5.  Ifv=  1  (mod  2),  then  v  €  5(3, 3)  holds. 

Proof.  Let  v=  2m  + 1,  where  m  is  a  positive  integer.  By  Lemma  5.2, 

M  6  GD({3, 4},  1,4/3).  By  Lemmas  2.26  and  4.9,  it  suffices  to  show  that 
u  =  2/i  +  1  e  5(3, 3)  for  every  fi  €  4/3.  For  p  s  0  or  1  (mod  3)  this  is  al¬ 
ready  proved  in  Le  na  5.4,  and  for  other  values  of  namely 
IX  e  [2,  5,8},  we  have  y  €  {5,  1 1,  17}  c  5(3,  3)  by  Lemma  4.3. 

Lemma  5.6.  If  v  =  0  or  1  (mod  3),  then  v  e  5(3,  2)  holds. 


Table  5.1. 


M 

u 

5(3,  l;v| 

1 

3 

Trivial 

3 

7 

Lemma  4.3. 

4 

9 

Theorem  2.2. 

6 

13 

Lemma  4.3. 

7 

is 

Lemma  2.17  and  7  e  B(3, 1)  as  above. 

19 

39 

Lemma  2.17  and  19  e  B(3,l)  by  Lemma  4.3. 
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Proof.  By  Lemma  5.1,  u  e  GD({3,4},  1,  Aij)  and  by  Lemma  2.23, 
ue  1).  By  Lemma  2.6,  it  suffices  to  show  that  m  e  B(3,  2)  for 
every  (i  e  My  For  s  1  or  3  (mod  6)  this  follows  from  Lemma  5.4, 
and  for  other  values  of  /z  e  Afj,  namely  for  p  e  {4, 6},  we  have; 

4  6  B{3,  2)  by  Lemma  4. 1 . 

6  £5(3,  2).^  =  Z(5,2)u{oo}. 

'T3  =  <<»,0,  2>mod  5,<0,O,  2>mod  5. 

Lemma  5.7.  For  every  integer  u  >  3,  y  €  5(3, 6)  holds. 


Proof.  By  Lemma  5.3,  y  €  B{Ky  1)  and  it  suffices  to  show  that 
y  £  5(3,  6)  for  every  y  £  .^3.  For  u  s  I  (mod  2)  this  follows  from  Lemma 
5.5  and  for  ys  0  or  I  (mod  3)  this  follows  from  Lemma  5.6.  It  remains 
to  show  that  8  £  5(3,  6)  and  this  follows  from  Lemma  4.1. 

Theorem  5.1.  Let  X  and  v>  3  be  positive  integers.  A  necessary  and  suf¬ 
ficient  condition  for  the  existence  of  a  BIBD  5[3,  X;  y]  is  that 

X(y- I)=  0(mod  2)  and  Xy(y  -  I)  =  0  (mod  6). 

Proof.  The  necessity  follows  from  Theorem  1. 1.  To  prove  sufficiency 
we  note  that  X  determines  the  values  of  u  for  which  the  condition  of  the 
theorem  is  satisfied.  By  Lemma  2.3,  it  suffices  to  consider  only  those 
values  of  X  which  are  factors  of  6  and  we  obtain 
for  X  =  1 ,  y  s  1  or  3  (mod  6), 
forX  =  2,  ys  Oor  1  (mod  3), 
forX  =  3,  u  =  1  (mod  2), 
for  X  =  6,  every  y. 

In  all  these  cases  the  existence  of  the  relevant  BlBD’s  is  proved  in  Lem¬ 
mas  5.4,  5.6,  5.5  and  5.7,  respectively. 

5.2.  BlBD’s  with  block-size  4 


Lemma  5.8.  //u  s  0  or  1  (mod  4),  then  u  £  GD({4,  5} ,  1 ,  M^)  where 
A/4={1,4,5,8,9,  12,  13,28,29}. 
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Proof.  According  to  Lemma  3. 13  with  r  =  l,s  =  4,rH  Oor  1  (mod  4),  it 
may  be  checked  that  if  u>  52,  then  there  exists  (use  Theorems  3. 1  and 
3.10)  a  transversal  design  T[4  +  l,  l;r]  such  that  by  truncating  one  of 
its  groups,  4r  +  rj  =  M  is  obtained.  Evidently  rj  s  0  or  1  (mod  4).  Further 
apply  Lemma  2.22. 

For  «  <  49  use  the  truncated  transversa'  designs  T(4  + 1, 1 ;  r]  as  follows, 
for  16  <  <  20,  r  =  4;  for  21  <  u  <  25,  r  =  5,  for  32  <  u  <  40,  r  =  8,  for 

41  <M<45,r  =  9,  and  for48<  n  <  49,  u=  1 2  (Lemma  3.21 ). 

Lemma  5.9.  For  every  positive  integer  u.  u  e  GD({4,  5},  1,  A/l,)  holds, 
where  M\=  {1,2,  ...,  15,26,27}. 

Proof.  According  to  Lemma  3. 13  with  /  =  1,  J  =  4,  it  may  be  checked 
that  if  u>  28,  then  there  exists  (use  Theorems  3.1  and  3. 10)  a  trans¬ 
versal  design  T[4  + 1, 1 ;  r]  such  that  one  of  its  groups  may  be  truncated 
to  obtain  4r  +  Tj  =  u.  If  ii  <  27,  use  for  1 6  <  m  <  20  the  truncated 
transversal  design  T[4  +  l,  l;rl  with  r  =  4  and  for  21  <  u  <  25,  r  =  5. 

Lemma  5.10.  For  every  integer  v>  ^,v  &  B(K^,\)  holds,  where 
K4  =  {4,5,...,  12,  14,  15,  18,  19,23,27}. 

Proof.  According  to  Lemma  3.13  with  r  =  1, 5  =  4,  Z)  =  {2,  3},  it  may  be 
checked  that  if  v>  68,  then  there  exists  (use  Theorems  3. 1  and  3.10) 
a  transversal  design  T[4  + 1, 1 ;  r]  such  that  one  of  its  groups  can  be 
truncated  to  obtain  4r  +  rj  =  v,  further  make  use  of  Lemma  3*9.  For 
u  =  13andi;  =  31,  13€  5(4, 1 )  and  3 1  e  5(6, 1 )  follows  from  Theorem 
2.1.  For  u  =  22  we  have: 

22  €  5({4,  7},  1).  =  Z(3,  2)  X  Z(7,  3)  u  {(«)}. 

03  =  ((~),  (0, 0),  (0, 0),  ( 1 , 0)>  mod  (-,  7), 

<(0, 0),  (0, 0),  (0,  2),  (0, 4)>  mod  (-,  7), 

<(0,  2a),  (0,  0),  ( 1 ,  2a  +  4),  ( 1 , 2a  +  5)>  mod  (-,7),  a  =  0,  1 , 2, 

((0, 0),  (0, 0),  (0,  1 ),  (0,  2),  (0, 3),  (0, 4),  (0,  5)>. 

For  other  values  of  v  we  apply  Lemma  3.9  with  t  =  1  and  choose  in¬ 
tegers  r  and  s  as  specified  in  Table  5.2. 

Lemma  5. 1 1 ,  //  u  =  1  or  4  (mod  1 2),  then  u  e  5(4,  1 )  holds. 
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Table  5.2. 


V 

r 

i 

S  j 

u 

r 

% 

16-17 

4 

4 

36-40 

8 

4 

20-21 

5 

4 

41-45 

9 

4 

24-25 

5 

4 

46-48 

8 

5 

26 

5 

5 

49-55 

11 

4 

28-29 

7 

4 

56-65 

13 

4 

30 

5 

5 

66-67 

11 

6 

32-35 

7 

4 

Table  5.3. 


u 

fi(4,  r.ul 

1 

4 

Trivial 

4 

13 

Theorem  2.1. 

5 

16 

Theorem  2.2. 

8 

25 

X«GF(25.:tl  =  2x  +  2). 

T5  ®  <0, 2a,  2a  +  8,  2a  +  16)  mod  25,  o  =  0,l. 

9 

28 

We  prove  27  e  GD(4, 1, 3),  JT  =  Z(3, 2)  X  GF(9,x7=  2x  +  1). 

9  =  ((0;a),  (0!a  +  4),  (lia  +  2),  (l;o  +  6)>  mod  (3; 9),  a  =  0, 1. 

12 

37 

^•  =  2(37,2). 

T)  =<0,12a,  12a  +  ll,12a  +  14)mod37.  a  =  0,1,2. 

13 

40 

Lemmas  2. 1 7,  4. 1 0  and  1 3  £  ^(4, 1 )  as  above. 

28 

85 

Lemmas  2.17,  4,10  and  28  e  j5(4,  1)  as  above. 

29 

88 

By  Theorem  2.1,  21  eB(5,l)and  by  Theorem  3.3,  21  €T(4,1). 
Apply  Lemma  2.15  and  25  6  B(4, 1)  as  above. 

Proof.  Let  V  =  3u  +  I,  where  w  =  0  or  1  (mod  4).  By  Lemma  5.8, 
u  ^  GD({4,  5},  By  Lemmas  2.26  and  4. 10,  it  suffices  to  show 

that  V  =  3fi  +  I  e  5(4, 1 )  for  every  S  That  is  done  in  Table  5.3. 

Lemma  5.12.  //o  s  1  (mod  3),  then  v  e  5(4, 2)  holds. 

Proof.  Let  u  =  3«  +  1,  where  m  is  a  positive  integer.  By  Lemma  5.9, 
u  e  GD({4,  5},  By  Lemmas  2.26  and  4. 10,  it  suffices  to  show 

that  u  =  3ju  +  1  e  5(4, 2)  for  every  M\.  For  s  0  or  1  (mod  4) 
this  follows  from  Lemma  5.11;  for  other  values  of  liS  M\  the  solution 
is  given  in  Table  5.4. 
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i 


2 

7 

Lemma  4.4. 

1 

3 

10 

.ir  =  /(2)X  Z(5,2). 

B  =  ((0',(S),  (!’,  (}),  (a’,a),  (<»',a  +  2)>  mod  (-,  5),  a  =  0,I, 

<(0',0),(0',2),(r,l),(r,3))mod  (-,5). 

6 

19 

Lemma  4.4. 

7 

22 

Lemma  2. 1 7  and  7  G  ^<4, 2)  as  above. 

.  10 

31 

Lemma  4.4. 

11 

34 

Ile5(5,2).2f  =  ^(ll,2).  T)  =  <0,2,4,6,8>mod  11. 

Further  use  Lemma  2.17  and  16  €5(4,1)  by  Lemma  5.11. 

14 

43 

Lemma  4.4. 

15 

46 

We  prove  45  €  GD(4,  2,  3)  and  apply  Lemma  2.11. 

X  =  Z0.2)X  (Z(3,2)X  2(5,2)). 

?  =  ((0;oi,  0),  (0;a  +  l,a  +  2(3),  (O;a  +  1,0),  (l;o,a  +  2p+  3)>mod  (3;  3, 5), 

a  =  0,1,  d  =  0, 1, 

<(0;0,0),(0;O,0),(O;l,a),(O;l,o  +  2)>mod  (3;  3, 5),  a  =  0, 1, 

((0;0, 0), (0;0, 2), (0;0, 1), (0;O,3)>mod  (3;3,5). 

26 

79 

Lemma  4.4. 

27 

82 

We  prove  81  €  GD(4,  2, 3)  and  apply  Lemma  2.1 1. 

2  =  2(3, 2)  X  GF(27,  =  ;e  +  2). 

9  =<(0;<»),(0;oi+  13),(0;a  +  l),(0;o  + 14)>  mod  (3;  27),  a  =  0, 1 . 12. 

■ 

T^ble  5.5. 

• 

u 

B(4,3;ol 

5 

Lemma  4.1. 

t 

8 

Lemma  4.6,  7  €5(3,1)  by  Lemma  5.4  and  7  €  5(4,  2)  by  Lemma  5.12. 

9 

Lemma  4.1. 

i 

12 

X  = 

2(1 1, 2)  u  {->}. 

1 

<‘»,0, 1,9>  mod  11, 

(a,  a  +  l,a  + 5,a  +  6)  mod  11,  o  =  0,l. 

1 

29 

Lemma  4.1. 

Lemma  5.13.  Jf  v  =  Oor  I  (mod  4),  then  v  €  fi(4, 3)  holds. 

Proof.  By  Lemma  5.8,  u  €  GD({4, 5},  1,3/4)  and  by  Lemma  2.23, 
u  €  1).  By  Lemma  2.6,  it  suffices  to  show  that  v  e  B(4,  3)  for 

every  v  6  For  0  s  1  or  4  (mod  1 2)  this  follows  from  Lemma  5.1 1 ; 
for  other  values  of  u  e  this  is  proved  in  Table  5.5. 
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Table  5.6. 


V  3(4.6.  u| 


6  Lemma  4.5  and  6  e  3(2. 1)  trivially. 

11  Lemma  4.1. 

14  Lem-  1  4.6.  13  £3(3.1)  by  Lemma  5.4  and  13  £3(4.1)  by  Lemma  5.11. 

15  X=  Z(5,2). 

T)  =((0.a).(0.a  +  2).(l.a  +  l).(l.a  +  3))mod  (3.5).  o  =  0.1.2.3.4. 
((9, 9),  19, n,  (0. 0).  (1.  >))  mod  (3. 5).  0  =  0. 1. 

18  2r  =  2(17.3)u{-}. 

T)  =  (»>.4a +  2.4a  +  3.4a +  4)  mod  17.  a  =  0.1. 

<i3.(J  +  4.0  +  8.?  +  12)mod  17.  0  =  0.1 . 6. 

23  Lemma  4.1. 

27  Lemma  4.1. 


Lemma  5.14.  For  every  integer  o  >  4,  u  e  B(4,  6)  holds. 

Proof.  By  Lemma  5. 10,  it  suffices  to  show  that  v  €  B(4, 6)  for  every 
v€  K4.  For  V  =  1  (mod  3)  this  is  proved  in  Lemma  5. 1 2  and  for 
i)  =  0  or  1  (mod  4)  this  is  proved  in  Lemma  5.13.  For  other  values  of 
vE  Kn  the  proof  is  given  in  Table  5.6. 

Theorem  5.2.  Let  \  and  v>  4  be  positive  integers.  A  necessary  and  suf¬ 
ficient  condition  for  the  existence  of  a  BIBD  fi[4,X;  oj  is  that 

X(u  -  1)  =  0  (mod  3)  and  Xi;(i)  -  1)  s  0  (mod  1 2). 


Proof.  The  necessity  follows  from  Theorem  1.1.  To  prove  sufficiency 
we  note  that  X  determines  the  values  of  u  for  which  the  condition  of 
the  theorem  is  satisfied.  By  Lemma  2.3,  it  suffices  to  consider  only 
those  values  of  X  which  are  factors  of  6  and  we  obtain 
forX=  1,  i)=  1  or  4  (mod  12), 
for  X  =  2,  v=  1  (mod  3), 
for  X  =  3,  u  s  0  or  1  (mod  4), 
for  X  =  6,  every  v. 

In  all  these  cases  the  existence  of  the  relevant  BIBD’s  is  proved  in 
Lemmas  5.1 1,  5.12,  5.13  and  5.14,  respectively. 
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5.J.  BIBD’s  with  block-size  5 

Lemma  5.15. //ms  Oor  1  (mod  5),  thenu  e  GD{{5, 6,  10,  11},  l,A/j), 
where  Ms=  {1,5,6,  10, 11,  15,  16,20,21,31,35,36,40,41,45,46,50, 
51,70,71,75,76,  100, 101,  105,  106,  151}. 

Proof.  According  to  Lemma  3.13  with  /  =  1,  j  =  5,  r  s  0  or  1  (mod  5), 
it  may  be  checked  that  if  m  >  275,  then  there  exists  (use  Theorems 
3.1  and  3.9)  a  transversal  design  T[5  +  1,  l;r)  such  that  by  truncating 
one  of  its  groups  5r+rj  =  m  is  obtained.  Evidently,  rj  =  0  or  1  (mod  5). 
Further  apply  Lemma  2.22.  For  u  <  275  use  the  truncated  transversal 
design  T[s  +  1,  1 ;  r]  with  values  of  r  and  s  as  in  Table  5.7. 

Lemma  5.16.  If  u  =  Oor  2  (mod  5)  and  1,  then  u  €  GD({5, 6},\,M'^) 
holds,  where  M'^  =  {2,  5,  10,  12,  15,  17,20,22,32,35,37,40,42,45,47, 
50,52,55,57.67,75,77,80,82,  92,  105,  107,  1 10,  1 12,  1 15,  1 17,  120, 
122,  132,  167}. 

Proof.  According  to  Lemma  3. 13  with  /  =l,j=5,  rs0or2  (mod  5), 
it  may  be  checked  that  if  u  >  335,  then  there  exists  (use  Theorem  3.9) 
a  transversal  design  T[5  + 1 , 1 ;  r]  such  that  by  truncating  one  of  its 
groups,  5r  +  rj  =  M  is  obtained.  Clearly  rj  s  0  or  2  (mod  5).  For  u  <  335 
use  the  truncated  transversal  design  T[5  +  1 ,  1 ;  r]  with  values  of  r  as 
in  Table  5.8.  It  should  be  remembered  that  12  e  T(7, 1)  by  Lemma  3.21, 
and  that  57  e  5(8, 1)  by  Theorem  2.1  and  therefore  57  e  T(8, 1)  by 
Theorem  3.3. 


Table  S.7. 


u 

r 

s 

25-  30 

5 

5 

55-  66 

11 

5 

80-  96 

16 

5 

110-121 

11 

10 

125-150 

25 

5 

155-186 

31 

5 

190-210 

35 

5 

211-246 

41 

5 

250-  271 

25 

10 
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Table  5.8. 


u 

r 

u 

r 

25-  30 

5 

165 

32 

60-  65 

12 

170-192 

32 

70-  72 

12 

195-222 

37 

85-  90 

17 

225-240 

40 

95-102 

17 

242-270 

45 

125-130 

25 

272-282 

47 

135-150 

25 

285-330 

55 

152-162 

27 

332 

1 

57 

Lemma  5. 1 7.  For  every  integer  u  >  2,  uB  GD({5, 6,  7},  1 ,  M"^)  holds, 
where  M's  =  {2, 3, ...,  24,  26, 3 1 , 32, 33, 34, 36} . 

Proof.  According  to  Lemma  3.13  with  t  =  2,s  =  5  and  D  =  {1},  it  may 
be  checked  that  if  u  >  37,  there  exists  (use  Theorems  3.1  and  3.8)  a 
transversal  design  T[5  +  2, 1 ;  r)  such  that  by  truncating  two  of  the 
groups,  5r  +  fj  +  r2  =  u  is  obtained.  For  u  <  37  use  the  truncated  trans¬ 
versal  design  T[5  + 1, 1 ;  /•]  with  r  =  5  for 
u  6  {25,  27,  28,  29,30},  and  r  =  7  for  «  =  35. 

Lemma  S.18.  For  every  integer  v>  5,  u  €  1)  holds,  where 

Ks  =  {5, 6, ...,  20, 22, 23, 24,  27, 28, 29, 32, 33, 34, 39}. 

Proof.  According  to  Lemma  3. 13  with  t  =  4,s  =  5  and  D  =  {2, 3, 4},  it 
may  be  checked  that  if  u  >  40,  there  exists  (use  Theorems  3.1  and  3.7) 
a  transversal  design  T[5  +4, 1 ;  /•]  such  that  by  truncating  4  of  the  groups 
5r  +  Tj  +  r2  +  73  +  r4  =  u  is  obtained.  Further  apply  Lemma  3.9.  For 
u€  {21, 31}  we  have  by  Theorem  2.1,  21  e  B(5, 1)  and  31  e  B(6, 1),  and 
for  other  values  of  u  we  apply  Lemma  3.9  as  follows; 
for  V  e  {25, 26, 30},  f  =  1, 5  =  5,  r  =  5; 
for  u€  {35,36},  t=l,s  =  5,r=7; 
for  u  =  37,  /  =  2,  ^  =  5,  r  =  7;  and 
for  u  =  38,  /  =  3,  s  =  5,  r  =  7, 

Lemma  5.\9.  If  v=  1  or  5  (mod  20),  then  v  €  B(5, 1)  holds. 
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Table  5.9. 


M  V  5[S,  l;v| 


1 

5 

Trivial 

5 

21 

Theorem  2.1. 

10 

41 

Lemma  4.14. 

15 

61 

3r  =  Z(61,2). 

H  =  <2a,  2a  + 12, 2a  +  24, 2o  +  36, 2o  +  48)  mod  61, 

20 

81 

X  =  GF(8 1 ,  x'*  =  2x^  +  2  Jt  7  +  X  + 1 ). 

‘D  =  <7, 7 +  16, 7  + 32, 7 +  48, 7  +  64) mod  81,  7* 

35 

141 

2f  =  GF(4,x*  =  x  +  l)  X  Z(5,2)X  Z(7,3)u(»).  . 

TJ  =  BIS.l;  211  as  above  on  GF(4)X  Z(S)X  {i}u  {(-)},  i^ZP), 

((0, 0, 0),  (0. 1. 2a),  (0. 1. 2a  +  3),  (0. 3. 2a-H ),  (0, 3. 2a  +  4))  mod  (-.5. 7), 

O' 0,1, 2, 

<(0,0,0),(l,1.2a),(2,l,2a+3),(0,3,2a+l),(l,3,2o+4))mod(-,5,7). 


40 


41 

45 

50 

70 

71 
75 

100 

105 


a  »  0,1, 2, 

«1, 0, 0).  (0, 1. 2a),  (1, 1, 2o+  3),  (0, 3, 2a+ 1),  10. 3, 2o  +  4)>  mod  (-,  5,  7), 
a  «  0,1,2, 

<(0, 0, 0),  (2, 1, 2a),  (0, 1, 2a+  3),  (0, 3, 2a+ 1 ),  (2, 3, 2a  +  4))  mod  (-,5, 7), 
a  =  0,1, 2, 

<(2, 0, 0),  (0, 1, 2a),  (0, 1, 2a+  3),  (1, 3,  2o+ 1),  (1, 3, 2a  +  4)>  mod  (-,5,7), 
a  '  0, 1,2, 

<(0, 0, 0).  (2, 1, 2a),  (1, 1, 2a+  3),  (1, 3,  2a  + 1),  (0, 3, 2a  +  4)>  mod  (-,  5, 7), 
0  =  0, 1.2, 

((l,0,0),(l,l,2a), (0,  l,2a+3),(2,3,2a+l),(2,3,2a+4))mod  (-,5,  7), 

O' 0,1,2, 

<(2, 0, 0),  (0, 1, 2a),  (2, 1, 2a+  3),  (2, 3, 2o+ 1),  (0, 3, 2a+4)>  mod  (-,  5, 7), 
a  =  0,1, 2. 

161  Ar  =  Z(7,3)X  Z(23,5). 

U  =  <(0, 0), (2a. lid), (2a  +  l, 110+4),  (2a  +  4, 11/3+ 8), (20+3,11(3  +  12)) 
mod  (7, 23),  a  =  0,1,2,  (3  =  0,1, 

<(0, 3),  (0, 14),  (0. 0),  (2, 0),  (4, 0)>  mod  (7, 23), 

<(0. 0),  (0, 2),  (0, 6),  (0. 10),  (0, 14))  mod  (7, 23). 

165  Lemma  2.17  and  41  eB(5, 1)  as  above. 

181  Lemma  2.17  and  45  eB(5,l)  by  Lemma  4.13. 

201  Lemma  2. 14  (m  =  40)  and  4 1  €  B(5, 1 )  as  above. 

281  Ar  =  Z(281,3). 

T)  =<2a,2a+56,2a  +  112,2o+168,2o  +  224)mod  281,  a  =  0, 1 . 13. 

285  Lemma  2.15  (m  =  56)  and  61  e  fl(5,l)  as  above. 

301  As  above  61  eB(5,l);  by  Theorem  3.10, 60  eT(5,l);  use  Lemma  2.14. 

401  Lemma  2.14  (m  =  80)  and  81  e  B(S,  1)  as  above. 

421  Lemma  2.14  (m  =  84),  84  e  T(5, 1)  by  Theorem  3.10  and  85  e  B(5. 1) 

by  Lemma  4.13. 

Lemma  2.13  (m  =  85)  and  85  €  B(S,i)  by  Lemma  4.13. 
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425 
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Table  5.10. 


M  u 
37  75 

45  91 

55  111 

115  231 


5(5. 2; v) 


We  prove  75  e  GD(5, 2, 5).  X  =  Z(S,2)X  (Z(3, 2)  X  Z(S,  2)). 

?  =  <(0;0. 0).  (0;a,  0).  (0;a  +  l,a+l),  (2;a,a+2),  (2:a+l,<»+3)>  mod  (5;  3, 5), 
a  =  0, 1.2,3, 

<(0;0,0),(l;O,0),(l-.l,0),(3;0.d+n,(3;^,0+3)>mod  (5;3,5),  0  =  0.1. 

<(0: 0. 0).  (1: 0. 1 ),  (1:0, 3),  (3; 0, 0).  (3; 0, 2)>  mod  (5 ;  3, 5). 

Lemma  2.26  (n  =  45):  45  €  GD(5,1,5)  by  Lemma  4.13,  11  SB(S,  2)  by  Lemma 
4.3  and  10  e  GD(5, 2,2)  by  Lemma  4.15. 

3r  =  Z(3,2)X  Z(37.2). 

TJ  =  <(0, 0),  (0. 3a).  (0. 3a+ 1 8).  (1. 3a+3),  (1. 3a  +  21  )>  mod  (3, 37).  a  =  0, 1, ....  5, 
<(0, 60  + 1),  (0. 60  +  8).  (0, 60  + 19),  (0, 60  +  26).  (0. 0))  mod  (3, 37),  0  =  0, 1 , 2. 

<(0. T+4),  (0, 7-t-16),  (0,  y+28).  (0. 0).  (1. 0)>  mod  (3. 37),  7  =  0, 1 . 

Lemma  2.16  (n  =  21),  11  €  T(5,l)  and  21  €8(5,1)  by  Lemma  5.19;  further  apply 
Lemma  2.13  and  11  €8(5,2)  by  Lemma  4.3. 


Proof.  Let  y  =  4w  +  1 ,  where  w  s  0  or  1  (mod  5).  By  Lemma  5.15, 
u  e  GD({5, 6, 10, 1 1},  By  Lemmas  2.26,  4.1 1  and  4.14,  it  suf¬ 

fices  to  show  that  u  =  4ai  +  1  e  5(5, 1 )  for  every  ixeM^.  For 
M€{6,  11,  16,21,31,36,46,51,76,  101,  151}  we  have  y  €  {25, 45, 65, 

85, 125,  145,  185,205,305,405,605}  and  by  Lemma  4.13,  u  e  5(5, 1). 

For  other  values  of  y  the  solution  is  given  in  Table  5.9. 

Lemma  5.20.  If  v=  1  or  5  (mod  1 0)  and  y  #  1 5,  then  v  e  5(5, 2)  holds. 

Proof.  Let  y  =  2«  +  1,  where  u  =  0  or  2  (mod  5)  and  u  ^  7.  By  Lemma 
5.16,  u  e  GD({5, 6},  1,3/5).  Lemmas  2.26  and  4.15,  it  suffices  to 
show  that  y  =  2/i  +  1  €  5(5,  2)  for  every  /x  €  My  For  =  0  or  2  (mod  10) 
this  follows  from  Lemma  5.19;  for  m  e  {17,47,57,67,77,  107,  117,  167} 
we  have  0  e  {35, 95, 1  15, 135, 155, 215, 235, 335}  and  by  Lemma  4.12, 
ye  5(5, 2);  for#! €  {5, 15,35,75, 105}  we  have  y  €  {1 1, 31, 71, 151,  21 1} 
and  by  Lemma  4.3,  v  €  5(5, 2).  For  other  values  of  y  the  solution  is 
given  in  Table  5.10. 

Lemma  5.21.  //o  s  1  (mod  4),  then  v  €  B(5, 5)  holds. 

Proof.  Let  y  =  4m  +  1,  where  m  is  a  positive  integer.  For  u  =  1  the  lemma 
is  trivial.  For  u  >  2,  by  Lemma  5.11,  ue  GD({5, 6,  7},  1,  A/5).  By 
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Table  5.11. 


M  u  ^(S,  10;u| 


7  15  Jr-=Z(3,2)X  Z(5,2). 

f  •<((».0).(O,a).(O.a+2),(l.ci).(l,a+2)>niod  (3,5),  a-0.1,2,3, 

<(0. 0),  <0. 0).  (0. 2),  (1. 1),  (1. 3)>  mod  (3, 5). 

<(0. 0).  (0. 0).  (0, 2),  (0. 0),  (0. 2)>  mod  (3. 5), 

<(0. 0).  (0, 1 ),  (0. 2),  (0. 3).  (0. 0)>  mod  (3,5). 

19  39  J(r=Z(3.2)X  Z(13.2). 

T!  =<(0.a),(0,a+4),(0.a+8),(O,a+2).(l,a+6)>mod  (3,13),  a  =  0,1 . 11, 

<(0. (0.  fi  +4),  (0,  p  +  8),  (0, 0),  (1 , 0)>  mod  (3, 13),  d  ■=  0, 1 , 2, 3, 

<(0, 0),  (0, 27),  (0, 27+6),  (0, 27),  (0, 27+6)>  mod  (3, 1 3),  7  =  0, 1, 2. 

31  63  By9GT(7,l)andLemma3.11,63eJ({7,9},l);further-byLemma5.21- 

9efl(5,5)and  by  Lemma  4.3,  7  eB(5, 10). 


Lemmas  2.26,  4. 1 1  and  4.16  iq  =  7),  it  suffices  to  show  that 
u  =  4/i  +  1  €  BiS,  5)  for  every  ju  e  My  For  At  =  0  or  1  Cmod  5)  this  fol¬ 
lows  from  Lemma  5.19;  for  Ate  {2,3,4, 7,9, 12, 13,  18,22, 24,34}  we 
have  V  e  (9, 13, 17,  29, 37,49, 53,  73, 89, 97, 137}  and  by  Lemma  4.2, 
u  e  fi(5,  5);  for  Ai  e  { 1 7, 1 9,  23} ,  i>  €  (69,  77, 93}  and  by  Lemma  4, 1 6, 
o€  5(5, 5);  for  At  e  {8, 14, 32}  apply  Lemma  4.17  to  Lemma  2.17  con¬ 
sidering  (21, 25}  c  5(5, 1)  by  Lemma  5.19  and  for  At  =  33  we  use  the 
obtained  result  33  (=4.8  +  1)  €  5(5, 5)  and  use  again  Lemma  2.17. 

Lemma  5.22.  If  v=  I  (mod  2)  and  v>  5,  then  v  e  5(5, 10)  holds. 

Proof.  Let  v=  2u  +  1,  where  w  >  2.  By  Lemma  5.17, 
u  6  GD({5,6, 7},  1,  Afj).  By  Lemmas  2.26,  4.15  and  4.18,  it  suffices 
to  show  that  0  =  2At  +  1  e  5(5, 10)  for  every  n  €  My  For  p  =  0  (mod  2) 
this  follows  from  Lemma  5.2 1  and  for  p  =  0  or  2  (mod  5)  and  u  ¥=  7 
this  follows  from  Lemma  5.20.  For  p  e  (3,9, 1 1, 13, 21, 23, 33}  we 
have  y  e  (7, 1 9, 23, 27, 43, 47, 67}  and  by  Lemma  4.3,  u  e  5(5, 1 0).  It 
remains  to  prove  our  lemma  for  p  €  {7, 19, 3 1}  which  is  performed  in 
Table  5.11. 

Lemma  5.23. /fv  =  0orl  (mod  5),  then  u e  5(5, 4)  holds. 

Proof.  By  Lemma  5.15,  y  e  GD({5, 6, 10, 1 1},  1,  jWs)  and  by  Lemma 
2.23,  y  e  B{M^,  1).  By  Lemma  2.6,  it  suffices  to  show  that  u  e  5(5, 4) 
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Table  5.12. 


V  £(5,4;i;J 


6  Lemma  4.6,  5  e  5(4, 3)  by  Lemma  5.13  and  5  e  5(5,1)  trivially. 

10  Jr=GF(9,;rJ  =  2.r  +  l)u{-}. 

‘B  =  <«>,0, 2,4,6)  mod  9, 

(0,0, 2,4,6)  mod  9. 

15  jr=(Z(2)u{-})X  Z(5,2). 

T>  *  <(‘“,0),(»,O),  (•>,!),(«,  2),  (••,3)),  2  times, 

((»,  a),  (»,  Of +2),  (0, 0),  (0,  a+l),(0,a+3)>  mod  (2, 5),  a  =  0, 1 , 
<(-,0),(0.0).(0,or),(0,a+2),(O,0))mod  (2,5),  o  =  0,l. 

16  Lemma  4.1. 

20  2r*Z(19,2)u{«}. 

'B  =  <«>, 0,0,6, 12)  mod  19, 

<6ot,6a+2,6oi+4,6a+6,6<ir+8>mod  19,  a  =  0,l,2. 

36  By  Lemma  4.12,  35  G  GD(5, 2, 5);  use  Lemma  2.14  and  6  G  5(5,4)  as  above. 

40  Weprove40GGD(5,4,5).  jr  =  Z(5,2)X  GF(8,x3  =  x  +  1). 

>=((0;0),(O;a),(O;a+l),(2:<»+2).(2;a  +  3))mod(5:8),  a  =  0,l . 6. 

46  Lemma  3.12  (/•  =  9)  and  10  G  5(5,4)  as  above. 

50  Lemma  3.22  (r  =  1 0) and  10G5(5,4)asabove. 

70  We  prove  70  G  GD(5,4,5).  AT »  Z(5, 2)  x  (Z(13, 2)  u  {-}). 

?  =  <(0; «),  (0;  0),  (0;  0),  (0;  4),  (0;  8)>  mod  (5,13), 

<(0;-),  (O;0),  (1;  3a),  (2;  3a  +  8 ),  (3: 3o+4))  mod  (5;13),  a  =  0, 1, 2, 3, 
<(0;0).{O:5),(O;d+6),(2;d+3),(2;d+9))mod(5;13),  3  times,  ?  =  0,1,2. 

76  Lemma  3.23  (r  =  15)  and  16  g5(5,4)  as  above. 

100  Lemma  3.22  (/■  =  20)  and  20  G  5(5,4)  as  above. 

106  By  lemma  2.16  and  21  G  5(5,1),  105  GGD(5,1,5).  Use  Lemma  2.14  and  6  G  5(5, 4) 
as  above. 


for  every  v  s  Afj.  For  u  =  1  or  5  (mocj  1 0)  and  0^15  this  follows  from 
Lemma  5.20.  For  other  values  of  v  the  proof  is  given  in  Table  5. 1 2. 

Lemma  5.24.  For  every  integer  v>  5,  v€  B(5,  20)  iio/ds. 

Proof.  By  Lemma  5.18,  u  6  B(Kj,  1)  and  it  suffices  to  show  that 
u  e  ,S(5, 20)  for  every  ve  For  v  =  1  (mod  2)  this  follows  from 
Lemma  5.22  and  for  u  =  0  or  1  (mod  5)  this  follows  from  Lemma  5.23. 
For  other  values  of  u  €  ATj  the  proof  is  given  in  Table  5.13. 

Lemma  5.25.  //X  s  0  (mod  2)  and  X  >  2,  then  15  e  B{5,  X)  holds. 

Proof.  For  X  =  4,  1 5  e  5(5, 4)  follows  from  Lemma  5.23.  For  X  =  6  we 
prove 
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Table  5.13. 


u  B[S.2Q\u\ 


8  Lemma  4.1. 

12  Lemma  4.6,  11  e.&(4,6)  by  Lemma  5.14  and  11  eB(S,2)  by  Lemma  5.20. 

14  Lemma  4.6,  13  €^(4, 1)  by  Lemma  5.11  and  13  e 5(5, 5)  by  Lemma  5.21 

18  X  =  Z(n,3)u{^}. 

■»=<«,  2a,  2o  +  3,2a+4,2a+7)  mod  17,  a=  0,1,2,  3,4, 

<0,ft(3+4,d  +  8,l3+12>mod  17,  0  =  0,1 . 11, 

(0.4,  7,8,  :i)mod  17. 

22  Lemma  4.6,  21  €5(4,3)  by  Lemma  5.13  and  21  €5(5, 1)  by  Lemma  5.19 
24  A’  =  Z(23,5)u{«.}. 

8  =  (••,  0, 0, 20, 21  >  mod  23,  2  times, 

<“,0,0, 19, 21)  mod  23, 

<“.0,0, 1, 15>mod  23, 

<“, 0, 1, 2, 8)  mod  23, 

<0,  a,  a +1, 0+2,0  + 3)  mod  23,  a  =  0, 1, ...,  18. 

28  A’  =  GF(4,jf2  =  A:  +  l)  X  2(7,3). 

8  =  <(0, 0),  (0,  2),  (0, 4),  (a,  0),  (q+1,0)>  mod  (4, 7),  4  times,  a  =  0,l,2, 

<(0,0),  (0,0),  (0,0  +  3),  (a+1, 0+1),  (a+l,0+4)>  mod  (4,7),  o  =  0,1,2,  0  =  0,1,2, 
<(0,0).(0,0  +  3),(O,0),(l,0),(2,0))mod  (4,7),  2  times,  0=0, 1,2. 

32  Lemma  4.1. 

34  Af  =  2(3, 2)  X  2(1 1,2)  u  {(“)}. 

Tt  =  <(“),  (0,0),  (0,0+5).  (O,0),(l,0)>mod  (3,11),  o  =  0,1,  2, 3,4, 

<(0,0),  (0,  o),  (0,0  +  5),  (1,0+1),  (1,0 +6)>  mod  (3, 1 1),  4  times,  o  =  0, 1, 2, 3,4, 

<(0. 0),  (0,0),  (0,  0+5),  (O,0),(l,0)>  mod  (3,11),  a  =  0,1, 2,  3. 4, 
<(0-,O).(0,2),(0,4),(0,6).(0.8)>mod  (3,11),  4  times. 


1 5  G  fi(5, 6).  ^  =  Z(3,  2)  X  Z(5,  2). 

=  <(0, 0),  (0. a),  (0,  o  +  2),  (0,  0),  ( 1 , 0)>  mod  (3,5),  a  =  0,  1 , 
<(0,0),(O.a),(O,a  +  2),(l,a  +  l),(l,tt+3)>  mod  (3,5),  a  =  0,  1, 
<(0. 0).  (0, 0),  (0, 1 ),  (0,  2),  (0, 3)>  mod  (3,  -). 

For  other  values  of  X  h  0  (mod  2)  apply  Lemma  2.4. 

Theorem  5.3.  Let  \  and  5  be  positive  integers.  A  necessary  and  suf¬ 
ficient  condition  for  the  existence  of  a  BIBD  5[5,  X;  u]  is  that  the  de¬ 
sign  M  «or  SI 5,  2;  1 5)  and  that 

X(o  -  I )  =  0  (mod  4)  and  Xu(u  -  I )  =  0  (mod  20). 


Proof.  The  necessity  follows  from  Theorem  l.I.  To  prove  sufficiency 
we  note  that  X  determines  the  values  of  v  for  which  the  condition  of 
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the  theorem  is  satisfied.  By  Lemma  2.3,  it  suffices  to  consider  only  those 
values  of  X  which  are  factors  of  20  and  we  obtain 
for  X  =  1 ,  u  s  1  or  5  (mod  20), 

for  X  =  2,  u  s  1  or  5  (mod  1 0), 

for  X  =  4,  0  =  0  or  1  (mod  5), 

for  X  =  5,  u  s  1  (mod  4), 

for  X  =  1 0,  y  s  1  (mod  2), 

for  X  =  20,  every  v. 

In  all  these  cases  —  with  exception  of  X  =  2,  u  =  1 5  -  the  existence  of 
the  relevant  BIBD’s  is  proved  in  Lemmas  5.19,  5.20,  5.23,  5.21,  5.22 
and  5.24,  respectively.  Considering  Lemma  5.25,  the  theorem  is  proved 
completely. 

It  has  been  proved  by  Hall  and  Connor  [9,  15]  that  the  exceptional 
BIBD  5[5,  2;  15]  does  not  exist,  see  Lemma  1.3. 


5. 4.  BIBD 's  with  block-size  6 


In  this  section  we  shall  determine  a  necessary  and  sufficient  condi¬ 
tion  for  the  existence  of  BIBD’s  with  k~  6  and  X  >  1.  To  find  such 
condition  for  BIBD’s  with  k  =  6  and  X  =  1  is  at  the  present  state  of 
knowledge  almost  hopeless.  We  mention,  for  instance,  that  the  nec¬ 
essary  condition  of  Theorem  1 . 1  in  the  case  of  X  =  1  and  k  a  primepower 
states  that  vs  I  or  k  (mod  k(k  -  1 )).  However,  if  k  is  not  a  primepower, 
additional  values  of  v  satisfy  this  condition.  In  the  case  X  =  1  and  k  =  6 
a  necessary  condition  for  the  existence  of  BIBD  B[6, 1 ;  u]  -  according 
to  Theorem  1.1  -  is  that  vs  1 , 6,  1 6  or  2 1  (mod  30).  So  far  no  BIBD 
B{6,  1 ;  v]  with  vs  16  or  21  (mod  30)  have  been  known  and  only  re¬ 
cently  Wilson  [35]  announced  the  existence  of  such  BIBD’s  with  very 
large  values  of  v.  Moreover,  even  when  vs  1  or  6  (mod  30)  there  are 
still  many  values  of  u  for  which  it  is  unknown  whether  BIBD  fi[6, 1 ;  u] 
exist. 

The  known  negative  results  are  that  16  e  B(6, 1)  and  21  €  B(6, 1)  by 
Lemma  1.1,  and  further  that  36  6  fl(6, 1)  by  Lemma  1.3. 

The  known  to  exist  BIBD’s  with  =  6,  X  =  1  and  v  <  2000  are  listed 
in  Table  5.14.  The  BIBD’s5[6,  l;y]  with  v€  {91,  121}  have  been  con¬ 
structed  by  Mills  [21  ]  and  those  with  prime  v  >  200  by  Wilson  [33]. 
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Tables.  14. 

V  £(6,l;u) 

31  Theorem  2.1. 

91  x*zm). 

<B  -<0'.  l',3',7',25',38'>mod(91). 

<0'. S',  20'.  32', 46',  7S'>  mod  91, 

<0',8',17',47',S7'.80'>mod91. 

121  Jf»Z(ll,2)XZ(ll,2). 

TJ  ”  <(9. 9).  (0, 2),  (9. 8),  (0. 0),  (0, 7),  (2. 9)>  mod  {1 1 . 1 1 ). 

<(9. 9).  (9. 1).  (1,4),  (2, 7).  (3. 9),  (9, 2)>  mod  (1 1, 1 1), 

<(9. 9),  (0, 4).  (1,9),  (2, 0),  (7, 1).  (9, 9)>  mod  (11. 1 1). 

<(9. 9).  (0. 9).  (2. 3),  (6, 4).  (8. 6).  (9, 0)>  mod  (1 1 . 1 1 ). 

126  We  prove  12S  €  GD(6,  l.S).  »  Z(S,  2)  X  GF(2S.x* »  2x  +  2). 

7  •  < (9: 6a ■♦•3(1),  6a*  iff  •♦■12),  (ff',6a*iff*4),  (^:6a^v3(}^vl6),  (^■♦■2;6a^v30^^8), 

(^■♦•2:6o-v3(l-v20)>  mod  (S;2S),  a  =  0,1,  (1  =  0,1. 

ISl  2f  =  Z(lS1.7). 

TJ  •(30a,30o-H,30a-fS0,30a-vS1.30a-H00,30a-H01>mod  ISl,  o  =  0,l, 2,3,4. 
1S6  Lemma  2.17  and  31  £il(6,l)  as  above. 

181  Z’  =  Z(181.2). 

U  -  <(9.15a,  lSo-f36,  lSa-v72,  lSa-H08,  lSa-H44>  mod  181,  a  =  0, 1 . S. 

186  Lemma  3.11,  31  €T(6,1)  and  31  €B(6, 1)  as  above. 

211  A''Z(211,2). 

T1  *  <Sa,So-H6, So-f70, Sa-v86,Sa-vl40, Sa-HS6>  mod  211,  a  =  0,l,...,6. 

241  2r»Z(241,7). 

‘U  =<Sa,Sa-vl8,So-^-80,Sa-v98.Sa-^160,Sa-H78>mod  241,  a  =  0,l . 7. 

271  jr  =  Z(271,6). 

TJ  -<Sa.Sa-KS4,Sa-f90.Sa-vl44,Sa-H80.Sa-f234)mod271,  a  =  0. 1 . 8. 

331  jr«Z(331,3). 

Tl  ■<Sa,So-f34,Sa-H10,Sa-H44,Sa-f220,Sa-v2S4>mod  331,  a  =  0,l . 10. 

361  Z'  =  GF(361,x*=9x  +  12). 

B  *<So,Sa-H,Sa-H20.Sa-fl21,Sa-v240,Sa-v241>mod  361,  o  =  0,l . 11. 

421  Jir»Z(421,2). 

T>  ■<Sa,Sa-v62,Sa-H40.Sa-v202,Sa-f280.Sa-v342>mod421,  a  -  0, 1 . 13. 

4S6  Lemma  2.17  and  91  €5(6, 1)  as  above. 

516  Lemma  2.17, 103  €£({6, 18},  1)  by  Lemma  3.12  (r  =  17,t  “  6).  and 
{31.91}  ca(6  Das  above. 

S41  Lemma  3.12,  90  e  T(6, 1)  by  Theorem  3.9,  and  91  6B(6,  !)■ 

S46  Lemma  3.11, 91  £T(6, 1)  by  Theorem  3.1,  and  91  €£(6,  !)■ 

S71  Jf  =  Z(571,3). 

T)  ■<5o,5o-H82,5a^vl90.Sa-v372,Sa-v380.5a-f562>mod571.  o  =  0. 1 . 18. 

601  J:»Z(601,7). 

<15  -<So,Sa-H34,Sa-^200,5a-v334.5a-v400,5a-vS34>mod601,  o«0,l . 19. 

606  Lemma  2.17  and  121  eB(6, 1)  as  above. 

631  Lemma  2.17  and  126  €  B(6, 1)  as  above. 

661  ;ir«Z(661,2). 

TJ  -<5o,So•^131,5o■^220,5a•^3Sl.Sa■^440.Sa■v571>mod661,  a  -  0, 1,...,  21. 

691  Z»Z(691,3). 

U  -<Sa,Sa•D03,5o■^230.5o■^333,Sa•^460,Sa■^S63>mod691.  a  =  0.1 . 22. 

696  Lemma  2.17, 139  e  fl({6, 24},  Ij  by  Lemma  3.12  (r  •  23,  s  •  6),  and 
{31,121}  C  £(6,1)  as  above. 
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Table  5.14  (cont.). 


f[6.1;v| 


721  Lemma  3.12,  120  e  T(6, 1)  by  Theorem  3.9,  and  121  e£(6, 1)  as  above. 

726  Lemma  3.11,  121  €T(6,1)  by  Theorem  3.1,  and  121  eB(6,l). 

751  Lemma  3.12, 125  €  T(6,l)  by  Theorem  3.1,  and  126  €  ^(6, 1)  as  above. 

756  Lemma  3.11,  126  eT(6,l)by  Theorem  3.9,  and  126eB(6,l). 

781  Lemma  2.17and  156  eB(6,l)  as  above. 

811  ;r-Z(811,3). 

TJ  «<5a,5a+178,5<«+270,5a-t-448,5a+540.5a+718>mod  811,  a-0,1 . 26. 

901  Lemma  3.12,  150  eT(6,l)  by  Theorem  3.9,  and  151  e5(6,l)  as  above. 

906  Lemma  3.11, T51  e  T(6,l)  by  Theorem  3. l,.and  151eB(6,l). 

931  Lemma  3.12,  155  E  T(6,l)  by  Theorem  3.1,  and  156  E  £(6,1)  as  above. 

936  Lemma  3.11,  156  £T(6,1) by  Theorem  3  9, and  156Efl(6,l). 

961  961  E£(31. 1)  by  Theorem  2.2  and  31  E  £(6,1)  as  above. 

991  7(991,6). 

U  =<5a,5a+ll2,5a+330,5a+442,5a+660,5<»+772>mod991,  a  •  0, 1, ...,  32. 
1021  7  =  7(1021,10). 

T»  =  <5a,5o+182,5a  +  340,5a+522,5a+680,5a+862)mod  1021,  a  =  0, 1 . 33. 

1051  7  =  7(1051,7) 

‘B  =  <5a, 5a+66,5a+350, 5a+416, 5a+700, 5a+766>  mod  1051,  a  =  0, 1, ...,  34. 
1056  Lemma  2.17  and  211  E£(6,l)  as  above. 

1081  Lemma  3.12,  180  E  T(6,l)  by  Theorem  3.9,  and  181  Efl(6, 1)  as  above. 

1086  Lemma  3.11,  181  £T(6,1)  by  Theorem  3.1,  and  181  E£(6,l). 

1111  Lemma  3.12,  185  E  T(6,l)  by  Theorem  3.1,  and  186  E  £(6,1)  as  above. 

1116  Lemma  3.11, 186  £  T(6, 1)  by  Theorem  3.9,  and  186e£(6,1). 

1171  7-7(1171,2). 

V  •<5a,5o+29.5a  +  390,Sa+419,5a+780,5a+809)  mod  1171,  a  =  0, 1 . 38. 

1201  7  =  7(1201,11). 

V  -<5a,5a+38.5a+400,5a+438,5a+800,5a  +  838)  mod  1201,  a  =  0, 1 . 39. 

1206  Lemma  2.17  and  241  E£(6,l)  as  above. 

123-1  7  =  7(1231,3). 

T)  »<5a,5a+61,5a+410,5a+471,5a+820,5a  +  881>  mod  1231,  a  =  0, 1 . 40. 

1261  Lemma  3.12,  210£T(6,1)  and  211  £fi(6,l)  as  above. 

1266  Umma3.11,211  £T(6,l)and  211  ££(6,1). 

1291  7-7(1291,2). 

T)  “  <5a,5o+l,5a-f430,5a+431,5a+860,5a+861>  mod  1291,  a-0,1 . 42. 

1321  7  =  7(1321,13). 

'B  •  <5a,5a+8,5a+440,5a+448,5a+880,5a+888>  mod  1321,  a  -  0, 1, ...,  43. 
1356  Lemma  2.17  and  271  E£(6,l)  as  above. 

1381  7-7(1381,2). 

T)  “ <5a,5a+38,5a+460,5a-t-498,5a+920,5a+958) mod  1381,  a  =  0, 1, ..., 45. 
1441  Lemma  3.12,  240  ET(6,1)  and  241E£(6,1). 

1446  Lemma  3.11,  241  E  T(6,l)  and  241  ££(6,1). 

1471  7-7(1471,6). 

'B  •<5a,5a+77,5a+490,5a+567,5a+980,5a-H057>mod  1471,  a-0,1 . 48. 

1531  7-7(1531,2). 

TS  -(5a,5a+184,5a+510,5a-t-694,5a+1020,5a+1204>  mod  1531,  a-0,1 . 50. 

1536  Lemma  2.17,  307  E£(18,l)  by  Theorem  2.1,  and  91  E  £(6,1)  as  above. 

1621  Lemma  3.12,  270ET(6,l)and  271  E£(6,l). 
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Table  5.14  (com.). 


u  £(6,1:  u] 


1626  Lemma  3.11,271  eT(6,l)an(i  271  e£(6,l). 

1656  Lemma  2.17  and  331  e  £(6,1). 

1681  Jf'GF(168l,x*»x  ■*•7). 

T>  •(5a,5a+12,5(»+560,5a+572,5a+1120,5a+1132>,  a  •  0,  1 . 55. 

1741  jr-Z(1741,2). 

TJ  »(5a,5a+9,5a-t-580,5a+589,5a+1160,5a+1169)  mod  1741,  a  *  0, 1 . 57. 

1801  Jr  =  Z(1801,ll). 

TB  •<5a,5a4577,  Sa+600,5a+1177,5a+1200,5a+r777>mod  1801,  a  =  0,l . 59. 

1806  Lemma  2.17  and  361  e  £(6,1). 

1831  2r  =  Z(1831,3). 

ns  «<3a,5a+481,5a+610,5a+1091,5a+1220,5a+1701>  mod  1831,  a  =  0, 1 . 60. 

1861  jr«Z(1861,2). 

T!  •<5a,5a+422,5a+620,5a+1042.5a+1240,5a+1662>mod  1861,  a  *  0, 1 . 61. 

1951  Jr»Z(1951,3). 

«<5a,5a+3,5a+650,5a+653,5a+1300,5a+1303>mod  1951,  a  =  0,l . 64. 

1981  Lemma  3.12,  330eT(6,l)  by  Theorem  3.9,  and  331  e  £(6,1). 

1986  Lemma  3.11,  331  eT(6,l)  and  331  e  £(6,1). 


Lemma  5.26. If  u=  Qor  \  (mod  3) and  4.  then  u€GD({6,7,9,10}.  l.A/g), 
where {1,3, 6, 7, 9,  10,  12, 13,  15,  16,  18,  19,21,22,24,25,27,28, 

30, 31, 33, 34, 36, 37, 39, 40, 46, 51,52,  58, 64, 66, 67, 69,  70,  76, 93, 94, 

100, 135, 136, 138, 139, 141, 142, 148,  219,  220}. 


Proof.  According  to  Lemma  3.13  with  t=  1,5  =  6  and  r  s  0  or  1  (mod  3) 
and  by  Theorem  3.8,  whenever  u  >  384,  there  exists  a  transversal  design 
T(6  + 1, 1 ;  r]  such  that  by  truncating  one  of  its  groups,  6r  +  Tj  =  w  is  ob¬ 
tained.  For  u  <  384  and  «  s  0  or  1  (mod  3)  use  the  truncated  transversal 
design  T[5  +  l,  l;r]  with  t  =  1  and  values  of  r  and  s  as  in  Table  5. 15.  It 
should  be  remembered  that  12  e  T(7, 1)  by  Lemma  3.21,  and  that  by 
Theorem  2.1,  57  e  5(8, 1),  and  therefore  by  Theorem  3.3,  57  e  T(8, 1). 


Lemma  5.27.  For  every  positive  integer  u,  u  €  GD({6,  7, 8},  l,/(42)) 
holds. 

Proof.  Apply  Lemma  3.13  with  5  =  6  and  t  =  2,  Theorems  3.1  and  3.7. 
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Table  5.15. 


u 

r 

I 

u 

r 

1 

42-45 

7 

6 

144-147 

16 

9 

48-49 

7 

6 

150-160 

16 

9 

54-57 

9 

6 

162-175 

25 

6 

60-63 

9 

6 

177-190 

19 

9 

72-15 

12 

6 

192-217 

31 

6 

78-79 

13 

6 

222-224 

37 

6 

81-82 

9 

9 

225-226 

25 

9 

84-91 

13 

6 

228-259 

37 

6 

96-99 

16 

6 

261-270 

27 

9 

102-112 

16 

6 

271-301 

43 

6 

114-115 

19 

6 

303-343 

49 

6 

117-118 

13 

9 

345-370 

37 

9 

120-133 

19 

6 

371-382 

57 

6 

In  a  similar  way  it  can  be  checked: 

Lemma  5.28.  For  every  integer  u>  2,  u€  GD({6, 7, 8} ,  1,  /Ws)  holds, 

where  =  {2,3,.. .,4^}. 

Further  we  prove: 

Lemma  5.29.  For  every  integer  u  >  6,  u  G  B{K^,  1)  holds,  where 
K^  =  {6, 7,...,4I,45,46,47}. 

Proof.  For  u  >  66  it  is  easily  checked  by  Lemma  3.13  with  5  =  6  and 
t=2,  using  Theorems  3.1  and  3.7,  that  u€  GD({6,  7,8},  1,  {1,7,8, ...,  65}) 
holds.  For  u  <  65,  u  ^  X's  we  have: 

for  62  <  0  <  65,  Lemma  3.13  with  r  =  S,  s  =  1 ,  t  =  2; 
for  60  <  u  <  61,  Lemma  3.13  with  r  =  9,  s  =  6,  t  =  1; 
for  58  <  u  <  59,  delete  in  T[8, 1 ;  8] ,  2  points  from  each  of  2  groups  and 
then  delete  1  or  2  points  from  a  third  group  in  such  way  that  non  of 
them  should  be  in  a  block  from  which  already  2  points  have  been  de¬ 
leted; 

for  54  <  u<  57,  Lemma  3.13  with  r  =  8, 5  =  6,  t  =  2; 
for  51  <  u  <  53,  delete  in  T[8, 1;7]  one  point  from  each  of  3,4  or  5 
groups  respectively,  no  three  of  these  points  being  in  the  same  block 
(this  is-. possible  as  shown  in  the  proof  of  Lemma  3.18); 

for  42  <  u  <  44  and  48  <  v<  50,  Lemma  3. 13  with  r  =  7, 5  =  6,  f  =  2. 
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Lemma  5.30.  If  or  \  (mod  3)  and  6<v<  130,  then  v  e  B(K^,  1 ), 
where  =  (A/g  u  {45,  57,  75, 99})  n  {6,  7, ...,  130). 

Proof,  We  make  use  of  Lemma  5.26  and  remark  that  45,  57,  75  and  99 
are  the  only  integers  u  <  130  in  Table  5.15  which  correspond  to  r^  =  3. 
In  all  other  cases  either  rj  =  1  or  rj  >  6. 

Lemma  5.31.  //u  =  1  or  6  (mod  15)  and  u  #  21,  then  v  €  B(6, 2)  holds. 

Proof,  Let  u  =  5m  +  1,  where  m  =  0  or  1  (mod  3)  and  u  #  4.  By  Lemma 
5,26,  M  €  GD({6,  7,9, 10},  By  Lemmas  2.26,  4.20  and  4.21,  it 

suffices  to  show  that  u  =  5/1  +  1  e  B(6,  2)  for  every  This  is  per¬ 

formed  in  Table  5. 16. 


Table  S.16. 

It  t>  B[6, 2;  u] 

1  6  Trivial. 

3  16  2r-GF<16.x«  =  x+l). 

'8  •{0,O,3,6,9,12)mod  16. 

6  31  Table  5.14. 

7  36  Lemmas  4.21  and  2.11. 

9  46  Lemmas  4.21  and  2.11. 

10  51  Lemmas  4.21  and  2.11. 

12  61  Lemmas  4.21  and  2.11. 

13  66  Lemmas  4.21  and  2.11. 

15  76  7(2)  XZ(2)X  2(19,2). 

'B  =<O',0,0),(O'.0,6a+l),(O'.O,6a+2).(O'.O,6a+6).(r,(»,6a+8),(l'.O.6a+13)> 
mod  (-.2.19),  a  =  0,1, 2, 

((O‘,0,6a+13),{C',O,6a+8),(l',0.0),  tr,0,6a+l),(r,O.6a*2),(l'.O.6a+6)) 
mod  (-.2,19),  a  =  0,1,2, 

<(0', 0. 0), (O',  0, 6).  (O', 0, 12), (T. 0. 4),  (!', 0, 10),  (!', 0, 16))  mod  (-,  2, 19), 
((O',  0, 4),  (O',  0, 10),  (O',  0, 16),  (T,  0, 0),  (1',  0, 6),  (!'.  0, 12)>  mod  (-,  2, 19), 
((O', 0. 0),  (O'.  0, 0),  (O'.  0, 6),  (O',  0, 12).  (O'.  0. 0).  (1 ',  0, 0)>  mod  2. 19). 

((O', 0, 0), (!', 0. 0),  (!'. 0, 0).  d'. 0. 6),  (1 ', 0, 12).  (!', 0. 0)>  mod  (-,  2. 19). 


16 

81 

Lemmas  2.17,4.20  and  1 6  e  £(6, 2)  as  above. 

18 

91 

Table  5.14. 

19 

96 

Lemma  4.19. 

21 

106 

X  »  2(3, 2)  X  2(5, 2)  X  2(7, 3)  u  {(-)}. 

<B  »BlocksofB(6,2:16)on2(3)x2(5)x{i}u{(-)},  ie2(7), 

((0.0,:U»+1),  (0,0,2a  +  2),(0,1.2o-f5),(O.0.2a+4),(l,O,2a+3).(1.3,2a)> 
mod  (3, 5, 7),  a  =  0,1,2, 

((0. 0. 2a+l),  (0, 0, 2a+4),  (0, 0, 2a+3),  (0, 2.  2q),  (0, 1, 2a  +  2),  (1.0, 2o  +  S)> 
mod  (3,5,7),  <»  =  0,1,2. 
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Table  5.16  (com.). 

M  V  Bl6,2;vl 

22  111  jr •  Z(5,2) X  (Z{19.2)  U •  0.1. 2})  u {(-,-)}. 

U  -  Blocks  of  5[6. 2;  16 1  on  Z(5)  X  {»,;  i  •  0.1. 2}  u  {(-, -)}. 

<(-,  -),  (9. 9),  (0, 0).  (1.0),  (2. 0).  (3. 0)>  mod  (-,  19).  2  times, 

<(0,~a).  (0, 0),  (d,  6fli+2-lJ),  (d,  6a+3),  (^+2, 6a+l  +  d),  (^+2,6o+13)> 
mod  (5. 19),  a '0,1,2,  (3  =  0,1, 

<(0. 0),  (0. 9),  (^,  3),  (0. 1 2),  ((3  +2, 6).  (d  +  2, 15)>  mod  (5, 19).  P‘0,1. 


24 

121 

Table  5.14. 

25 

126 

Table  5.14. 

27 

136 

X  =  Z(3. 2)  X  Z(5. 2)  X  GF(9.  sr*  =  2x  +  1)  U  {(-)}. 

75'  BlocksofB(6.2;16]  onZ(3)XZ(5)x{/}u{(-)},  ieGF(9). 

<(0, 0,  2a).  (0, 0, 2a+l).  (0. 1. 2a+4),  (0, 0. 2a+2),  (1 . 0. 2a+3).  (1, 3, 2a+6)> 
mod  (3,5.9),  o»0.1.2,3. 

<(0, 0, 2a),  (0, 0. 2a+2),  (0, 0, 2a+l).  (0. 2. 2a+6).  (0.1. 2a+5),  (1. 0. 2a+3)> 
mod  (3,5,9).  a '0,1, 2. 3. 

28  141  jr  =  Z(5.2)X(GF(25,*>  =  2x+2)u{-,:j  =  0.1,2})u{(-, -)}. 

TB  =  Blocks  of  B(6. 2;  161  on  Z(5)  X  /  =  0, 1, 2})  u  {(-,  -)}, 

<(-.-), (0. 0).  (0. 0).  (1,0), (2.0).  (3. 0)>  mod  (-.25).  2  times. 

<(0,"a)*  (0.0)>(7.^)-  (7, 4a+l  2),  (7+2,40+2),  (7  +  2,4a  +  14)>  mod  (5, 25), 
a  “0,1,2,  7  =  0,1, 

<(|J.  2d+l),  (0,2(3 +13).  (7. 2d+5),  (7, 2^+17),  (7  +  2. 2(3+9),  (7  +  2, 2d+21)) 
mod  (5, 25),  (3 '0,1,  7 '0,1. 


30 

151 

Table  5.14. 

31 

156 

Table  5.14. 

33 

166 

2f  -  Z(3. 2)  X  Z(5. 2)  X  Z(1 1 , 2)  u  {(-)}. 

T5  '  Blocks of5(6, 2:16)  on Z(3)XZ(5)x{/}u {(-)},  leZ(ll), 

<(0,0,2a),(0.0,2a+l),(0,l,2a+5).(O,0,2a+4),(l.O,2a+2),(l,3,2a+8)) 
mod  (3,5,11),  a  =  0,1, 2, 3, 4. 

<(0, 0,2a+l).(0,0.2a+2),(0,0, 2a+9),  (0,  2.2a+3).(0. 1.2a+6),(l,0.2o+4)> 
mod(3,5,ll),  a  =  0,l, 2,3,4. 

34  171  jr  =  Z(5. 2)  X  (Z(3 1, 3)  u  {-,:/  =  0,1, 2})  u  {(-,-)}. 

T5  =  Blocks  of  B16, 2;  16)  on  Z(S)  X  i  =  0, 1. 2}  u  {(-,  -)}, 

<(-.  -).  (0. 0).  (0, 0).  (1 , 0).  (2, 0),  (3, 0)>  mod  (-,  31).  2  times, 

<(0. -a)' *)•  5“).  W. 5a+15), (d  +  2, 5a+l). ((3  +2. 5a+16)  mod  (5, 3 1), 

a '0,1,2.  P‘0,1, 

((0,0+2),  (0,0+17),  (^,a+7),  (p,a+22),(^+2.o+12),(fl+2,o+27)> 
mod  (5, 31),  O' 0.1. 2.  d  =  0.1. 

36  181  Table  5.14. 

37  186  Table  5.14. 

39  196  2r-Z(3.2)XZ(5,2)xZ(13,2)«j{(-)}. 

T>  ■  Blocks  of  B(6. 2;  16 1  on  Z(3)xZ(3)x{i}tJ  {(-)},  I  eZ(13). 

((0. 0. 2o),  (0, 0, 2a+l).  (0, 1, 2o+10),  (0. 0, 2o+9),  (1. 0, 2a+4),  (1. 3. 2o+6)> 
mod  (3,5,13),  a  =  0, 1,...,  5, 

<  (0. 0, 2a +1 ),  (0, 0. 2o + 2).  (0, 0. 2o + 5),  (0, 2, 2o  +  7),  (0, 1 . 2o  + 1 1 ),  (1 , 0, 2o  + 1 0)> 
mod  (3,5,13),  o'0, 1,..., 5. 

40  201  X'Z(5.2)X(Z{37,2)u{-<:i-0,l,2})u{(-,-)}. 

•  Blocks  of  B{6, 2, 16 1  on  Z(3)  X  {••/;  f  •  0, 1, 2}  u  {(«,  «)}, 

<(-,  -),  (0. 0),  (0, 0).  (1.0),  (2, 0),  (3. 0)>  mod  (-.  37).  2  times. 
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Table  5.16  (cent.). 


M  V  fi|6,2;u] 


<(0.  -0,).  (0. 0).  (y.  6a),  (7. 6a+18), (7  +  2. 6a+7),  (7  +  2. 6a+25)>  mod  (5. 37), 
a  *0,1,2,  7  “0,1, 

<(0,d  +  2),(0,d  +  2O),  (7,0+8),  (7,/J  +  26),(7  +  2,^+14),  (7+2,  <J  +  32)> 
mod  (5,37),  0»0,1,2,3,  7*0,1. 

46  231  Lemmas  2.17, 4.20  and  46  €.0(6, 2)  as  above. 

51  256  Lemmas2.17, 4.20and  51  €0(6, 2)asabove. 

52  261  A’-/(5,2)X  (GF(49, *7=  X +4)  u{-,-.  I  *0.1,2})  u {(-,<-)}. 

TJ  “  Blocks  of  0(6, 2;  16)  on  Z(5)  X  1  »  0, 1, 2}  u  {(••,  -)}, 

((-,  -),(0,0),(O,0),  (1,0),  (2,0),  (3,0)>  mod  (-,49),  2  times, 

<(0,**a).  (0,0),(7,8a+7),  (7, 8a+7+24),(7  +  2,8<>  +  7+8),(7+2,  8q  +  7  +  32)> 
mod  (5,49),  a  *0,1,2,  7*0,1, 

<(0,0  +  2),  (0,0  +  26),  (7, 0+10),  (7.0  +  34),  (7+2,0  +  18),  (7  +  2.0+42)) 
mod  (5,49),  0*0.1,  ....5,  7*0.1. 

58  291  A’*r(5.2)X(GF(49.xJ*x-t-4)u{-,:i-0,l . 8})  u  {(-,-)}. 

•-B  «  Blocks  of  0(6, 2;  46)  on  Z(5)  X  i  =  0, 1 . 8}  u  {(-,  -)}, 

<(-.  -),  (0. 0).  (0, 0),  (1, 0),  (2, 0),  (3, 0)>  mod  (-,  49).  2  times, 

^  (0'  “Sa +0^'  (0>  0)>  (7. 8a + 0+47),  (7, 8a  +  0+47+24),(7+2,8o  +  0+47+8), 
(7+2. 8a+0+47+32)>  mod  (5,49),  a*0,l,2,  0  =  0,1, 2,  7*0,1. 

((0, 45  ■*•3),  (0. 46+27),  (7, 46+11).  (7, 48+35),  (7+2,48+19).  (7  +2, 48+43)) 
mod  (5.49),  7*0,1,  8*0,1. 

64  321  2r-Z(5.2)X(2(61,2)u{-, ■■.1*0,1. 2})u{(<-.-)}. 

'B  *  Blocks  of  0(6, 2;  16]  on  7(5)  X  {-,■:  i  =  0, 1. 2}  u  {(-,  »)}, 

<(-. -).  (0, 0).  (0. 0),  (1.0),  (2, 0),  (3, 0))  mod  (-.61),  2  times, 

<(0.-a).  (0.0).(7.1Oa-v4),(7.1Oo+34).  (7  + 2,10a-H9).  (7  +  2,10a-v49)> 
mod  (5,61),  a  *0,1,2,  7*0,1, 

((0,50  +  6).  (0.50  +  6 +30),  (7. 50+6+10),  (7, 50+6+40).  (7  +  2, 50 +6  +  20), 
(7^v2.50+6+50))  mod  (5,61),  0*0.1.  7  =  0,1,  6*0, 1,2,3. 

66  331  Table  5.14. 

67  336  Lemma  4.19. 

69  346  jr  *7(3, 2)  X  7(5,  2) X  7(23, 5)  u  {(-)}. 

99  •  Blocks  of  0(6, 2: 16)  on  7(3)  X  7(5)  x{t}u  {(«)},  »€7(23), 

<(0, 0, 2a),  (0, 0, 2a -H),  (0, 1, 2a  ■►4),  (0, 0. 2a+5).  (1, 0. 2a-t-2),  (1. 3, 2a-f9)) 
mod  (3,5,23),  a  *  0. 1 . 10. 

<(0,0, 2a),  (0.0. 2a+l),  (0.O.2at-2),(0.2,2a^v6),(O.  l,2a+4),(1.0,2a+5)> 
mod  (3,5,23).  a  *0,1 . 10. 

70  351  X*7(5,2)X  (7(61,2)u{-,:i-0.1 . 8})o{(-.-)}. 

TJ*  Blocks  of  0(6, 2: 46)  on  7(5)  X  {<*;:/*  0,1 . 8}  u  {(-,-)}, 

<(-,  -),  (0, 0).  (0. 0).  (1 , 0),  (2, 0).  (3, 0))  mod  (-,  6 1 ).  2  times, 

<(®.  “3a•^0>•  ^ 

(7  +  2,20a+0+47)>mod  (5,61),  a*0.1,2,  0*0.1, 2,  7-O.I, 

<  (0. 5  6  +  Ti).  (0, 56  ■••  fj + 30).  (7. 56 + n  +1 0).  (7. 56 + n  +40).  (7  +  2. 56 + fj  +  20), 
(7+2.56+11+50))  mod  (5,61),  7*0.1.  6*0.1,  i]  =  0, 1. 

76  381  Lemmas  2. 1 7, 4.20  and  76  €  0(6, 2)  as  above. 

93  466  465€OD(6.2.15)by  3ie0(6,l)aable3.14)and  15  eT(6,2)  (Theoiem  3.11). 

Apply  Lemma  2.14  and  16  €0(6, 2)  as  above. 
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Table  S.16  (cont.). 

P  V  fi[6,2:u| 

94  471  jr»Z(5.2)x  (Z(79. 3)  u  0,1,...,  14})  o  {(-.-)}. 

•B  »  Blocks  of  5(6.2;76|  onZ(5)  X  {«,:/»  0, 1 . 14}u{(».  -)}, 

<(-,  -).  (tl.  0).  (0. 0).  (1. 0).  (2, 0).  (3. 0))  mod  (-.  79).  2  times. 

<  (0.  y).  (0. 0).  ({>  26o 7-f),  (4. 26o +/J  +  7t  +  39), 

(«+2,26o+3d+77+lS).(4+2.26<»+3(}+77+54)>mod  (5.79).  a  •  0. 1.2, 
0-0,1,  7-0,1.  6-0,1, 

<  (0.  -at+n).  (0. 0).  («.  26o+l  I ),  (4 , 26a+ 50).  (6 + 2, 26a+ 29 ).  (6 + 2, 26a+68)> 

mod  (5,79),  a -0,1,2,  4-0,1. 

<(0.m).{0.M-*-39),(4.,i+13),(4,,«+52),(4  +  2.»<+26), (4+2.m+65)>  mod  (5,79), 
6-0,1.  M- 4,6,10. 

100  501  Considering  11  c  T(9,l),by  Lemma  3.12, 1006iJ({9,12},  1);  by  Lemma  4.21. 

Lemma  2.16  may  be  applied.  Further  make  use  of  Lemma  2.1 1. 

135  676  jr-Z(5,2)X(2(U3,3)u{-,:i-0,l . 21})  u  {(-,-)}. 

B  •  Blocks  of5[6, 2:  111]  on 2(5)  X  {«,:/»  0,1 . 21}  u {(-,-)}, 

<(-,  -).  (0, 0).  (0, 0).  (1. 0),  (2. 0).  (3. 0)>  mod  (-,  113),  2  times, 

<(0.  -a+2d)'  (0. 0).  (7. 28a+ 20  +5),  (7, 28a +20  +6 1 ),  (7 +2, 28a  +  20  +10), 
(7+2,28a+20+66)>mod  (5,113),  a-0,1,  0-0,1,  7-0,1, 

«0.-a+20+4).  (0. 0).  (7. 28a+30+23),  (7. 28a+  30  +  79),  ly*2, 28a+0  +  28). 

(7  +  2,28a+0+84)>mod(5,113),  a-0,1.  0-0,1,  7-0,1, 

-a+»>>  (7. 2a+9).  (7. 2a+65),  (7  +2, 2a+37),  (7  +  2, 2a+93)> 

mod  (5, 113),  a-0,1,  7-0,1, 

<(0.  -o+lo)>  (7.0+24),  (7,0+80),  (7+2.a+52),  (7  +  2.a+108)> 

mod  (5,113),  a-0,1,  7-0,1, 

<(0. -6+12).  (0.0).  (7.26+2),  (7. 26+58),  (7+2, 26+30),  (7  +  2, 26  +  86)> 
mod  (5, 113),  7-0,1,  6-0, 1,2, 

(0.  “6+15).  (0. 0).  (7.S+14),  (7.6+70).  (7  +  2, 6+42),  (7+2.6+98)) 
mod  (5. 113).  7-0,1,  6 -0,1.2, 

<(0,“^+ij),  (0,  0),(7>'1+19),(7,»I  +  75),  (7  +  2,tj+47),  (7  +  2,n+103)> 
mod  (5, 113),  7-0.1,  n- 0.1. 2, 3, 

M0,  p),  (0,  It  +56),  (7,  ii*S),{y,lt  +6 1),  (7  +  2,  M  +14),  (7  +  2,  Ai  +  70)) 
mod(5,113),  7-0,1,  m-3,13.31,41. 

136  681  Lemmas  2.17, 4.20  and  136  €  B{6, 2)  as  above. 

138  691  Table  5.14. 

139  696  Lemma  4.19. 

141  706  Lemmas  2.17, 4.20  and  141  (6, 2)  as  above. 

142  711  2f-Z(5,2)X(GF(121,x2-4ar+9)u{-,:i-0,l . 20})  u  {(-, -)}. 

TJ  -  Blocks  of  S[6, 2;  106)  on  2(5)  X  {«/:  1  •  0, 1, ....  20}  U  {(«>,  -)}, 

<(-,-). (0,0),  (0, 0),  (1,0),  (2, 0),  (3. 0))  mod  (-,  121),  2  times, 

<(0.-a+60).  (0. 0).  (7.  lOa+80),  (7,  lOa+80+60),  (7  +2.  lOa+80  +15), 

(7  +  2,lOa+80+75)>mod(5,121).  a-0.1 . 5.  0-0,1,  7-0,1. 

<(0.-a+lj).(0.0).(7.1Oa+9).(7,lOa+59),(7+2, 10a+17),(7+2,  lOa+77)) 

mod  (5, 121),  a-0.1 . 5,  7-0,1, 

<(0.“6+18).  (0. 0).  (7. 206  +6),  (7. 204  +66),  (7  +  2, 206  +  36),  (7  +  2, 206  +  96)) 
mod  (5, 121),  7-0,1,  8-0, 1,2, 

< (0,  It),  (0,  (1+60),  (7,  It*  20),  (7,  (1+  80),  (7  +  2,  (1+40),  (7  +2,  (i+lOO)) 
mod  (5, 121),  7-0,1,  (1-1,2,4,11,12,14. 
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M  u  £(6,2;u| 


148  741  Jf«^(5.2)X  (2(127, 3)  u  {-,:«■»  0.1 . 20})  u  {(-, -)}. 

D  ■  Bloclca  of  BI6, 2;  106)  on  2(5)  X  {-/:  /  -  0. 1 . 20}  u  {(-.  -)}. 

<(-.-).(0.«).(O.«».(1.9).(2,0).(3.«)>mo(l  (-.127),  2  limes, 

<((».  -«).  (0. 0).  (7. 3a).  (7. 3a+63).  (7+2. 3a-M4).  (7  +  2, 3a+77)) 

mod  (5, 127),  a  »  0. 1 . 20.  7  “  0, 1, 

<(0.9^+l).(0.9d+64).(7.9d+22),(7.9d+85),(7  +  2.9d+43).(7+2,9d+lO6)> 
mod  (5, 127),  s-0,l . 6.  7  “0.1. 

219  1096  Jf  -  2(3, 2)  X  2(5, 2)  X  2(73, 5)  u  {(-)}. 

TJ  -  Bloclcsof5[6,2;16Ion2(3)x2(5)x{i}u{(~)},  /e2(73), 

<(0.0, 2a).  (0, 0. 2o+l).  (0, 1, 2a+  9).  (0, 0, 2a+3),  (1. 0, 2a+4).  (1, 3. 2a+15)) 
mod  (3,5,73),  a -0.1,  ....35, 

((0, 0, 2a+l),  (0, 0, 2a+2),  (0, 0. 2a+3).  (0, 2, 2o+16).  (0. 1, 2a+6), 
(1.0.2o+8)>  mod  (3,5.73),  a -0,1 . 35. 

220  1101  2’«2(5,2)X  (2(181, 2)  u  {»,:/»  0,1 . 38})  u  {(-, -)}. 

ns  «  Blocks  of  Bib,  2;  196)  on  2(5)  X  i  •  0, 1 . 38}  u  {(-,  -)}, 

<(«.  -).  (0. 0),  (0. 0),  (1, 0),  (2, 0).  (3, 0)>  mod  (-,  181),  2  times, 

<  "0+63)-  (0. 0).  (7. 1 5a + 2fl + 5).  (7, 1 5a+ 2d +95 ),  (7  +  2. 15a+  2d  + 16), 

(7  +  2,15a+2d+106)) mod  (5,181),  a-0,1 . 5,  d«0,l.  tO.I, 

«0-"S+3d+ij)'(®’®)*<7.30«+2d+4),(7,306+2d+94),(7  +  2,304+27+49). 

(7+2, 306+2d+139)>  mod  (5,181),  d*0.1,  7*0.1,  «-0.1,2, 

<(0,  -s+irr^ia),  (0. 0).  (7. 30« + fl  +  8),  (7. 306+11+98),  (7+2,  306+ti+33). 

(7+2,30«+i|+143)>mod(5,181),  7*0.1,  «-0.1,2,  tj-0,1 . 6. 

<(0.M),(0,si+9O),(7,M+3O).(7.>i+12O),(7+2.<i+6O),(7  +  2,M+15O)> 
mod  (5, 181),  7*0,1,  M- 0,2, 15, 17. 


Lemma  5.32.  //u  s  1  (mod  5),  t/ien  v  e  B{6, 3)  holds. 

Proof.  Let  v~  Sn  +  l,  where  «  is  a  positive  integer.  By  Lemma  5.27, 
u  €  GD({6,  7,  8},  1, 7(42)).  By  Lemmas  2.26,  4.20  and  4.22,  it  suffices 
to  show  that  o  =  S/i  +  1  €  B{6, 3)  for  every  n  e  7(42).  For  ju  =  1  the 
lemma  is  trivial.  If  u  =  S/i  +  1  is  a  power  of  an  odd  prime,  v  €  5(6, 3) 
follows  from  Lemma  4.4.  The  proof  of  u  e  5(6, 3)  for  other  values  of  n 
is  given  in  Table  5.17. 
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Table  5.17. 

I  V  A[6,3;u| 

3  16  (11  and  (14,p.256).Ar»GF(16,*^-*+l). 

<»  -  <0, 0. 5. 6. 12. 13  >,<  1 . 3, 5, 6. 9, 1 1  >.  <0, 1, 6. 7. 1 1. 14), 

<  1, 3. 6, 7. 10, 12).  <0,4, 5, 7. 10, 1 1),  <0. 3. 5, 8, 11, 13>, 

<1. 2,5, 8. 10. 14),  <  1, 2,4, 11, 12, 13),  <2, 3, 5, 7, 10, 13), 

<0, 2, 7, 8, 9, 1 1 ).  (1,4,5, 8, 9, 12),  <0,0, 1,2, 3,4), 

<0, 2, 5, 6, 9, 14),  <0, 2, 6, 8, 10, 12),  <3, 4,6, 8, 13, 14), 

<0,4,6, 8, 10, 11).  <0,0, 1,9, 10, 13).  <0.4.5. 7, 12. 14). 

<0,2,3, 11. 12, 14),  <0. 3,4,9, 10, 14),  <0, 1,7.8. 13,14), 

<2, 4, 6, 7, 9, 13),  <0. 3, 7,8,9, 12),  <9, 10. 11, 12, 13, 14). 

4  21  (24J.  Ar-Z(3,2)xZ(7.3). 

9J  ■  <(0,0),  (0, 2),  (0, 4),  (1, 0).  (1,2),  (1.4))  mod  (3. 7), 

<(0, 0),  (0, 3),  (0. 1).  (0,4),  (1,2),  (1, 5)>  mod  (3. 7). 

5  26  (24).  Z^-Z(5.2)XZ(5,2)u{(-)}. 

^  -  <(-).  (0. 0).  (0. 0),  (1, 0),  (2. 0),  (3. 0)>  mod  (-,  5). 

<(-).  (0, 0).  (0, 1),  (1,2),  (2. 3),  (3, 0)>  mod  (-.5). 

((-).  (0. 0).  (0. 3).  (1. 0),  (2, 1).  (3, 2)>  mod  (-, 5). 

((0.0).  (0, 2),  (1, 1),  (1, 3),  (3, 1).  (3,3))  mod  (5,5), 

<(0. 1),  (0, 3),  (0, 0).  (0. 2).  (2. 0),  (2. 2)>  mod  (5, 5). 

7  36  Lemmas  4.22  and  2.11. 

9  46  Weprove45€GD(6.3,5).  Ar»Z(5,2)XGF(9,.t*»2x  +  l). 

f  -  <(0;O).(0;4),(O;3), (0;7).  (2;2),  (2:6))  mod  (5:9), 

<(0;  1).  (0;  5),  (0;  2),  (0: 6),  (2;  0),  (2: 4)>  mod  (5 ;  9). 

<(0;  0),  (0;4),  (1;  1),  (1 ;  5).  (3;  3).  (3;  7)>  mod  (5 ;  9). 

<(0;  1).  (0:5),  (1;  2),  (1:6),  (3: 3).  (3: 7)>  mod  (5:9). 

10  51  jr-Z(3.2)XZ(17.3). 

TJ  » <(0.0).  (0,0+3), (0,0+6), (0,<x+9).(O,0),(l,0)>  mod  (3, 17),  o-0.1,2, 
<(0. 1),  (0, 9).  (0, 2),  (0, 10),  (1, 20+3),  (1,20+11))  mod  (3,17),  0  •  0, 1. 

II  56  Lemmas  2.17, 4.20  and  11  £^(6, 3)  by  Lemma 4.4. 

13  66  Lemma  3.11, 11  £ T(6,l)  and  11  e£(6, 3)  by  Lemma4.4. 

15  76  A’-Z(4)XZ(19,2). 

<B  -<(0',6o+l),(0',6o+10),(l',6o+5).(r,6a+14),(2',6o+4),(2',6o+l3)) 
mod  (4, 19),  o»  0,1,2, 

<(0',  6o).  (O’,  6o+l),  (!',  6o+7),  (1',  6o+8),  (2',  6o+l  1),  (2',  6a+l  2)> 
mod  (4, 19),  o«  0,1,2, 

((O',  0),  (O',  1),  (O’, 4).  (!’.  0),  (!',  1).  (!', 4))  mod  (4. 19), 

((0',0),  (0’.O),  IK,  3),  ((0+2)’,  0),  ((0+2)',O).  ((0+2)',  3)>  mod  (-,  19). 

0-0,1. 

17  86  Weptove85£GD(6,3,5).  A’»Z(3,2)XZ(17,3). 

»-((0:2o+0+l),(0;2o+0+9),  (0: 20+0+2),  (0:2o+0+lO).  (0+2;2o+0), 
(0+2:2o+0  +  8)>mod(5:17),  0-0,1. 2,3,  0-0,1. 

18  91  Table  5.14. 

19  96  Lemma  3.11, 16  £  T(6, 1)  and  16  £.0(6, 3)  as  above. 

21  106  Lemmas  2.17, 4.20  and  21  €0(6, 3)  as  above. 
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Table  5.17  (cent.). 

M  V  5(6, 3;  u| 

22  111  A'-Z(3.2)XZ(37,2). 

<11  -  <(0. 3o+2),  (0. 3flt+20).  (0. 3«+9).  (0, 3a+27),  (1, 3a+16),  (1, 3a+  34)> 
mod  (3,37),  a  =  0,1 . 5, 

< (0, 0).  (0, 60),  (0, 60  +  9),  (0, 6d +1 8),  (0, 60*21),  (0, 0)>  mod  (3. 37), 
/J-0,1,2, 

<(0.  3t).  (0, 37+18),  (0, 37  +6),  (0, 37  +  24),  (1, 37  +12),  (1, 37+30)) 
mod  (3, 37),  7-0,1. 

23  116  Jr-/(5,2)X(Z{19,2)u{-;:/-0,l,2,3})u{(-,-)}. 

U  ■  Blocksof5(6,3;21]on2(5)x{-,:l-0,l,2,3}u{(«,-)}, 
<(-.-).(0.0).(O,0),(l,0),(2,0),(3,0)>mod  (-,19),  3  times, 

< (0.  -a),  (0, 0),  (0, 3fli),  (0, 3a+9),  (0 +2, 3o+43  +4),  (0*2, 3«+40  +1 3)> 
mod  (5, 19).  0  =  0, 1,2,  U-0, 1, 

<(0.~a).  (0, 0).  (0, 30),  (1, 3o+2). (2. 3a+ll). (3, 3a+l))  mod  (S,  19), 

“  -  0. 1, 2, 

<(0,  -3).  (0, 0),  (0, 3o+9),  (1, 3o+l  1).  (2, 3a+2).  (3. 3o+10)>  mod  (5, 19), 
<*■0,1,2, 

<(0. 0).  (0, 1),  (0,6),  (0, 7),  (0, 12),  (0, 13))  mod  (5, 19). 

25  126  Table  5.14. 

27  136  2r-Z(5,2)X  (GF(25,Jcl  =  2x +  2)  u  {«,-:/ =  0,1})  U  {(-,-)}. 

<»  -  Blocksof 5(6,3:11)  onZ(5)x  {-f:f-0.l}u{(«,~)}, 

<(~,-).(0.0),(O,0),(l,0),(2,0),(3,0))mod  (-.25),  3  times, 

<(0.-a).  (0. 0).  (0. 12a+4«,  (1, 12a*00  *1),  (2. 12o+4d+13),  (3. 12a+4fl  +5)) 
mod(5,25),  a»0,l,  0-0,1, 2. 

<(0.47+1),  (0,47+13),  (0,47  +  2),  (1,47+16),  (2,47+5),  (3,47+3)) 

mod  (5,25),  7-0,1 . 5, 

<(0.0),  (0,4),  (0, 8).  (0, 12),  (0. 16).  (0. 20))  mod  (5. 25), 

<(0,0),  (0, 1),  (0, 8),  (0,9),  (0, 16),  (0, 17))  mod  (5, 25). 

28  141  jr  =  Z(20)  X  Z(7, 3)  U  {(-)}. 

<»  -  Blocks  of  5(6, 3;  21 1  on  Z(20)  X  {1}  u  {(-)},  i  e  Z(l), 

<(0'. 2a), (O',  2a+3).  (!’,  2o+4), (4', 0), (6',  2a+2),  (8'.  2a+5))  mod  (20. 7). 

«- 0,1,2. 

<(0', 2a),  (O'.  2o+3),  (3',  2a+l),  (4',  2a+5),  (9'.  0),  (15',  2a+2))  mod  (20, 7), 

<*-0,1,2, 

<(0',  2a),  (O',  2a+3),  (2',  2a+2),(5',  2a+5),  (6',  2a+4).  (13'.  2a+l)> 
mod  (20. 7),  a -0,1, 2, 

<(0'.  0),  (!',  2a).  (3',  2a+4).  (10',  2a+5),  (1 1'.  2a+3),  (13',  2a+l)) 
mod  (20, 7),  a -0,1,2. 

29  146  We  prove  145  S  GD(6, 3, 5).  Z  -  Z(5, 2)  X  Z(29, 2). 

?-<(0:2a+0+l),  (0;2a+0+15).(0:2a+0+2),(0:2a+0+16),(0  +  2;2a+0), 
(0+2;2a+0+14))  mod  (5,29),  a -0,1,...,  6,  0-0,1. 

31  156  Table  5.14. 

32  161  Weptove  160SGD(6,3,5).  2r«Z(5,2)X  (Z(31,3)u{-}). 

»-<(0;-).(0;2a),(O;2a+24),(l;2o+18),(2;2o+6),(3:2a+12)> mod  (5:31), 
<*-0.1,2. 

<  (0: 0).  (0: 60 + 27  +  2),  (0: 60 + 7).  ( 1 ;  60  +47 + 10).  (2;  60 + 147  +1 8). 

(3:60- 27+28)) mod  (5:31),  0-0,1, 2,3,4,  7-0,1, 
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Table  5.17  (cont.). 

a  il(6,3;v] 

<(0;-)'+4).(O;7+1O).  (0;-r+16),(0;-r+22),(0;7+28),{7;0)>mod(5;31). 

7«0.1. 

<(0; 0),  (0: 0).  (0: 6),  (0, 12),  (0. 18),  (0, 24))  mod  (5;  31). 

33  166  jr»Z(5.2)x(Z(31.3)u{-,:i«0,l})u{(-.-)}. 

<B  "  Blocks  of  5(6, 3;  11 1  on  Z(5)  X  1  =  0, 1}  u  {(«. «)}, 

Blocks  of5(6.1;31 1  on  {/■})<  Z(31), 

Blocks  of  GD[6,1,5;  155]  (exist  by  Table  5.14  and  Lemma  2.12)  on 
Z(5)xZ(31),  2  times, 

<(-.  -).  (0, 0),  (0, 0),  (1, 0), (2. 0), (3, 0)>  mod  (-. 31),  3  times, 

<(0.  "a)*  (0. 3a+ d),  (0, 3a+  d  +6),  ( 1 , 3o+ 0  + 1 2),  (2, 3o+ d  +24), 

(3,3a+0+18))  mod  (5,31),  o.  -  0, 1,  0«O,1,2. 

34  171  X”  Z(9, 2)  X  Z(19, 2),  in  the  cycle  Z(9, 2)  the  powers  of  2  will  be  denoted  by 

exponents,  but  the  multiples  of  3  by  O',  3', 6'  respectively. 

'll  -  <(0',  3a+7),  (O',  3«+16),  (a+  30, 3o+4),  (a+30+1. 3o+5),  (o+30  +  3, 3a+9), 
(a+30+4,3a+17)>mod(9,19),  a»0,l,2,  0-0,1, 

<(0'.3a+2),(0',3a+U),(a,3a+16),(a+3,3o+16),  (3',3a+3),  (6',3a+3)> 
mod  (9, 19),  a -0,1,2, 

((O',  3a+2),  (O',  3a+ll),  (a,  3a+l),  (a+l,3o  +  8),  (a+3, 3a+l),  (a+4, 3a+8)> 
mod  (9, 19),  a -0,1,2, 

<(0',0),(0',9),(a,3),(o,  12),(o+l,6),(a+l,  15)>mod  (9, 19),  a  -  0,1,2, 
<(0,0+1), (0,0+10), (2,0+4), (2,0+13), (4,0+7), (4,0+16))  mod  (9,19), 
0-0,1. 

35  176  Umma3.U,l6eT(ll,l)and{ll,16}cB(6,3). 

37  186  Table5.14. 

39  196  Z  •  Z(S,  2)  X(Z(37, 2)  u{-,-.i-0,l})u  {(-,-)}. 

TS  -Blocks  of  5(6, 3;  11]  on  Z(S)  X  0,  l}u{(-,  «)}, 

<(-.-).(0.0),(O,0),(l,0).(2,0),(3,0))mod  (-,37),  3  times, 

<(0.-a)><®'®)>  (0, 180  +60),  (l,18a+60+13),  (2, 18o+60+22),  (3,18a+60+6)) 
mod  (5,37),  a  «  0, 1,  0-0, 1,2, 

<(0,60+37+10),  (0,60+37+28),  (7,60+37+5),  (7,60+37+23), 

(7  +  2,60  +  37),  (7  +  2,60  +37+18))  mod  (5,37),  0»O,1,2,  7-0,1, 

<(2a- 7 +1,37),  (20-7+1,37+12),  (2a -7 +1,37 +24),  (2a -7 +3, 37 +  2), 
(2a-7  +  3,37+14),(2a-7+3,37  +  26))mod(5,37),  a-0,1,  7*0,1, 

<(0, 3a+7),  (0, 3a+25),  (7. 3o+13),  (7. 3a+3 1),  (7  +  2. 3a+l),  (7  +  2, 3o+19)) 
mod  (5,37),  a-0,1,  7*0, 1. 

40  201  Z-Z(3,2)XZ(67,2). 

'»  -<(0,a),(0,a+33),(O,a+ll),(O,a+44),(l,a+22),(l,a+55)>mod(3,67), 
a-0,1 . 10, 

<(0, 110),  (0, 110  +  33),  (0, 110+1),  (O,110+34),(1, 110  +  16),  (1,110+49)) 
mod  (3,67),  0-0, 1,2, 

<(0. 57  +  2),  (0, 57  +35),  (0, 57  +13),  (0, 57+46),  (1, 57  +  24),  (1, 57  +57)> 
mod  (3, 67),  7-0,1, 

<(0. 27).  (0, 37  +1),  (0, 27+22),  (0, 37+23),  (0, 27  +44),  (0, 37  +45)> 
mod  (3, 67),  7  -  0, 1, 

<(0, 3),  (0. 19),  (0, 25).  (0. 41),  (0, 47),  (0, 63))  mod  (3, 67). 

<(0, 6),  (0, 28).  (0, 50),  (1. 6),  (1,  28),  (1, 50)>  mod  (3,67). 

41  206  Lemmas  2.17, 4.20  and  41  s  5(6, 3)  by  Lemma  4.4. 
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Lemma  5.33.  If  vs  0  or  I  (mod  3)  and  v>  6,  then  v  e  8(6, 5)  holds. 


Proof.  Let  v  =  3u  +  e,  where  «  >  2  and  e  =  0  or  1.  By  Lemma  5.28, 

M  €  GD({6, 7, 8},  1,3/5).  By  Lemmas  2.25,  2.26  and  4.23,  it  suffices  to 
show  that  u  =  3m  +  e  €  5(6, 5)  for  every  m  e  A/j  and  e  S  { 0, 1} .  By  defi¬ 
nition  of  A/g ,  this  means  that  we  have  to  prove  v  6  5(6,  5)  for  u  s  0  or 
1  (mod  3)  and  6  <  v<  130.  By  Lemmas  5.30  and  2.5,  it  is  sufficient  to 
prove  our  lemma  for  u  e  ATg .  If  u  =  1  or  6  (mod  1 5)  and  o  2 1  it  follows 
by  Lemmas  5.31  and  5.32,  that  botli  v  e  5(6, 2)  and  v  €  5(6, 3)  hold  and 
consequently  by  Lemma  2.4,  0  €  5(6, 5).  If  u  s  1  (mod  6)  is  a  prime- 
power,  u  e  5(6, 5)  follows  from  Lemma  4. 1 ,  and  for  u  =  6  the  lemma  is 
trivial.  Accordingly  it  remains  to  prove  the  lemma  for  0  e  {9, 10, 12,  15, 
18, 21, 22, 24, 27, 28, 30, 33, 34, 39, 40, 45, 52, 57, 58, 64, 69,  70,  75, 93, 
94, 99, 100}.  This  is  performed  in  Table  5. 18. 


Table  5.18. 


o  S[6,S;u] 


9  Lemma  4.5  and  9  S  BO,  1)  by  Lemma  5.4. 

10  Lemma 4.5  and  10eB(4,2)by  Lemma  5.12. 

12  Lemma.4.6, 1 1  €  B{S,  2)  by  Lemma  5.20  and  US  B(6, 3)  by  Lemma  5.32. 

15  l241.2r«Z(3.2)xZ(5.2). 

T)  «  «0, 0),  (0. 1),  (0, 3),  (1.0),  (1, 0).  (1, 2)>  mod  (3, 5), 

<(0,0),  (0, 2),  (0, 0).  (0, 2).  (1. 1),  (1, 3)>  mod  (3. 5). 

<(0.0), (0, 1). (0,0), (0, 1), (1.0).  (1, 1)>  mod  (-.5). 

18  jr-Z(17,3)u{-}. 

*<«,0,O,4,8.12>mod  17, 

<0,4a,4a+3,4a+7,4a+lO,4o+15>mod  17,  a  •  0, 1. 

21  jr-Z(3,2)XZ(7,3). 

'B  -  <(0. 0),  (0, 3),  (0, 1).(0, 4),  (1 . 2),  (1 . 5)>  mod  (3, 7), 

<(0, 0).  (0,0),  (0. 1 ).  (0. 4).  (1 , 0),  (1 . 3)>  mod  (3. 7). 

<(0, 1).  (0. 2),  (0,4),  (0, 5).  (1. 2).  (1, 5)>  mod  (3. 7), 

<(0, 0).  (0, 3),  (0, 0).  (0, 3).  (1 , 0),  (1, 3)>  mod  (-,  7). 

22  ;r-Z(2)XZ(11.2). 

T#  »  <(0,0),  (0,a),  (0.  a+  5),  (0,0),  (0.  o+l),  (0,  a+6)>  mod  (-,  11).  a  «  0, 1. 2, 3. 4, 

<(0. 0),  (0, 0),  (0, 2).  (0,4),  (0. 6).  (0, 8)>  mod  (2,11). 

24  jr-Z(23,5)u{-}. 

T9  »  <-.  0. 0, 10. 19, 20)  mod  23. 

<0,0,2,6,9,18)  mod  23, 

<0.0, 3,4,6, 14)  mod  23, 

<0.0. 8, 9, 16, 19)  mod  23. 
jr  -  Z(2)XZ(13. 2)  u  {(-)}. 

•B  ■  <(-),  (0, 0).  (0, 0),  (0, 0). (0,4),  (0, 8))  mod  (2, 13). 

<(0, 4a+I ),  (0, 4a-t-S),  (0, 0),  (0, 0),  (0,4),  (0,8))  mod  (2, 13),  a  •  0, 1 . 2. 

< (0, 0),  (0, 4),  (0, 8),  (0, 0),  (0, 4),  (0, 8))  mod  (-,  1 3). 
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Table  S.18  (cont.). 


u  £[6,S:t)| 


28  jr  -  z(4)  X  za.  3). 

TJ  -<(O',2a),(O',2a+3).(r,2a.+2).(r,2o+5),(2',9),(3',0)>mo<l  (4.7),  a  »  0,1, 2. 
<(0',  0),  (O'.  0).  (O'.  2).  (O'.  4),  (!'.  0).  (3',  0)>  mod  (4,-  7), 

<((»'.  0).  (fi‘,  2),  OJ",  4),  ((d +2)',  0).  ((5  +  2)'.  2),  ((5  +2)',  4))  mod  (-.  7),  5  -  0. 1 . 

30  Jr«Z(29,2)u{-}. 

•(-.0,0,7, 14.21)  mod  29. 

<0,4,o+l.«>  +  3.M+lS,>i+17>mod  29,  m  =  0,3,7,10. 

33  jr«Z(3,2)xZ(11.2). 

U  ■<(0,0),(0,l).(0.6).(O,a+3),(O.a+8).(1.0)>mod(3.11).  a-0,1, 

<(0. 1).  (0, 8),  (a.  2),  (o.  7).  (a+1, 0),  (a+1, 9))  mod  (3,11),  a  -  0. 1. 

<(0. 0),  (0, 0),  (0, 2).  (0, 5).  (0, 7).  (1. 0)>  mod  (3, 11), 

«0. 2).  (0. 3).  (0. 2).  (0, 3),  (1, 2),  (1, 3)>  mod  (-.  1 1). 

34  jr«Z(3.2)XZ(ll,2)u{(-)}. 

'B  •  <(-).  (0, 0).  (0. 2).  (0, 4),  (0, 0).  (1.0))  mod  (3, 1 1), 

<(0.0),  (0. 1).  (0. 2),  (0. 3),  (a,  0),  (a+l,6)>  mod  (3, 1 1).  a  -  0, 1, 

<(0.6),  (0. 7),  (0,9),  (a,  3).  (a,  8).  (a+1, 0)>  mod  (3. 11),  a  -  0. 1. 

<(0, 1).  (0. 5a+2),  (0, 1).  (0,  Sa+2).  (1, 1).  (1, 5a+2)>  mod  (-,  1 1),  a  «  0, 1. 

39  JT  =  Z(3, 2)  X  Z(1 1. 2)  u  {(-,•:  t  =  0. 1 . 5}. 

“B  •<(-o).(-i).(“j),(-s).  (-4),  (-$)>.  S  times, 

<(-a).  (0, 0).  (0. 0)J0, 4),  (a, 6),  (a+1, 7)>  mod  (3. 11),  a  «  0. 1. 

<(“a+2>.  W. 8)- (“•3).  (a+1. 4)>  mod  (3,11),  a  =  0, 1. 

U-a+«),  (0, 5),  (0. 2a+l),  (0, 2a+7),  (0. 0).  (1, 0)>  mod  (3. 1 1),  a  =  0. 1. 

<(0, 0),  (0. 0).  (0, 5),  (1. 0),  (1, 2),  (1, 7)>  mod  (3, 1 1), 

<(0. 0),  (0. 0).  (0, 0),  (0, 0),  (1,0),  (1, 0)>  mod  (-,  1 1). 

X  -  Z(3. 2)  X  Z(1 1 , 2)  U  {(-f):  /  =  0, 1 . 6}. 

'B  »  Blocks  of  B(6,  S;  7]  on  {(-/):  /  •  0, 1,  ...,  6}, 

<(-a,),  (0. 0),  (0. 0),  (0, 8),  (a,  1),  (a,  3))  mod  (3, 11),  a  •  0, 1, 

<(“a+J>.  2).  (0, 5),  (a+1, 7)>  mod  (3, 11),  a  =  0. 1, 

<(-a+4).  (®.  ^).  <9, 1),  (0, 9).  (a,  3),  (a+1, 6))  mod  (3,11),  a  =  0. 1. 

<(-6),  (0. 0),  (0. 1),  (0, 2),  (0, 0),  (1 , 0)>  mod  (3, 1 1 ). 

<(0. 0).  (0,  5o+4),  (0, 0),  (0, 5a+4),  (1, 0),  (1, 5a+4)>  mod  (-,  1 1),  a  =  0. 1. 

X  •  Z(2)  X  Z(19, 2)  U  {(-,):  /  •  0. 1 . 6}. 

'B  »  Blocks  of  B[6, 5;7i  on  {(»,):  i «  0, 1, ...,  6}, 

<(-a).  (0, 6a+5),  (0, 0),  (0, 0),  (0, 6),  (0, 12)>  mod  (2, 19).  a  =  0. 1. 2. 

<(-a+j).  (^-  J")-  (8-  3a+9),  (0, 2),  (0, 8).  (0, 14))  mod  (2, 19),  a  «  0, 1, 

<(-6).  (0. 0).  (0. 0).  (0, 0),  (0, 6),  (0, 12))  mod  (2, 19), 

<(0. 1).  (0, 7),  (0. 13),  (0, 2),  (0, 8),  (0, 14))  mod  (2. 19), 

<{0, 0),  (0, 6).  (0. 12),  (0, 0),  (0, 6),  (0, 12))  mod  (-.  19). 

52  A'-Z(43,3)U{-,;C0,1 . 8}. 

TJ  »  Blocks  of  B[6, 5;  9]  on  {«,•;  f  =  0, 1, ....  8}, 

<— a.0. 7a+l,7a+20, 7a+22, 7a+41)mod  43,  a  »  0, 1,2, 

<— jf+3,0, 7a+2, 7a+3,7a+23,7a+24)  mod  43,  a  •  0, 1,2, 
<-a+6.0,7a+4,7a+19,7a+25,7a+4O)mod43,  a  •0,1,2, 

<0,7,14,21.28, 35)mod43. 

57  Lemma  3.12,  8  S  T(7, 1)  and  {7,9}  C  B(6,5). 
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Table  S.18  (cont.). 


u  £(6,S;u| 


58  Jf  «  GF(49,**  «  X  +  4)  u  {»,•;  i »  0, 1 . 8}. 

TJ  ■  Blocks  of  B[6, 5;  9)  on  {»,•;  i «  0, 1, ....  8}, 

0. 8ci+2(J,  8a  -  6;j+17, 8a+2(J  +  24, 8a  -  60+41 )  mod  49.  o  »  0,1, 2, 

0-0. 1.2. 

<7+6.7+14,  T +22, 7+30,7+38,  T +46)  mod  49,  7  »  0, 1. 

64  Lemma3.12,9eT(7,l)and{7,10}cB(6.S). 

69  JT  -  Z(3. 2)  X  Z(19, 2)  u  {(-,):  <  *  0, 1 . 1 1}. 

'!>  »  Blocks  of  B|6, 5;  12  J  on  {(-,):  /  -  0. 1 . 1 1}, 

<(-a).(0.0).(0.2),(0.12),(o,5),(a+1.9))mod(3,19).  a  <=  0, 1. 

<(-a+j).  (0- 0)'  (0. 1).  (0. 8).  (“.5).  (a+1. 12)>  mod  (3. 19),  a  -  0, 1. 
<(-a+4).<0.0>>(0.O).(0,16).(o,6).(a+l,2)>mod  (3,19),  a«0,l, 

<(“a+4)*  (0- 0)>  (0. 8).  (0. 13),  (a,  7),  (o+l,  17)>  mod  (3, 19),  a  -  0. 1. 

<(-8).  (0, 3),  (0, 7),  (0. 14),  (0. 0),  (1. 0))  mod  (3. 19), 

<(-9).  (0, 5),  (0. 9),  (0, 1 1).  (0. 0),  (1,0))  mod  (3. 19), 

<(-10).  (0. 0).  (0. 5).  (0. 14),  (0, 8),  (0, 17)>  mod  (3. 19). 

<(-il ).  (0. 0).  (0, 7).  (0, 16).  (0. 1).  (0. 10)>  mod  (3. 19). 

<(0, 0),  (0,0),  (0. 9),  (1, 0).  (1.3),  (1, 12)>  mod  (3. 19). 

<(0. 3),  (0, 12),  (0, 3),  (0, 1 2),  (1, 3),  (1, 12))  mod  (-,  19). 

70  By  Theorem  3.1,  T[7, 1;  11]  exists;  delete  in  this  design  any  block  and  GD[{6,7},  1.10;70) 
is  obtained;  apply  Lemma  2.23  and  {7,10}  C  B(6, 5). 

75  By  Lemma  3.10  with  r  »  U,s  =  6,  t  » 1, 75  eB((6,7.9,12},l);further  {7,9,12}c  B(6,5). 

93  AT  =■  Z(7, 3)  X  Z(1 1, 2)  U  {(-,):  1  «  0, 1 . 15}. 

95  ■  Blocks  of  B[6, 5;  16)  on  {(«;):(■•  0, 1, ....  15}, 

<(~3a+d)*  <0-  0).  (2/3, 2o),  (2(}  +  2. 2a+8).  (2(3  +3, 2a+l),  (2(3 +5. 2a+9))  mod  (7, 11), 
a-0.1,2.3,4,  ^-O.l.A. 

<(«  IS ).  (0. 0),  (0, 2),  (0, 4),  (0, 6).  (0, 8))  mod  (7 , 1 1 ), 

<  (0, 0),  (0, 0),  (0, 2),  (0, 4),  (0, 6),  (0, 8))  mod  (7, 1 1), 

<(0. 0).  (1,0),  (2,0),  (3. 0),  (4, 0),  (5, 0))  mod  (7, 11). 

94  AT «  Z{5, 2)  X  Z(17, 3)  u  {(-,):  /  =  0. 1 . 8}. 

93  ■  Blocks  of  B(6,5;  9]  on  {(«,);  1  =  0, 1 . 8}, 

<(-a).(0.0).(O.‘»),(O,a+8),(2,a+4).(2,a+12))mod(5,17),  a  *0,1 . 7, 

<(-s).  (0. 0).  (0. 0).  (1,0),  (2, 0),  (3, 0))  mod  (5. 17), 

<(0,a+2),  (0,0+10),  (a,a+S),  (a, o+l 3),  (o+2,o),  (a+2,o+8)>  mod  (5,17), 
a  •  0. 1 . 7. 

99  Af»Z(3,2)xZ(3,2)XZ(ll,2). 

93  »BlocksofB(6,5;9ionZ(3)XZ(3)x{f},  ieZ(ll), 

<(0, 0, 2a),  (0, 0,  2a+l),  (0, 0. 2a+2),  (0, 0, 2a+3),  (0, 0, 2a+5),  (0, 1, 2o+7)> 
mod(3,3,ll).  0*0,1, 2,3,4, 

<(0. 0, 2a),  (0. 0, 2a+5),  (0, 0, 2a+l).  (0, 0, 2a+6),  (1, 0, 2a+4).  (1, 1. 2o+9)) 
mod  (3,3, 11),  a -0,1, 2, 3, 4, 

<(O,0,2a),(O,O,2a+l),(O.l,2a  +  2),(l,0,2o+4),(l,O,2a+5).(l,l,2a+3)> 
mod(3,3.11),  0-0,1. 2,3, 4. 

100  Lemma  3.12, 11  e  T(9. 1)  and  (9, 12}  C  B(6, 5). 
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Table  5.19. 


u  5(6,  IS;  v) 


8  Lemma  4.5  and  8  €  5(2, 1)  trivially. 

14  Lemma  4.6, 13  S  5(5, 5)  by  Lemma  5.21  and  13  S  5(6, 5)  by  Lemma  5.33. 

20  2r-Z(19,2)u{-}. 

'fl  -  Blocks  of  5(6, 5;  191  onZ(19),  2  times, 

<“,J,6o,6a+l,6o+lO,6o+14)  mod  19,  o  =  0, 1,2, 

<0,3,6, 9, 12, 15)  mod  19. 

32  Lemma  4.6,  31  e5(5,2)  by  Lemma  5.20  and  31  e  5(6, 1)  as  in  Table  5.14. 

35  Jr  =  Z(5.2)XZ(7,3). 

•  <(0, 0),  (0, 2),  (0, 4),  (a,  0),  (a+1, 0),  (a+2, 0))  mod  (5,  7),  a  -  0, 1, 2,  3. 

<(0, 0),  (0, 2),  (0, 4),  (a,  1),  (a,  3),  (a,  5)>  mod  (5,7),  a  •  0, 1 . 2, 3, 

<(0.0),  (0, 20),  (0. 2d+l),  (1. 20  +4),  (2, 2(3+1),  (3. 20+4))  mod  (5, 7).  3  times, 

d-0.1.2. 

38  A’»Z(37,2)u{-}. 

TJ  «  Blocks  of  5(6, 5;  37)  on  Z(37),  2  times, 

<••,  0,6a,6a+2, 6a+4,6a+6>  mod  37,  a  =  0, 1, 2, 
<2a+l,2a+7,2a+13,2a+19,2o+25.2n+3l>mod  37,  a'0,1,2, 

<4.10,16, 22, 28, 34)  mod  37. 


Lemma  5.34.  For  every  integer  v>  6,  v€  B{6,  15)  holds. 

Proof.  By  Lemma  5.29,  ue  1)  and  it  suffices  to  show  that 
V e  B(6, 15)  for  every  vs  K^.  For  u  =  0  or  1  (mod  3)  this  follows  from 
Lemma  5.33  and  for  u=  1  (mod  5)  this  follows  from  Lemma  5.32.  If  u 
is  a  power  of  an  odd  prime,  u  €  5(6,  15)  follows  from  Lemma  4.4.  For 
other  values  of  v  the  proof  is  given  in  Table  5. 19. 

Lemma  5.35.  then  21  €  5(6,  \)  holds. 

Proof.  For  X  =  3,  21  e  5(6, 3)  follows  from  Lemma  5.32;  for  X  =  5, 

21  €  5(6,  5)  follows  from  Lemma  5.33.  For  X  =  4  we  prove  21  €  5(6,4). 
jr  =  GF(4,x2  =  x  +  l)X  GF(4,;c2  =:c  +  l)u{(«p:  /  =  0,  1,2, 3,4}. 

03  =  Blocks  of5[6,2;  16]  on  GF(4)  X  GF(4), 

<(~a ).  (“a +(3+i)>  0),  (0,  a),  ( 1 , 0!  + 1 ),  (2,  a  +  2))  mod  (-,  4), 

a  =  0,1,2,  /3=0,1, 

<(~3 ).  (*4/3).  (0. 0).  (0, 0).  ( 1 , 0),  (2, 0))  mod  (-,4),  j3  =  0, 1 , 

<(“4).  («’(3).  (0. 0),  (0. 0),  (0,  1 ),  (0,  2)>  mod  (4,  -),  ^  =  0,  1 . 

For  other  values  of  X  >  3  apply  Lemma  2.4. 
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Theorem  SA.Let  X  >  1  and  v>  6  be  integers.  A  necessary  and  sufficient 
condition  for  the  existence  of  a  BIBD  B[6,  X;  u]  with  X  >  1  /s  that  the 
design  is  not  5[6, 2;  21  ]  and  that 

X(u  - 1 )  =  0  (mod  5)  and  Xu(u  -1)^0  (mod  30). 


Proof.  The  necessity  follows  from  Theorem  1.1.  To  prove  sufficiency 
note  that  X  determines  the  values  of  v  for  which  the  condition  of  the 
theorem  is  satisfied.  By  Lemma  2.3,  it  suffices  to  consider  only  those 
values  of  X  which  are  factors  of  30  and  in  our  case  -  because  *  =  6  is 
even  —  only  factors  of  1 5  and  X  =  2  and  we  obtain 
for  X  =  2,  us  1  or  6  (mod  1 5), 
for  X  =  3,  US  I  (mod  5), 
for  X  =  5,  u  s  0  or  1  (mod  3), 
for  X  =  1 5,  every  u. 

In  all  these  cases  -  with  exception  of  X  =  2,  u  =  21  -  the  existence 
of  the  relevant  BIBD’s  is  proved  in  Lemmas  5.31,  5.32,  5.33  and  5.34, 
respectively.  Considering  Lemma  5.35  the  theorem  is  proved  completely. 

It  has  been  proved  by  Connor  and  Hall.(9,15]  that  the  exceptional 
BIBD  B[6, 2;  21  ]  does  not  exist,  see  Lemma  1.3. 

5.5.  BIBD’s  with  block-size  7 

Only  partial  results  are  given  here,  namely  necessary  and  sufficient 
conditions  are  obtained  for  BIBD’s  with  k  =  l  and  X  =  6, 7  and  42.  How¬ 
ever,  whenever  available,  constructions  of  BIBD’s  with  smaller  values 
of  X  are  performed. 

Lemma  5.36.  For  every  positive  integer  u,  uG  GD({7, 8, 9},  1, 7(49)) 
holds. 

Proof.  Apply  Lemma  3.13  with  t  =  2,s-  7,  but  for  49  <  u  <  56  with 
t  ®  1,  s  =  7,  r  =  7.  Qieck  with  the  help  of  Theorem  3.1.  For  «  >  630, 
u  €  GD({7,  8},  1, 7(90))  follows  by  Lemma  3.9  and  Theorem  3.7  and 
needs  no  checking. 
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Lemma  5.37.  For  every  integer  i>  l,v^  holds,  where 

Kj  =  {7, 8 . 48,51,52,53,54,55,59,60,61,62}. 

Proof.  Apply  Lemma  3. 13  with  D  =  {2, 3, 4, 5, 6}  and  other  parameters 
as  follows;  for  49  <  u  <  50,  t  =  1 , 5  =  7,  r  =  7 ;  for  56  <  u  <  58,  /  =  2, 

3  =  7,  r  =  8;  for  63  <  u  <  66,  r  =  3,  5  =  7,  r  =  9;  for  70  <  u  <  74,  t  =  3, 

5  =  7,  r  =  9;  for  77  <  u  <  78,  t  =  1 , 5  =  7,  r  =  1 1 ;  for  79  <  u  <  82,  t  =  2, 

5  =  8,r=  9;for  84<  i;<  90, /  =  3,  j  =  7.r  =  9;for91  <  i;<  121,  r  =  4, 

s  =  7,r-  11;  for  v>  \22  the  checking  may  be  done  easily  with  param¬ 

eters  r  =  3  and  s  =  have  shown  that  for  the  mentioned  values  of 
u.  u  e  GD({7, 8, 9,  10,  11},  \  ,  K^),  and  by  Lemma  3.9,  u  €  fit 1).  It 
remains  to  prove  the  lemma  for  v  e  {67, 68, 69,  75,  76, 83}. 

If  u  €  {67,  68, 69},  consider  a  transversal  design  T[9,  1 ;  8]  and  delete 
1  point  from  each  of  5,  4  or  3  groups  respectively,  in  sucii  a  way  that 
no  3  of  the  deleted  points  be  in  a  block.  This  is  possible  according  to 
the  proof  of  Lemma  3.18  and  we  obtain  v  e  fi({7, 8, 9},  1).  For 
uS  {75, 76}  delete  2  points  from  each  of  3  groups  in  T[9,  1 ;  9]  and 
regarding  u  =  83  consider  in  T[9, 1 ;  11)  any  two  intersecting  blocks, 
and  delete  all  their  points  with  the  exception  of  their  intersection; 
clearly  83efi({7,8, 9, 11},  1). 

Lemma  5.38.  If  v  =  \  (mod  6),  then  u  €  fi(7,  7)  holds. 

Proof.  Let  v  =  6u  + 1,  where  u  is  a  positive  integer.  By  Lemma  5.36, 
u  €  GD({7,  8, 9},  1, 7(49)).  By  Lemmas  2.26,  4.24  and  4.25,  it  suffices 
to  show  that  0  =  6/2  +  16  fi(7,  7)  for  every  n  €  7(49).  For  /2  =  1  the 
lemma  is  trivial,  if  u  is  a  power  of  an  odd  prime,  then  o  6  fi(7,  7)  by 
Lemma  4.2.  For  other  values  of  o  see  Table  5.20. 

Table  5.20. 

M  u  fl(7,7;u) 

9  SS  Lemmas  4.25  and  2.1 1. 

14  85  Lemma  3.23  (/■«  12)  and  13  £  fi(7, 7)  by  Lemma  4.2. 

15  91  Weprove91eGD(7.1,7).  (24).  2r-Z(7,3)xZ(13.2). 

^  -  <(0, 0).  (0,  3a),  (0. 3o+6),  (2. 3a+4),  (2, 3a+10),  (4,  3a+2),  (4,  3a+8)> 
mod  (7, 13),  a  =  0,1. 


/Co*A079  521  OHIO  STATE  UNIV  RESEARCH  FOUNDATION  COLUMBUS  F/6  12/1 

COMBINATORIAL  PROBLEMS  OF  APPLIED  DISCRETE  MATHEMATICS. (U) 

DEC  79  D  K  RAY-CHAUDHURI  N0001%-67-A-0232-0nl6 

(iNCLASSiFlED  0SURF-760075/7B3430  NL 
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Table  J.20  (cont.). 


M  u  fl(7,7;ol 


19  115  Weprove  114  eGD(7, 7,6).  3r- (2(5,2)  u{«})x  2(19, 2). 

?  »  Blocks  of  B(7,7:19|  on{«}x  2(19). 

<(-;0).(0;3a),(0;3a+2),(0;3a-f4),  (0;3o+-10),  (l;3a+5),  (2;3o+12)> 
mod  (5;  19),  a  *0,1 . 5, 

<(“:0).(0;«,(0;/}+9),  (t:^+3),  (7:d+12),(7+2;/J+6),(T+2;d+15)> 
mod  (5;  19),  2  times,  d»0,l,2,  y»0,l. 

<(-;9i.(0;36+l),(0;3/3+lO),(l;3(J+5),(l;3(J<-14),(3;3(3),(3;3d+9)> 
mod  (5: 19),  0,1,2. 

22  133  Lemma3.11,19eT(7,l)and  19eB(7,7). 

24  145  A'-/(3)X/(6)X/(8)u{-}. 

TJ  •  Blocksof  B{7.7;191  on/(3)X/{6)X  ie/(8). 

Blocks  of  T[7,7:3)  (exists  by  Theorem  3.11)  on  7(3)  X  fl  for  every  block  B 
of  GD(7, 1,6;48I  (exists  by  Lemma  4.24)on/(6)  X  7(8). 

29  175  Lemma3.11,25eT(7,l)and25eB(7,7). 

31  187  Weprove  186eGD(7,7,6).2»(2(S,2)u{«})x2(31,3). 

9  »  Blocks  of  5(7,7;  31]  on  {»}  X  2(31). 

<(-;0),(0;oi),  (0;a+15),  (iJ:a+5),  (^:o+20),  (^ +2;a+10),  (d  +  2;  o+25)) 
mod(5;31),  2  times,  a»0,l,2,3,4,  d*0,l, 

<(-:0).(0;3a+lO).(0;3a+25),(l;3o+5).(l;3o+2O),(3;3ot),(3;3a+l5)> 
mod  (5;  31),  a  *0,1, 2, 3, 4, 

<(-:0),(0;37),(0;37+lO),(0;37  +  2O),(O;37  +  25),(l:37+5),  (2;  37+15)) 

mod(5;31),  7*0,1 . 9. 

34  205  2*2(6)x2(31,3)u{{-j):i*0,l . 18}, 

OJ  ■*  Blocks  of  B(7, 7;  19)  on  {(-y):  /  *  0, 1, ...,  18), 

<(-tt).  (O',  a),  (O',  0+15),  (!’,  0+5),  (1',  o+20).  (3'.o+10).  (3',o+25)) 
mod  (6,31),  0*0,1 . 14, 

<(-»).  (O',  o),  (1',  0+5),  (2',  o+lO),  (3',  0+15),  (4',  o+20),  (S',  a+25)> 
mod  (-,31),  o  *  0, 1, ...,  14, 

70+7+20),  (2',  70  +  7  +  25),  (3',  70+7). 

(4',70  +  7+5),(5',70  +  7+10)>mod  (-,31),  O'O.l,  7*0,1, ,..,6, 
<(-i,).  (O',  29),  (l',4),  (2',  9),  (3',  14),  (4',  19).  (S'.  24)>  mod  (-,  3 1). 

<(-i7).  (O'.  0).  (O'.  3).  (O'.  10),  (O',  13),  (O', 20),(0',.23))  mod  (6, 31). 

< (-  w).  (O'.  0).  (1 '.  0).  (2'.  0).  (3'. 0),  (4', 0),  (S'. 0)>  mod  (-,  3 1 ),  7  times, 

((O',  2o),  (O'.  2o+10),(0',  2o+20).  (!',  2o+21),  (2'.  2o+2),  (4'.  2o+l  1), 

(5'.2o+l)>mod(6,31),  o-0,l . 14. 

36  217  Lemma3.11, 31eT(7,l)and31eB(7,7). 

39  235  2-2(7,3)x2(31.3)u  {(-,):  7*0.1 . 17}. 

*  Blocks  of  B[7, 1;49)  on  {/}  x  2(31)  u  {(«,);  7  *  0, 1 . 17},/e2(7) 

< (-«).  (0. 0).  (0. 3).  (0, 1 0),  (0, 1 3),  (0. 20).  (0, 23) >  mod  (7 , 3 1 ).  o  *  0, 1 . 5, 

Form  a  resolvable  transversal  design  RT(7, 1;31  j  on  2(31)  x  2(7),  adjoin  each 

of  the  points  (••*+*),  o  »  0, 1 . 1 1,  to  all  blocks  of  a  parallel  class  of  blocks: 

so  ate  obtained  blocks  of  size  8:  by  Lemma  4.1 , 8  e  5(7, 6);  further  take  once 
the  blocks  of  these  parallel  classes  without  the  adjoint  point  (“a+j).  Blocks  of 
other  parallel  classes  take  7  times  each. 

41  247  By  Lemma4.1,41e5(8,7);apply  Lemmas2.16,4.24and2.11. 

42  253  Lemma  3.23  (r  *  36)  and  37  €5(7, 7)  by  Lemma  4.2. 

43  259  Lemma  3.22  (r  *  37). 
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Table  3.20  (cont.). 


It  V 


44  265  Jf  -  7(6)  X  Z(37, 2)  u  {(-,):/ -0.1 . 42}. 

TS  -  Blocks  of  B(7.7;43|  on  {(-,):  i  -  0. 1 . 42}. 

(2'.a+12).  (3'.a+18).(4'.a+24).(5'.o+30)> 
mod  (-.37).  7  times,  a  •  0. 1.....  35. 

<(-^).  (0‘.«.  (0’.fl+2).  (0.^ +12).(0'.  ^ +14).  (O',  +24).  (O'.  d  +  26)> 
mod  (6. 37).  d-0. 1.....6. 

<(-fl).  (O'.  0).  (!'.  0).  (2'.  0).  (3'.  0).  (4'.  0).  (S'.  0)>  mod  (-.  37).  8-0,1 . 6. 

<(0.0). (0'.4). (O'. 7).(0'.  16). (O'.  19).  (O'. 28).  (O'. 31)>  mod  (6. 37). 


Lemma  5,39.  Ifv=0orl  (mod  7).  then  v  e  fi(7, 6)  holds. 


Proof.  Let  v  =  7u  +  €,  where  u  is  a  positive  integer  and  e  =  0  or  1 .  By 
Lemma  5.36,  u  €  GD({7, 8, 9}.  1 , 7(49)).  By  Lemmas  2.25,  2.26,  4.27 
and  4.28,  it  suffices  to  show  that  u  =  7ji  +  e  e  B(7, 6)  for  every 
li  e  7(49).  For  u  =  7  the  lemma  is  trivial,  {8, 64}  c  B(7, 6)  by  Lemma 
4. 1 ,  {29, 43, 7 1 , 1 1 3, 1 27, 1 69, 1 97, 2 1 1 , 239, 28 1 , 337}  C  B(7, 3)  by 
Lemma  4.3,  {63, 77, 1 19, 133, 161, 175, 189, 203, 217, 259, 287, 301, 329} 
C  5(7,3)  by  Lemmas  4.26  and  2.10,  {50, 78,92, 120, 134, 162, 176, 190, 
204, 218, 260, 288, 302, 330}  c  5(7, 6)  by  Lemmas  4.26  and  2. 14,  con¬ 
sidering  8  e  5(7, 6).  For  other  values  of  v  see  Table  5.21 . 


Table  5.21. 


u  B(7,6;v| 


14  jr'-7(13,2)u{-}. 

T5  -(••,0,2,4,6,8,10>mod  13, 

<0,O,2,4,6,8,lO>mod  13. 

15  15eB(7,3).  (121.2r-Z(3,2)xZ(5,2). 

“B  -  <(0, 0).  (0, 0),  (0, 0).  (0, 2).  (1, 0).  (1. 1).  (1, 3)>  mod  (3, 5). 

21  21  e  BO,  3).  1 12) .  Z  •  Z(3, 2)  X  Z(7, 3). 

B  -  <(0. 0).  (0. 2),  (0. 4),  (0,  a),  (0,  a+3).  (l.a  +1),  (1  .a+4)>  mod  (-.  7).  a  -  0. 1. 2, 
<(0. 0).  (0. 1),  (0, 3).  (0. 5).  (1 , 1 ),  (1. 3),  (1 , 5)>  mod  (-.  7), 

<(fi,  0).  (e,  0).  (fi,  1),  (8, 2),  (8, 3).  (8,4),  (8, 5)>.  (J  •  0. 1. 
Z'-Z(3,2)xZ(7.3)u{(-)}. 

-  <(-). (0.0).  (0. 3).  (0. 1),  (0. 4),  (1. 2).  (1. 5))  mod  (3, 7). 

<(0, 0),  (0, 0),  (0. 2).  (0, 4),  (1. 0).  (1, 2),  (1.4))  mod  (3, 7).  2  times, 

<(0. 0),  (0. 0).  (0, 1),  (0. 2).  (0, 3).  (0, 4).  (0. 5)>  mod  (3,  -). 
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Table  5.21  (cont.). 

V  ^(7,6;  u| 

28  28efi(7.2).  [121.FonnB[9,2;37J  withJr-Z(37,2),and 

'D  ■  (0, 4, 8, 12, 16, 20, 24, 28, 32>  mod  37,  and  delete  any  one  block  and  all  its  points. 

35  2f-(Z(4)tj{-})X  7(7,3). 

TJ  •<(«,0).(-,O),(«,l),(-,2),{-,3),{-,4),(-,5)).  2  times, 

((-, 2ai),(-,  2a-t-3),  (O',0),  (O',  la), (O',  2a+3),  (!', 0),  (2',  0)>  mod  (4, 7),  o  •  0, 1, 
((-.  1). (-.4), (O', 0),  (O',  1),  (O', 4), (!', 0),  (3',0)>  mod  (4, 7), 

<(-,  0).  (O',  2o+2),  (O',  2a+5),  (1',  2o),  d',  2a+3),  (2',  2a+l),  (2',  2a+4)>  mod  (4, 7), 
a  “0,1, 

<(0', 0),  (O',  3),  (1',  1),  (!', 4),  (2',  2),  (2', 5),  (3',  0))  mod  (4, 7). 

36  jr-2(5,2)xZ(7,3)u{(-)}. 

•  «-).  (0. 2),  (0,5), (0, 1), (0, 4), (1. 0),  (1, 3))  mod  (5,7), 

<(0, 2o),  (0, 2a+3),  (0, 2a+  2),  (0, 2a+5),  (1, 0),  (3, 2a+l),  (3, 2a+4)>  mod  (5, 7), 
a -0,1, 

<(0,O),(0,2),(0,4),(O,0),(l,0),(2,0),(3,0)>mod  (5,7),  2  times, 

<  (0, 0),  (0, 0),  (0, 1),  (0, 2),  (0, 3),  (0, 4),  (0, 5)>  mod  (5,  -). 

42  Z'-(Z(5,2)u{-})XZ(7,3). 

TJ  -  <(«,  0),  (-,  0),  (-,1),  (-,  2),  (-,  3),  (-,4),  (-,  5)>, 

<(-, a).  (-. a+ 3),  (0, 0),  (0,  a+ 2),  (0, a+5),  (2, a),  (2, a+3))  mod  (5, 7),  a  =  0, 1 , 2, 
<(-,0),(0, 2),  (0, 5), (U,  1),  (0, 4),  (0  +2, 0),  (0  +2, 3)>  mod  (5,7),  /}  •  0, 1, 

<(0, 0),  (0, 2),  (0, 4),  (0, 0),  (1,0),  (2, 0),  (3, 0)>  mod  (5, 7),  2  times. 

49  -49  6  5(7,1)  by  Theorem  2.2. 

56  Lemma  3.11,  8  ST(7,1)  and  8  65(7,6) 

57  57  6  5(7,3).  2f  =  Z(3, 2)  XZ(19, 2). 

Tl  » <(0, 0),  (0, 2a),  (0, 2a+6),  (0, 2a+12),  (1, 2a+2),  (1, 2a+8),  (1, 2a+14)>  mod  (3, 19), 
a  -  0, 1, 

<(0, 0).  (0,0),  (0, 6),  (0, 12),  (1,0),  (1,6),  (1, 12)>  mod  (3, 19), 

<(0,0),  (0,4),  (0, 10),  (0, 16),  (1, 1),  (1, 7),(1, 13))  mod  (3. 19). 

70  AT »  Z(2)  X  Z(31, 3)  u  {(-,):  / »  0, 1 . 7}. 

'  U  -Blocks of 5(7, 6: 8)  on {(-,):/ -0,1 . 7}, 

<(-a),  (0, 0),  (0, 0),  (0, 5a),  (0, 5a+4),  (0, 5a+15),  (0, 5a+19)>  mod  (2, 31), 
a-0,1,2, 

<(-a+3)'  5a+13),  (0, 5a+28),  (0, 5a),  (0, 5a+3),  (0, 5a+15),  (0,6a+18)> 

mod  (2,31),  a-0,1,2, 

<(-^*).  (0. 0),  (0, 10),  (0, 20),  (0, 9),  (0, 19),  (0, 29)>  mod  (2, 31),  d  -  0, 1, 
<(0,0),(0,5a+2),(0,5a+17),(O,5a+4),(O,5a+7),(O,5a+19),(O,5a+22)> 
mod  (2,31),  a-0,1,2. 

84  We  prove  84  6  GD(7, 6, 7).  X  *  Z(7, 3)  X  Z(1 1 , 2)  u  {(-,):  /  -  0, 1 . 6}. 

?-<(-a)'(0:“-^2),(0;a+7),(2;a+l),(2;a+6),(4;a+3),(4;a+8))mod(7;ll), 
a-0,1,2, 3, 

<(-d+4)•(O:0).(l;5^+2).(2:5d),(3;5d-^8).(4:5d+4),(5:5d•^6)mod(7;ll), 
d-0, 1, 

<(-*), (0: 0), (0; 5),  (2; 2), (2: 7), (4;  l), (4; 6))  mod  (7;  1 1), 
<(0:0).(O:a+l),(O:a+6),(2:a+3),(2;a+8),(4;a+2),(4;a+7))mod  (7;  11), 
a -0,1, 2, 3, 

<(0;0),  (0: 1),  (0:6),  (2; 0), (2; 5),  (4; 2),  (4;  7))  mod  (7;  1 1). 

85.  Lemma  2.14,  8  6  5(7 , 6)  and  84  6  GD(7, 6, 7)  as  above. 

91  91  65(7,1),  see  Table  5.20. 
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Table  5.21  (cont.). 


98 

99 

105 

106 
112 


126 


140 


141 

147 

148 

154 

155 
168 


182 

183 

196 

210 

224 

225 

231 

232 


A(7.6:ul 


Lemma  2.16, 14  e  A(7,6)  and  Lemma  4.27. 

99  eB{l,  3).  Lemma  3.23  (r  •  14)  and  15  ef(7, 3)  as  above. 

105  €  GD(7, 3, 7)  by  Lemma  2.16, 15  €  Bd,  3)  and  Lemma  4.27. 

Umma  2.14, 8  e  B(7,6)  and  105  €  CD(7, 3, 7)  as  above. 

We  prove  112eGD(7,2,7).  JT- Z(7, 3)  X  GF(16,  Jt<  ■*  +  1). 

?  (0:30), {0;3o+3), (2:30+5), (2; 3o+8),(4:3a+10), (4;3<»+13)>  mod  (7;16), 

a  ■0,1,2, 3,4. 

We  prove  126  6  GD(7, 6, 7),  X ■  Z(7, 3)  X  Z(17, 3)  U  {(-/);  1  ■  0, 1 . 6}. 

»■<(-«). (0:<»),(0;a+8),(2;a+3),(2:a+ll),(4;o+4),(4;a+12)) mod  (7:17), 
a-0,1,2,3, 

<(-fl+4).(0;83+l), (1:83+3),  (2;  86+2),  (3:86 +6),  (4:86+4),  (5;8d+5)> 
mod  (7: 17),  6- 0,1, 

<(-6).  (0: 7),  (0: 15),  (2: 5),  (2: 13),  (4: 3),  (4: 1 1)>  mod  (7: 17), 

<(«;0).  (0:7),  (0:t+8',  (2:7+6),  (2:y+14),  (4:7+4),  (4:7+12))  mod  (7:17), 

7  “0,1 . 6, 

<(0:0).(O:o+4),(O:o+12),(2:o+7),(2:a+15),(4:o),(4:a+8)>mod  (7:17), 
a  *0, 1,2,3. 

We  prove  140  e  GD(7,6, 7).  X  -  Z(7, 3)  X  Z(19, 2)  U  {(-,);  I  ■  0, 1 . 6}. 

»  ”  <(-(,), (0:a+6), (0:0+15), (2:(»+l),,(2:a+10),(4:o+3),(4:a+12))  mod  (7:19), 

a  ■  0, 1, 2, 

<(“fl+3). (0:6). (0:6+9). (2:6+3), (2:6+12), (4:6+8),  (4:6+17))  mod  (7:19), 
6"0,1, 

<(-6+5).  (1:96  +  8),  (2:96  +  7),  (3:96+11),  (4:96  +9),  (5:96+10)) 

mod  (7: 19),  6*0,1, 

<(0;0).  (0;  7+2),  (0: 7 +1 1),  (2;  7 +5),  (2;  7  +14),  (4: 7 +1),  (4: 7  +10))  mod  (7: 19), 
7  “0,1,. ...6, 

<(0:0).  (0: «), (0:  «+9),  (2:  «+4),  (2:  «+i3),  (4:  «+6), (4: 6+15))  mod  (7: 19), 

*■0, 1 . 5. 

141  e  5(7, 3).  Lemma  3.23  and  21  e  5(7, 3)  as  above. 

147  eGD(7,3,7)  by  Umma  2.16,  21  €5(7, 3)  and  Lemma  4.27. 

Umma  2. 14,  8  €  5(7, 6)  and  147  e  GO(7, 3, 7)  as  above. 

154  eGD(7,6,7)  by  Lemma  2.16,  22  €5(7,6)  and  Lemma  4.27. 

Lemma  2.14,  8  €  5(7, 6)  and  154  e  GD(7, 6, 7)  as  above. 

jr-/(8)x/(21). 

T6  -  Blocks  of  517,6;  8]  on  7(8)  X  {1},  i  €  7(21), 

Form  5(7, 3:  21]  on  7(21)  and  for  every  block  5  of  this  design  take  2  times  the  blocks 

ofTI7,l:81on7(8)x5. 

Umma  2.25  (with  m  ■  2),  91  €  GD(7, 1, 7)  as  in  Table  5.20, 14  €  5(7, 6)  as  above  and 

14  €  GD(7, 3, 2)  by  Umma  4.29. 

183  €  5(7, 3)  by  Lemma  2.26  (with  m  «  2),  91  €  GD(7, 1, 7)  as  in  Table  5.20, 

15  €  5(7, 3)  as  above  and  14  €  GD(7, 3, 2)  by  Umma  4.29. 

196  €  5(7, 2)  by  Umma  2.16,  28  €  5(7, 2)  as  above,  and  Lemma  4.27. 


Umma  3.9, s  ■  7,  r  ■  l,r  ■  29, r|  *0-203;  ri  has  the  values  7,21,22,28,29; 
further  {7, 8, 29, 21, 22, 28}  C  5(7,6). 
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Table  5.21  (cont.). 

w  5(7,6:  ul 

238  X  -  Z(7. 3)  X  Z(3 1 . 3)  u  {(-,):  /  •  0, 1 . 20}. 

TS  -Block* of 5(7, 6; 21  (on {(»,):/ -0.1 . 20}, 

0).  (9, 3),  (9, 10),  (9. 13),  (9, 20),  (0, 23)>  mod  (7. 3 1 ),  a  -  0, 1 . 5, 

Fonn  RT(7, 1;  31]  on  Z(31)  x  Z(7);  for  fl  -  0, 1, ...,  14  adjoin  the  point  (“^+4) 
to  all  blocks  of  a  distinct  parallel  class  of  blocks  and  form  5(7,6;  8)  on  each  so 
enlarged  block;  the  blocks  of  other  parallel  classes  of  blocks  take  6  times  each. 

243  245eGD(7,6,7)by  Lemma2.16,35e5(7,6)and  Lemma4.27. 

246  Lemma  2. 14,  8  e  5(7, 6)  and  245  e  GD(7, 6, 7)  as  above. 

252  252eGD(7,6,7)by  Lemma  2.16,  36  E 5(7, 6)  and  Lemma  4.27. 

253  Lemma  2.14,  8  £5(7,6)  and  252  eGD(7,6,7)  as  above. 

266  Weptove  266€GD(7,6,7).  Z  »  Z(7, 3)  X  Z(37, 2)  U  {(-/):  1  -  0, 1 . 6}. 

^  ■  <(“a)«  W:  2a+12),  (0;  2a+30),  (2;  2a+15),  (2;  2o+33),  (4;  2a+16),  (4;  2o+34)> 
mod  (7:37),  a -0,1, 2, 

<(-^+3).(0:26).(0:2d+18),(2:2d+3),(2:2d+21),(4;2d+6),(4:2d+24)> 
mod  (7;  37),  d-0,1, 

<(“g+5)-<0: 18d+4).  (1;  18d+8),  (2;  18(J6),  (3: 18d+14),  (4;  18d+10),  (5;  18^+12)) 
mod  (7, 37),  d-0,1, 

<(•;  0).  (0;  27+1),  (0;  27+19),  (2: 27  +4),  (2;  27  +22),  (4;  27  +20+5),  (4;  27 +20 + 23)> 

mod  (7, 37),  0-0,1,  7-0,1 8. 

<(0;0).  (0;  2« +4),  (0;  26+22),  (2:26+7),  (2;  26+  25),  (4;  26+10),  (4;  26+28)> 
mod(7;37),  6-0,1 . 6, 

<(0:0), (0;2n),(0:2n+18),(2:2Ti+3),(2;2Ti+21),(4;2ji+4),(4;2fj+22)>  mod  (7:37), 
n-0,l,„.,5. 

267  Lemma2.14, 8£5(7,6)and266€GD(7,6,7)asabove. 

273  X  -  Z(7, 3)  X  Z(37, 2)  U  {(-,):  i  -  0, 1 . 13}. 

16  -  Blocks  of  5(7,6;  141  on  {(-,):  f  -  0, 1, ...,  13}, 

<(0,0).(O,0),(l,0),(2.0).(3,0),(4,0),(5,0)>mod(-,37),  6  times. 

The  family  of  blocks  as  below. 

e<  -  <(-a).  (0. 2a),  (0, 2a+18),  (2, 2a+3),  (2, 2a+21),  (4, 2a+4),  (4, 2a+22)>  mod  (7, 37), 
a  —  0, 1, ...,  5, 

«-j0+7+6).  (0. 60*2y  +6),  (0, 60 +27  +  24),  (2, 60  +27  +9),  (2, 60  +  27+27), 

(4,60  +  27+12),(4,60  +  27  +  3O)>mod(7,37),  0-0,1,  7-6.1. 

<(-j0+7+jo),(0. 180 +67 +10),  (1, 180+67+14),  (2, 180+67+12),  (3, 180+67+2O), 
(4,180  +67+16),(5,180  +67+18)>mod(7,37),  0-0,1,  7-0,1, 

<(0.0),  (0,26+1),  (0,26+19),  (2, 26+4),  (2, 26+  22),  (4, 26+  20  +  5),  (4, 26+  20  +  23)) 

mod(7,37),  0-0,1,  6-0,1 . 8, 

<(0, 0),  (0. 2i}+12),  (0, 2»i+30),  (2, 2ij+15),  (2, 2n+33).  (4,  2j)+16),  (4, 2n+34)> 
mod  (7. 37),  ij- 0,1.2, 

<(0. 0),  (0.  2m).  (0,  2m+18),  (2.  2m+3).  (2,  2m+21),  (4.  2m+6),  (4,  2m+24)> 
mod  (7. 37).  m- 0,1, 2, 5, 8. 

274  X  -  Z(7. 3)  X  Z(37, 2)  U  {(-,):  /  -  0. 1 14}. 

ns  -Blocks 0(5(7,6:151  on {(-,):(- 0.1....,  14}, 

Blocks  of  5(7, 6;  8]  onZ(7)X  {/}u{(-,4)}.  /£Z(37). 

The  family  et  of  blocks  as  above. 

Z-/(8)X/(35). 

‘B  -  Blocks  of  5(7,6;  81  on /(8)X{(},  (e/(35). 

Form  5(7,6:351  on  /(35)  and  for  every  block  5  of  this  design  take  the  blocks  of 
T(7.1:81  on/(8)x5 
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Table  S.21  (cont.)- 


u  S(7,6;u| 


294 

295 

308 

309 

315 

316 

322 

323 
336 


294eGD(7,6,7)by  Lemma  2.16, 42  €  £(7,6)  and  Lemma  4.27. 
Lemma  2.14,  8  €  £(7,6)  and  294  €  CD(7, 6, 7)  as  above. 


Lemma  3.9,*"  7,  f  ■  !,/•  "43,  *1 "  v  -  301;/'|  has  the  values  7,8, 14, 15,21,22,35; 
further  {7, 8, 43, 14, 15, 21, 22, 35}  C  £(7, 6). 


Lemma  5.40.  For  every  integer  u  >  7,  o  e  B(7, 42)  holds. 

Proof.  By  Lemma  5.37,  it  is  sufficient  to  show  that  v  €  5(7, 42)  for  every 
0  6  K-j.  If  u  s  1  (mod  6),  v  e  5(7, 42)  follows  from  Lemma  5.38;  if 
u  s  0  or  1  (mod  7),  v  €  5(7, 42)  follows  from  Lemma  5.39,  and  if  y  is  a 
prime-power  this  follows  from  Lemma  4. 1 .  For  other  values  of  v  s  K-j, 

V  €  5(7, 42)  is  proved  in  Table  5.22. 


Table  5.22. 


u  £(7,42;  u|< 


10  10  e  £(7, 14).  Lemma  4.5  and  10  €  £(3, 2)  by  Lemma  5.6. 

12  Lemma  4.6, 11  e£(6,3)  by  Lemma  5.32  and  11  e£(7,21)  by  Lemma  4.3. 
18  2r»Z(17,3)u{-}. 

“H  ■  (••,a,a+4,a+5,o+8,af*-12,a+13> mod  17,  a"0,l,2,3, 

<••,2, 3,6, 10, 11,14)  mod  17,  2  times, 

(-,0,2, 3, 8, 10, 11)  mod  17, 

<8,fl+l,d'*-3,d+4,d*9,d+ll,d+12>mod  17,  a»0,l . 6, 

<0,a,a-vl,a'f4,a+8,a'f9,a-fl2)  mod  17,  a  "0, 1,2,3. 

20  Jr-Z(19,2)u{-}. 

“B  »<-,a,«+3, 0+6,  «+9,  a+12,  a+15>mod  19,  2  times,  o"0,l,2, 

i-,2, 3,8,9, 14,15>mod  19, 

<0,0,0+3,0+6,0+9,0+12, 0+15)  mod  19,  4  times,  o"  0,1,2, 

<0,0, 1,6, 7, 12, 13)  mod  19. 

24  Z«Z(23,5)u{-}. 

•B  ■  <*«,»»,»«+ltM+3,>»+ll.M+12,>i+14>mod  23,  u  *  2,5, 7, 8, 10, 18, 
<«,  1,3,6,12, 14, 17)  mod  23, 

<0, 0+2, 0+4, 0+7, 0+13, 0+15,  a+18)  mod  23,  a  »  0, 1, ...,  9, 
<0,3d,  3d+l,3d+3,3d+ll,  3^+12,  30+14) mod  23,  0"0,1,2,3, 

<0,37+1,  37  +  2,37  +4,37+12, 37+13, 37+15)  mod  23,  7  ■  0, 1,2. 
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Table  S.22  (cont.). 

V  S[7,42;v] 

26  jr«CF(25.JrJ-2jt  +  2)u{-}. 

'8  •  m+8,  m+12,  (i'*'16,  (1+20)  mod  25,  once  for  (* »  0. 4  times  fot  *»  •=  2, 

2  times  for  it  ■  3, 

<0,a,  a+4,  {1+8,0+12.  a+l6,a+20>  mod  25,  4  times.  o“0, 1,2,3, 

(0,i',v+4,v+8, 11+12,  i'+16,i'+20)  mod  25,  once  for  (/“O,  2  times  for  v  °  1. 

30  2r«Z(29.2)u{-}. 

•8  “<••,11, 11+4,11+7, 11+14, 11+18, 11+21)  mod  29,  it  *  2,8, 10, 12, 

<-.2, 6, 10, 14, 18, 22)  mod  29,  2  times, 

<-.0,8,13, 14, 22, 27)  mod  29, 

<9,0, 0+1,0+9,0+14, 0+15,0+23)  mod  29,  o“0, 1 . 12, 

<9.  p,  11+4,  v+7.  p+14,  p+18,  p+21)  mod  29,  p  «  0, 1, 3, 4, 5.6, 7.9, 11,13. 

33  33ea(7,21).  jr“Z(3,2)XZ(ll,2). 

<8  “<(0.O).(9,2),(9,4),(9,6),(9,8),(O,9).(l,9))mod(3,ll).  5  times. 

<(9, 2o),  (9. 2a+2),  (9,2o+4),  (0. 2a+l),  (0, 2a+  3),  (1, 2o+l),  (1 . 2o+ 3))  mod  (3, 1 1), 
o»  0,1. 2,3, 4, 

<(9. 3(J). (9, 28+  2).  (9, 28+4).  (0, 9),  (1.9).  (7.  D.  (7+1.9))  mod  (3. 1 1).  8  -  0. 1, 
7“0.1. 

<(9,0).  (A  7).  (9, 8).  (0.9).  (1. 9).  (7. 3).  (7+1.5))  mod  (3, 11),  7  “  0, 1. 

34  34  e  5(7, 14).  AT  “  Z(3. 2)  X  Z(1 1 , 2)  u  {(-)} . 

^  “  <(-).(9.9).(9.(i),(0,9),(0,ii),(l,9),(l.)i))  mod  (-.11),  once  for  it  ”  0,  2  times 
for  11“  2,3,4, 

<(9.9), (0,0). (0,0+2), (0,0+5),  (0,0+7), (1,0+1), (1,0+6))  mod  (3,11), 
o“0.1,2,3,4, 

<(9.9).(0,p),(0,p+l),(0,p+5),(0.p+6),(l,p  +  3),(l,p+8))mod  (3,11),  2  times 

for  p  “  0,  once  for  p  *  1. 

<(9. 9).  (0. 0).  (0, 3).  (0, 5),  (0, 8).  (1. 4),  (1,9))  mod  (3, 1 1). 

38  jr“Z(37,2)u{-}. 

TJ  “  <—,11, 11+^,11+12, 11+18, 11+24, 11+30)  mod  37,  2  times  for  11  “  2,4  times  for  11 «  4, 

once  for  (i  “  5, 

<9,0,0+6,0+12, 0+18, 0+24,0+30)  mod  37,  4  times,  o“0, 1 . 5, 

<9,p,  p+6,  p+12,  p+18,  p+24,  p+30)mod  37,  2  timesfor  p  “  0. 1,3,  once  fot  p«5. 

39  39  e  5(7, 21).  X  *  Z(3, 2)  X  Z(13. 2). 

'8  “<(9,9). (0,0), (0,0+4), (0,0+8), (1,0+1), (1,0+5), (1,0+9))  mod  (3,13), 
o“0.1....,ll. 

<(9. 9).(0. 38).  (0. 38+4),  (0, 38+8).  (1. 38).(1. 38+4),  (1, 38+8))  mod  (3. 13). 
8“0.1.2.3, 

<(9. 9).  (9. 7).  (9, 7+3),  (9, 7+6).  (9. 7  +9),  (0. 9).  (1, 9))  mod  (3, 13),  7  =  0, 1, 2. 

40  40€5(7,14).  jr“Z(3,2)XZ(13,2)u{(-)}. 

<8  “<(-), (9.9).(9,ii).(0.9).(0,ii).(l,9).(l.ii))mod  (-.13).  oncefom  “  2,3.4. 

2  times  fot  it  “  5,6, 

<(9, 9).  (O.o),  (0,0+3),  (0,0+6),  (0,0+9),  (1,0+1),  (1,0+7))  mod  (3. 13). 
a  “0,1 . 5. 

<(9, 9).  (0.8+1).  (0. 8  +  2).  (0, 8  +7).  (0, 8  +  8).  (1. 28  +3).  (1. 28  +9))  mod  (3, 13), 
8“0.1.2, 

<{9,9).(0.7),(0.7+l),(0.7+6),(0.7  +  7).(l,7+2),(l,7  +  8))mod(3,13),  7“0,1. 
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Table  5.22  (com.). 


V  Bll,42;v] 


43* 


44 

45 


46 


48 


51 


52 


54 


43  e  BO,  2).  X  •  (Z(5. 2)  u  {-})  X  2(7, 3)  U  {(-,  -)}. 

TS  *  <(-. -).  (-.  0).  (0. 0).  (0. 0).  (2, 0),  (3, 0)>  mod  (-,  7),  2  times, 

<(**,0),(**,O),(“,l),(—,2),(-,3),(«,4),(<«,5)>,  2  times, 

<(-.  0).  (0. 0),  (0, 3),  (<»,  2).  (ot,  5),  (0+2, 1),  (0+2, 4)>  mod  (5,7),  o  «  0, 1. 
Umma  4.6, 43  e  B($,  5)  by  Lemma  5.33, 43  e  5(7, 2)  as  above  and  43  e  5(7, 3)  by 
Lemma  4.3. 


45  e  5(7, 21).  X  •  2(5, 2)  X  GF(9,  x*  -  2x  + 1). 

^  -<{0.0).(^,0),(H.o), ((1,0+4), (6+2, 0),(p+2,o+2),(p+2,o+6)> mod  (5,9), 
o»0, 1,2,3,  6-0,1, 

<(0, 0).  (6,6+27),  (6,6+27 +4),  (6+1, 6+2t+2), (6+1, 6+27+6),  (6+2,6+27+1). 

(6+2,6+27+5)>mod  (5,9),  2  times,  6-0,1,  7-0,1, 

<(0. 0),  (6, 6).  (6. 6 +4),  (6  +1, 0),  (6 +2, 6 +2),  (6 +2, 6 +6),  (6 +3, 0)>  mod  (5, 9), 

3  times,  6  •  0, 1. 

X  -  2(3, 2)  X  2(13, 2)  U  {(-,);  /  -  0, 1 . 6}. 

'B  -<(<-o),  («,),  (••j),(»3),(«4),(~j),  (-j)),  42  times, 

<(-a).(0,0).(O,6o+6),  (0,60+6+4),  (0, 60+6+8),  (l,6o+6),(l,6o+6+6)> 
mod(3,13).  a«0,l,...,S,  6*0,1,..., 5. 

<(«a).  (0.a>+l).  (0,0+5),  (0,a+9), (l,o),  (l,o+4), (l,o+8))  mod  (3,13), 

0-0,1 . 5, 


<(-«).  (0, 6).  (0, 6+4),  (0, 6+8),  (1,6+1).  (1. 6+5),  (1,6+9))  mod  (3, 13), 

6- 0,1 . 5, 

<(-4).  (0, 0),  (0, 4),  (0, 8),  (1.0),  (1,4),  (1,8))  mod  (3, 13), 

<(0, 27), (0. 27+1),  (0. 27  +  2), (0. 27+4),  (0, 27+5). (0. 0).  (1, 0))  mod  (3. 13). 

7- 0,1.2. 

Jf-2(47,5)u{-}. 


11  m+2,m+4.u+23,m+25,m+ 27)  mod  47,  m*0,2,6, 

(••,  V,  v+2,  i»+3,  v+23,  v+25,  v  +  26)  mod  47,  v  «  8, 11, 
<~,S,  18. 19, 28,41,42)  mod  47,  2  times, 

(0,  li,  0+2,  m+4,  m+23,  m+25,m+27)  mod  47, 

<0,  V, » +2,  v +3,  V +23, 11+25,  i'+26)  mod  47, 

2r  =  2(43,3)u{-,:i-0,l . 7}. 

U  -  Blocks  of  517, 42;  8J  (exists  by  Lemma  4.1)  on  {<-, 

Blocks  of  5(7, 2;  43]  (as  above)  on  2(43), 


M»  1.3, 4, 5, 7, 8,....  22, 
v=0,l . 7,9,10,12,13 . 22. 


,:i-0,l....,7}, 

<-0,6.6+7.6+14,6+21, 6+28,6+35)mod43.  o-0,l....,7,  6-0.1 . 6. 


52  e  5(7, 14).  X  -  GF(4,  x«  «  x  +1)  X  2(13, 2). 

H  -  <(0,0), (0,0), (0,0+4), (0,0+8), (0,o+l).(l, 0+5), (2,0+9))  mod  (4, 13), 
0-0,1 . 5, 

<(0, 0). (0,0), (0,0+6),  (1,0+2),  (1,0+8),  (2,0+4),  (2,o+10))  mod  (4, 13), 
o  -  0, 1 . 5, 


<(0, 6).  (0. 6 + 3),  (0,6+ 6),  (0. 6+6),  (0, 6 +9).  (0, 0),  (1 . 0),  (2, 0))  mod  (4, 1 3).  6  -  0. 1 , 
<(0. 0).  (0,7).  (0.7 +4),  (0, 7 +8).  (0,0),  (1.0).  (2,0))  mod  (4, 13).  7  *  0. 1. 
Jr*2(S3,2)u{-}. 

D  -<-,  <«.  M+5,  <i+7,/i+26,  <i+31,/i+33)mod  53,  m  -  10, 15, 17,25, 

<-.3,5,9,29,31, 35)mod  53,  2  times. 


<-,20,24.25,46,S0,51)modS3, 


•  For  further  reference. 
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Table  S.22  (cont.) 


u  «l7,42;ul 


(0,  It,  m+5.  /»+7,  m+26,  m+31.  m+33>  mod  S3.  *i  •  0, 1 . 9.  U,  12, 13, 14,  16, 

18. 19,  ...,24. 

<0,  v.v*4,  v+S,v  +  26.  i»+30,  w+31 )  mod  S3,  k  »  0. 1, ....  19, 21,22, 23. 24. 2S. 

60  2(3, 2)  X  Z(17, 3)  u  {(-,):  i  »  0, 1 . 8}. 

«»  ■  Blocks  of  B(7,42:91  on  {(-f):  /  •  0. 1,  ...,8}. 

<(-a).  W*  (9’ “+8).  (0. a+4).  (0,a+12),  03, 0)>  mod  (3, 17),  o  -  0, 1 . 7, 

(J“0,1, 

<(-a).(0.9).(O.a*8B),  (O.a+80+1),  (0.a+8^+2),(l,a+8fl+3),(l,ar+8(}+4)) 
mod  (3, 17),  a -0,1 . 7.  3-0,1, 

<(**a)>(0,a+83),(0,a+83+l),  (0,0+83  +  2),  (1,0+83+8),  (1,0+83+9),  (l,o+83+10)) 
mod  (3, 17).  0-0,1 . 7,  3-0.1. 

<(-a), (0.0), (0,0+8), (0,0+1), (0,0+9), (1,0+2), (l,o+10)>  mod  (3, 17), 

0-0,1 . 7, 

<(-$),  (0, 0).  (0. 3  +  2),  (0, 3 +10),  (1 . 0).  (1 , 3 +6).  (1 . 3  +14)>  mod  (3, 17),  2  times. 

3-0,1. 

<(•*8).  (0. 0).  (0. 43),  (0. 43 +8),  (1 . 0),  (1 , 43),  (1 . 43  +8)>  mod  (3, 17).  3  •  0. 1, 

<(-8).  (0. 0).  (0, 1).  (0.9),  (1, 0),  (1,S),  (1, 13)>  mod  (3. 17). 

<(0. 0).  (0, 0),  (0, 43  +  7).  (0, 43  +  7  +  8),  (1. 0),  (1. 43  -  7  +  7),  (1, 43  -  7  +1S)) 
mod  (3, 17).  3-0,1,  7-0,1, 

<(0, 0).  (0, 0),  (0, 1),  (0, 9),  (1, 0),  (1,  S),  (1, 13)>  mod  (3, 17). 

62  2-2(61,2)u{~}. 

T)  -  <— .  It,  M+10,  m+20,  m+30,  *j+40,  m+SO)  mod  61,  2  times  for  m  -  0, 4  times  for 

»»  -  2,  once  for  m  -  3, 

<0,M,  M+10,  m+20,  m+30,  m+40,  M+S0>mod61,  once  for  m- 3,  2  times  for 
M-1,4,S.6,7,8,9, 

<0, o, o+lO, O+20, o+30,o+40, o+S0> mod 61,  4  times,  o-0,l,...,9. 


Lemma  5.41.  //u  s  I  or  7  (mod  42),  then  v  €  5(7,  X)  for  every  X  >  30. 

Proof.  If  u  s  1  or  7  (mod  42),  then  by  Lemmas  5.39  and  ^.38, 

V  e  5(7, 6)  n  5(7, 7).  If  X  >  30,  then  clearly  X  =  6/i  +  7n',  where  n  and 
«'  are  nonnegative  integers.  By  Lemma  2.4,  u  e  5(7,  X). 

Theorem  5.5.  Let  v  be  an  integer  v>  l.A  necessary  and  sufficient  con¬ 
dition  for  the  existence  of  a  BIBD  5[  7,  X;  u]  with  X  =  0, 6, 7, 1 2, 1 8, 24, 
30, 35, 36  (mod  42)  or  with  X  >  30  which  is  not  divisible  by  2orby  3 
is  that 


X(o-l)s  0(mod  6)  and  Xo(o -l)s  0  (mod  42). 

Proof.  The  necessity  follows  from  Theorem  1.1.  The  sufficiency  follows 
from  Lemmas  5.39,  5.38,  5.40  and  5.41,  with  application  of  Lemma  2.3. 
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5. 6.  BIBD's  of  small  order 

In  August  1973,  CoUens  prepared  [81  a  computerised  list  of  BIBD’s 
arranged  by  their  order.  It  appears  that  already  for  small  values  of  v 
tliere  are  parameters  k  and  X  for  which  the  existence  of  the  respective 
BIBO’s  has  been  unknown. 

In  Table  5.23  a  complete  list  is  given  of  parameters  16  <  u  <  43, 

8<  k  <  jv  and  the  smallest  X  for  which  the  condition  of  Theorem  1.1 
is  satisfied.  Whenever  for  such  value  of  X  no  BIBD  exists,  or  if  it  is  un¬ 
known  whether  such  design  exists,  the  multiples  of  these  values  of  X  are 
listed.  Also  BIBD’s  are  listed  with  k  =  7  and  X  ^  {6,  7, 42}.  BIBD’s  with 
k<  7  and  with  k  =  7  and  X €  {6,  7, 42}  have  been  dealt  with  in  Sections 
5.1— 5.5.  The  discussion  of  BIBD’s  with  k  >  ^u  may  be  omitted  by  Lem¬ 
ma  4.5. 

Some  of  the  designs  constructed  in  Table  5.23  are  well-known  and 
appear  in  existing  tables  of  BIBD’s.  Others  are  new.  Tliere  is  a  number 
of  parameter  sets  v,  k,  X  for  wliich  the  existence  of  BIBD’s  is  still  un¬ 
known. 


Table  S.23. 


k 

Blk.  X;  ul 

is 

7 

3 

Table  S.21. 

16 

7 

14 

Lemma  4.6,  IS  €  5(6,  S)  and  IS  €  5(7, 3). 

16 

8 

7 

Lemma  4.6,  IS  €5(7, 3)  and  IS  €  5(8,4)  by  Lemma  4.S. 

17 

7 

21 

Lemma  4.2. 

17 

8 

7 

Lemma  4.1. 

18 

8 

28 

2r»Z(17,3)u{-}. 

U  »  <••,  2a,  2a+2, 2o-t-4,2a+6,2a+8, 2a+10, 2a+12)  mod  17,  a»0, 1,2, 1 
<l,3,S,7,9,ll,13,lS>mod  17,  4  times, 

(0,2,4,6,8,10, 12, 14)  mod  17. 

18 

9 

8 

[22).  Jr-Z(17,3)u{-}. 

TJ  -<-,0,2,4,6,8,10,12, 14)  mod  17, 

<0,0,2,4,6,8,10, 12, 14)  mod  17. 

19 

8 

28 

Lemma  4.1. 

19 

9 

4 

Lemma  4.3. 

20 

8 

14 

2f-Z(19, 2)u{-}. 

TJ  -<— ,0,2a, 2a+3, 2o+6, 2a+9,2a+12, 2a+lS) mod  19,  a«0,l, 

<35,3d+l,3d+4,35+S,3d+9, 3(J+10,3d+13, 3d+14)  mod  19, 
fl-0.1,2. 

20 

9 

.  72 

Lemma  4.6, 19  €  5(8, 28)  and  19  €  5(9, 4). 

20 

10 

9 

Lemma  4.6, 19  e  5(9,4)  and  19  €  5(10,  S)  by  Lemma  4.S. 
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Table  3.23  (cont.). 


u  k  K  £IA;.  V,v| 


21  7 

21  8 


21  9 


21  10 


22  7 

22  7 


22  7 

22  8 

22  8 


22  8 


22  8 

22  9 


22  10 
22  11 


3  Table  5.21. 

14  X‘Zl3,2)xZa,3). 

TJ  «<(«.a).((J,a+l), (0.0+3), ((},fli+4),(0.a), {0,0  +  3), (l,a+2),(l.a+5)> 
mod  (3,7),  o-0.1,2, 

<(0.0).  (0,d),  (0.0  +  2),  (0,/3+4),(1,0).(1„J).(1.U  +  2),(1,^+4)> 
mod  (3,7),  0-0,1. 

6  (12|.  jr-(Z(2)u{-})x2(7.3). 

T5  ■  <(-,  1).  (-,  2),  (-,  3),  (-. 4),  (0, 0).  (0, 0),  (0, 1).  (0. 3),  (0, 5)>  mod  (2. 7). 

<(-.  0).  («.  2).  (-,  4),  (0. 0).  (0. 2).  (0. 3).  (0. 0),  (0. 1),  (0, 4))  mod  (2. 7), 

<(-.  2),  (0. 0),  (0, 0),  (0. 2).  (0. 4).  (0. 0).  (0. 0).  (0, 2),  (0. 4)>  mod  (-,  7). 

9  (311.  2r-Z(3,2)xZ(7,3). 

T9  » <(0. 0).  (0, 1).  (0. 0).  (0, 0),  (0, 2).  (0, 4),  (1,0),  (1, 0).  (1 . 2),  (1, 4)) 
mod  (3,7), 

<(0, 1).  (0.4).  (0, 0).  (0, 2),  (0. 5),  (1, 0),  (1, 0).  (1. 2),  (1, 3),  (1. 5)> 
mod  (3. 7). 

2  Non-existing  by  Lemma  1.2. 

4  (24).  Z-Z(22). 

TJ  •  <0',  r.  2', 6',  12'.  15’,  20')  mod  22. 

<0',2'.  3',4',10'.15',19'>mod  22. 

X«0(mod  2),  \>2.  Lemma  2.4,  22  e 5(7,4)  and  22  £5(7, 6)  by  Lemma  5.39. 

4  Unknown. 

8  Z»Z(3.2)xZ(7,3)u{(-)}. 

TJ  •  <(-). (0, 0).  (0, 0),  (0. 1),  (0, 3), (0,4), (1, 1),  (1, 4)>  mod  (3, 7). 

<  (-).  (0. 0),  (0. 0).  (0.1),  (0. 2).  (0, 3),  (0. 4),  (0, 5))  mod  (3.  -), 

<  (0. 0).  (0, 3),  (0, 0),  (0. 0),  (0. 3).  ( 1 . 0).  ( 1 . 1 ),  ( 1 , 4 )>  mod  (3, 7), 

<(0. 1).  (0, 3),  (0. 0),  (0, 2),  (0, 4),  (1, 0),  (1 . 2),  (1 . 4)>  mod  (3,7). 

12  2r-Z(2)XZ(ll,2). 

<B  -<(0,4o+l),(0,4o+7),(0,4o+9),(0,0),(0,2).(0,4),(0,6),(0,8)) 
mod  (2, 11),  0-0,1, 

<(0, 2).  (0, 7),  (0, 0),  (0, 1),  (0. 3).  (0, 5),  (0, 6),  (0, 8)>  mod  (2, 1 1 ), 

<(0.0).  (0,0+1).  (0,0+2),  (0,0+9),  (0,0),  (0,0+1),  (0,0+2),  (O,0+9)> 
mod  (-.11),  0-0, 1.2. 

\  a  0  (mod  4),  X  >  4.  Lemma  2.4,  22  £  5(8, 8)  and  22  £  5(8, 12). 

24  Z-«Z(3,2)XZ(7,3)u{(-)}. 

TJ  -  <(“).  (0, 2a+ 1),  (0, 2o+3),  (0. 0).  (0. 2).  (0, 4),  (1 , 0),  (1 , 2),  (1, 4)> 
mod  (3, 7),  o- 0,1,2, 

<(0, 0),  (0. 0),  (0, 3).  (0. 0).  (0, 1).  (0, 4),  (1.0),  (1. 2),  (1, 5)> 
mod  (3, 7),  3  times, 

<(0, 0).  (0. 0),  (0. 1).  (0, 2),  (0, 3).  (0, 4),  (0,5),  (0. 0),  (1 , 0)) 
mod  (3,7), 

<(0, 0),  (0. 2),  (0. 4),  (0, 0),  (0, 2),  (0, 4),  (1.0).  (1, 2),  (1. 4)> 
mod  (-,  7). 

15  Lemma  4.6,  21  £  5(9, 6)  and  21  £  5(10, 9). 

10  (31].  Form  5(21, 10:431  with  AT- Z(43, 3)  and 

T9  -  <0. 2, 4, 6, 8, 10. 1 2, 14. 16, 18, 20, 22, 24. 26, 28, 30, 32. 34, 36, 38, 40) 
mod  43, 

and  delete  any  one  block  and  all  its  points. 
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Table  5. 23  (cont.). 


V  k  \  0(1:.  X;i;| 

23 

7 

21 

Lemma  4.2. 

23 

8 

28 

Lemma  4.1. 

23 

9 

36 

Lemma  4.2. 

23 

10 

45 

Lemma  4.1. 

23 

11 

5 

Lemma  4.3. 

24 

8 

7 

A’-Z(3,2)X(Z(7.3)u{-}). 

‘B  -<(a',-),((a+l)',-).(0',a).(0',a+3),(l'.a),(r,a+3),(2'.o),(2'.a+3)> 

mod  (-.7),  a  «  0,1, 2, 

<(0,  -).  (fi,  0),  (0. 0),  ,  1 ).  W,  2),  (0. 3),  W,  4),  GJ.  5)>  mod  (3,  -),  •=  0, 1 . 

<(0.  -).  (0. 0),  (0, 0),  (0, 3),  (0. 2),  (0, 5),  (1, 1),  (1,4)>  mod  (3, 7). 

<(0,0),  (0, 3),  (0, 0),  (0, 2),  (0.  J),  (1,0),  (1, 1),  (1,4)>  mod  (3. 7). 

24  9  24  »  2(3, 2)  X  7(7, 3)  U  {(-;)./«  0,1, 2}. 

T)  *  <(-a),  (-a+i)*  (0-  0), (0, 0),  (0, 1).  (0. 2).  (0. 3),  (0, 4).  (0, 5)>  mod  (3,  -), 
a -0,1,2, 

<(-a),(-a+l)'(0-0)<(O>0),(O,“),(O.“+3),(l,0),(l,a+l),(l,a+4)> 
mod  (3,7),  a  *0,1, 2, 

<(“a),  (0,01+1),  (0,0+2),  (0,0+4),  (0,a+S),  (0,a),  (0,a  +  3),  (l,a), 
(l,o+3)>mod  (3,7),  a -0,1, 2, 

<(0,0),  (0, 0).  (0, 3),  (0, 0),  (0, 1),  (0,4),  (1,0),  (1, 2),  (1, 5))  mod  (3. 7). 

2  times, 

<(0, 0),  (0, 2),  (0, 4),  (0, 0),  (0, 2),  (0, 4),  (1, 0),  (1 , 2),  (1 , 4)>  mod  (-,7). 

24  10  45  2r  =  Z(3,2)XZ(7,3)u{(-,):f=0,l,2}. 

‘B  -  <(-o),  (-i),  (-2),  (0. 0).  (0, 0),  (0, 1),  (0, 2),  (0, 3),  (0,4),  (0, 5)) 
mod  (3,  -), 

<(-o),  (-0+1 ),  (0.20+1),  (0, 2o+3),  (0, 0),  (0, 2),  (0, 4),  (1 , 0),  (1, 2), 
(l,4)>mod  (3,7),  2times,  a*0,l,2, 

<(-a).  (0, 0),  (0. 0),  (0, 3),  (0. 0),  (0, 1),  (0„4),  (1,0),  (1. 2),  (1. 5)> 
mod  (3,7),  0*0,1, 2, 

<(-o).  (0. 0).  (0, 2),  (0,4),  (0, 0),  (0, 2),  (0, 4),  (1, 0),  (1 , 2),  (1,4)) 
mod  (-,7),  0*0, 1,2, 

<(0,0).(O,0),(O,a),(O,a+3),(l,O),(l,l).(l,2),(1.3),(l,4),(l,S)> 
mod  (3, 7),  o  *  0, 1, 2. 

24  11  no  Lemma4.6, 23e5(10,45)and  23efl(ll,S). 

24  12  11  Lemraa4.6,23eS(ll,S)and23efi(12,6)by  Lemma4.S. 

25  8  7  Lemma  4.1. 

25  9  3  |12I.jr»GF(25,x*»2x  +  2). 

•B  -  <0,0, 1, 12, 13, 16, 17, 20,21),  (0,0, 1, 14, 15, 18, 19, 22, 23), 

<2, 3,4, 12, 14, 16, 18, 20, 22),  (2. 3,4, 13, 15, 17, 19,21,  23), 

<5,6, 7, 12, 15, 16, 19, 20, 23),  <5,6, 7, 13, 14, 17, 18, 21, 22), 

<0, 2,5, 8, 9, 12, 13, 18, 19),  <0, 2, 5, 10, 11, 14, 15, 16, 17), 

<0, 3, 6, 8, 10, 12, 14, 17, 19),  <0, 3,6,9, 1 1, 13, 15, 16, 18). 

<1.4, 7. 8, 11, 12,15, 17, 18),  <1.4, 7, 9, 10, 13, 14. 16, 19). 

<0. 3, 7, 8, 9, 16, 17, 22, 23  >,  <0. 3, 7, 10. 11, 18, 19. 20, 21 ), 

<0. 4, 5. 8, 10, 16. 18, 21, 23),  <0, 4. 5, 9, 1 1. 17. 19, 20, 22), 

<1,2, 6, 8, 11, 16, 19. 21,22),  <1, 2,6,9, 10, 17, 18. 20. 23). 

<0,4,6,8.9,14,15,20,21),  <0,4.6,10,11,12,13,22,23), 

<0,2, 7,8, 10. 13, 15, 20, 22),  <0. 2, 7, 9, 11. 12, 14, 21, 23), 

<1, 3, 5, 8, 1 1, 13, 14, 20, 23 ),  <1,3, 5. 9, 10. 12, 15. 21. 22), 

<0,0, 1.2, 3, 4, 5. 6, 7). 
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25  10  3  Non  existing  by  Lemma  1.1. 

25  10  6  Ar=Z(5i2)XZ(5,2). 

^  =  <(0. 0).  (0. 1 ),  (0, 3),  (2a,  0),  (2a,  0),  (2a.  2),  (2a+l ,  0),  (2a+ 2, 0). 
(2a+3, 1),  (2a  +  3, 3)>  mod  (-.5),  a  =  0, 1, 

<  (0. 0).  (0, 0),  (0,2),  (2a,  0).  (2a,  2).  (2a + 1 , 0),  (2a + 2, 0).  (2a  ♦  3 . 0), 
(2a+3,  l),(2a+3, 3)>  mod  (-,5),  a  »  0, 1, 

<(0, 0).  (2a,  0),  (2a,  1 ),  (2a,  2),  (2a,  3),  (2a+l ,  0),  (2a+l ,  2),  (2a+ 2, 0), 
(2a+2, 2),  (2a+3,0))  mod  (-,5),  a  »  0, 1, 

<(0,0),  (2a,  1),  (2a,  3),  (2a+l,  0),  (2a+l,  1),  (2a+l,  2),  (2a+l,  3), 
(2a+2,0),(2a+3.1),(2a+3,3)>mod  (-,5),  a’0,1. 

25  10  9  Z*Z(5,2)XZ(5,2). 

T)  =  <(a,  0),  (a,  a),  (a,a+2),  (a+l,a+l),  (a+l,a+3),  (a+2,0),  (a+2,  a), 
(a+2,o+2),  (a  +  3,a+l),  (a+3,a+3)>  mod  (5,5),  a  «  0, 1, 
<(0.a),(0,a+2),(O,a),(O,a+2),(l,o),(l,a+2),(2,a),(2,a+2),(3,a), 
(3,a+2)>  mod  (-,5),  a  =  0, 1. 


25 

10 

\s0  (mod  3),  X  >  3.  Umma  2.4,  25  e5(10,6)  and  25  Sfi(lD,9). 

25 

11 

55 

Lemma  4.2. 

25 

12 

11 

Lemma  4.1. 

26 

8 

28 

Lemma  4.6,  25  €5(7,7)  by  Lemma  5.38  and  25  €5(8,7). 

26 

9 

72 

Lemma  4.6,  25  €  5(8, 7)  and  25  €  5(9, 3). 

26 

10 

9 

Lemma  4.6,  25  €  5(9, 3)  and  25  €  5(10, 6). 

26 

11 

22 

Z»Z(5,2)XZ(5,2)u{(-)}. 

26  12 


ra  •  <(-),  (0, 0),  (0, 2),  (0, 0),  (0, 2),  (1, 1),  (1, 3),  (2, 0),  (2, 2),  (3, 1).  (3, 3)> 
mod  (5,5), 

<(-),(O,0),(O,l),(O,3),(l,O),(l,2),(2,0),(2,l)i(2,3),(3,l),(3,3)> 
mod  (5,5), 

<(-).  (0, 0),  (0. 0),  (0, 1),  (0, 2),  (0, 3),  (2, 0),  (2, 0),  (2, 1),  (2, 2),  (2, 3)> 
mod  (5,  -), 

<(0. 0).  (0. 1),  (0. 3),  (0, 0),  (0, 2),  (1, 1),  (1, 3),  (2, 1),  (2, 3),  (3, 1),  (3, 3)> 
mod  (5,5), 

<(0, 0).  (0, 1).  (0, 3),  (1,0),  (1,1),  (1,3),  (2, 1),  (2, 3),  (3, 0),  (3, 0),  (3, 2)> 
mod  (5,5), 

<(0.0).(0.O),(0,1),(0,2).(0,3),(O,O),(O,2),(1.0),(2,1),(2,3),(3,0)> 
mod  (5,5). 

X  “  GF(25,  x2  »  2x  +  2)  u  {-}. 

TI  « <— ,0,2a,2a+2,2a+4,2a+6,2a+8,2a+12,2a+14,2a+16, 

2a'fl8, 2a-»'20> mod  25,  a>0, 1,..., 5, 

<0,2.4,6,8,10,12,14,16,18,20,22>mod  25,  7  times. 


26 

13 

12 

Z-GF(25,x»-2x+2)u{-}. 

TJ  »<«,  0,2, 4, 6, 8, 10. 12, 14, 16, 
<0,0, 2,4,6,8,10.12,14,16, 

27 

7 

21 

Lemma  4.2. 

27 

8 

28 

Lemma  4.1. 

27 

9 

4 

X  •  Z(3, 2)  X  GF(9,  xJ  -  2*  + 1). 

'»  -<(0.0).(0.a),(0,a+4),(O,0),( 
mod  (-,9),  a -0,1, 2. 3. 

<(0. 0).  (0. 0),  (0, 1),  (0, 2),  (0, 3),  (0, 4),  (0, 5),  (0, 6),  (0, 7.))  mod  (3,  -). 
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Table  5.23  (cont.). 


V 

* 

\ 

Bfk.  i>| 

27 

10 

45 

Lemma  4.1. 

27 

11 

55 

Lemma  4.2. 

27 

12 

22 

jr=Z(3.2)XGF(9,JtS^2x  +  l). 

27 
2S 

28 


28 


28 

28 


28 


28 

28 

28 


28 


13 

7 

8 


9 


10 

10 


10 


10 

11 

12 


13 


6 

2 

14 


8 


TJ  -  <((1. 2a),  (0, 2a+l),  (0, 2a+4).  (0. 2a*5),  (0. 0),  (0,  2a+I ),  (0,  2a+5). 

(1.0),  (1. 2a).  (1, 2a+2),  (1, 2a+4).  (1. 2a+6)>  mod  (3. 9),  a  ■  0, 1, 
<(0, 20+1),  (0. 2a+5).  (0, 2o),  (0, 2a+3),  (0, 2a+4),  (0, 2a+7).  (1, 2a-*-l), 
(l,2a+2),  (1, 2a+3),  (1. 2a+5),  (1, 2a +6),  (1, 2a  +  7)>  mod  (3, 9), 
a  *0,1, 

<(0, 0).  (0. 2),  (0. 4),  (0, 6),  (0. 0),  (0. 2).  (0. 4).  (0, 6),  (1 , 0).  (1 . 2),  (1 . 4), 

(1.6)>mod(-,9). 

Lemma  4.3. 

Table  5.21. 

jr»GF(4,j(7=jc  +  l)XZ(7,3). 

TJ  «  <(0, 2a  +  2),  (0, 2a +3),  (a,  0),  (a,  2a +4),  (a.  2a +5),  (a+1, 0),  (a+1,  2a), 
(a+1, 2a+l)>  mod  (4,7),  a  •0.1,2, 

<(0, 2a),  (0, 2a+l),  (0, 2a+ 2),  (a,  0),  (o,  2a+3),  (a,  2a+4),  (a+1, 0), 

(a  +  2, 0)>  mod  (4, 7),  a  •0,1,2, 

<(0,a),(0,a+3),(O.a),  (0.a+3).(l,a),(l.a+3),  (2, a),  (2.a+3)> 
mod  (-.7),  a  •0,1,2. 

2r  •  Z(3, 2)  X  GF(9,x7  •  2.x  +  1)  U  {(-)}. 

T)  •  <(-), (0. 0),  (0. 2),  (0,4),  (0,6),  (0, 1),  (0. 5),  (1,3),  (1, 7))  mod  (3, 9), 

<(0. 0),  (0, 2),  (0. 4),  (0. 6),  (0. 0),  (0. 4),  (1. 2).  (1. 6).  (a,  0))  mod  (3, 9), 
a^O.l. 


<(0,0).  (0. 0).  (0, 1),  (0. 2).  (0. 3).  (0. 4), (0, 5),  (0, 6).  (0. 7)>  mod  (3,  -). 


5  Unknown. 

10  ^■•GF(4,x7=x  +  l)xZ(7,3). 

•  ((0. 0).  (2a,  2a),  (2a,  2a+2),  (2a+l,  2a),  (2a+l.  2a+l), (2a+l,  2a  +  3). 
(2a+2, 0),  (2a+2. 2o+l),  (2a+2. 2a+2),  (2a+2. 2a+3)>  mod  (4, 7), 
a-0,1,2. 

15  X’  Z(3, 2)  X  GF(9, x7  «  2x  + 1)  u  {(-)}. 

T)  •  <(-).  (0, 0).  (0, 0),  (0, 2),  (0, 4),  (0. 6),  (1. 1).  (1 , 3),  (1. 5),  (1, 7)>  mod  (3,9), 

<(-).  (0,0).  (0. 2a).  (0, 2a+4),  (0, 0),  (0. 2a),  (0,  2a+4),  (1,0),  (1,  2a). 
(l,2a+4)>mod(-,9),  a  •  0. 1, 

<(0. 0).  (0, 1).  (0. 3).  (0. 5),  (0, 7),  (a.  0),  (a,  0),  (a.  3).  (a+1, 5),  (a+1, 6)) 
mod  (3, 9),  a>0, 1, 

<(0. 0),  (0. 0).  (0. 2),  (0. 4),  (0, 6),  (0. 0),  (0. 1),  (0, 5).  (1. 1),  (1, 5)> 
mod  (3,9). 

\  B  0  (mod  5),  \  >  5.  Lemma  2.4,  28  €  5(10, 10)  and  28  €  £(10, 15). 

110  Lemma  2.6,  28  e  B(12. 1 1)  as  below  and  12  S  fl(l  1, 10)  trivially. 

11  Jr»Z(3.2)XGF(9,x7-2Jf  +  l)u{(-)}. 


T*  ■  <(-).  (0. 0).  (0, 0).  (0, 0).  (0, 2),  (0, 4),  (0, 6).  (1.0),  (1. 1),  (1. 3).  (1.5),  (1.7)) 
mod  (3, 9), 

<(0. 0),  (0. 2),  (0. 4),  (0,  6),  (0, 1),  (0, 3),  (0, 5).  (0, 7),  (1. 1).  (1, 3),  (1, 5). 
(1,7))  mod  (3.9). 

<(0, 0),  (0, 2),  (0. 4).  (0, 6),  (0, 0),  (0. 2),  (0, 4),  (0, 6),  (1. 0).  (1, 2),  (1. 4), 
(1.6))  mod  (-.9). 

52  Lemma  4.6,  27  s  £(12, 22)  and  27  s  £(13, 6). 


I 
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V  k  \  X;u| 


28 

14 

13 

Lemma  4.6,  27  e  5(13,6)  and  27  e  5(14,7)  by  Lemma  4.5. 

29 

7 

3 

Lemma  4.3. 

29 

8 

2 

Non  e.xisting  by  Lemma  1.2. 

29 

8 

6 

X  ”  GF(4,  « Jt  + 1)  X  Z(7. 3)  u  {(-)}. 

9S  ■  <(-).  (0. 0).  (a.  0),  (a,  3).  (a+1, 2),  (a+1, 5),  (a+  2, 1),  (a+ 2, 4)) 
mod  (-,7),  a  ”0,1,2, 

<(-). (0.0). (0.0), (0,1),  (0.2), (0,3),  (9.4), (0, 5)).  3  times, 

<  (0.  (3).  (0.  d  +  3),  (a,  0).  (a.  2).  (a,  4),  (a + >J,  1 ).  (a  +  A  3),  (a  +^.  5)> 
mod  (-,7),  a  ”0,1,2,  d”l,2, 

<(0. 0).  (0, 3).  (0,  a),  (0.  a+3),  (1.  a),  (1 .  a+ 3),  (2,  a),  (2,  a+ 3)> 
mod  (-,7),  a  ”0,1,2. 

29 

8 

X  »  0  (mod  2).  \  >  2.  Lemma  2.4,  29  €  5(8, 4)  by  Lemma  4.4  and  29  e  5(8, 6). 

29 

9 

18 

Lemma  4.2. 

29 

10 

45 

Lemma  4.1. 

29 

11 

55 

Lemma  4.2. 

29 

12 

33 

Lemma  4.1. 

29 

13 

39 

Lemma  4.2. 

29 

14 

13 

Lemma  4.1. 

30 

8 

28 

Lemma  4.6,  29  e  5(7, 3)  and  29  e  5(8, 22). 

30 

9 

24 

Lemma  4.6,  29  e  5(8, 6)  and  29  e  5(9, 18). 

30 

10 

9 

Unknown. 

30 

10 

18 

Z”Z(29,2)u{-}. 

na  •<-.®,0,l,7.8,14,15,21.22>mod  29, 

<-,  0, 0. 2. 7. 9, 14, 16, 21 . 23  >  mod  29. 

<7a+2, 7a+3. 7a+4, 7a+12, 7a+13, 7o  +  16, 7a+17, 7a+ 18, 7a+26, 7a+27) 
mod  29,  a  “  0, 1, 

<7o+l,7a+3,  7a+4, 7a-f5,7a+6, 7a+15,7a+17, 7a+18, 7a+19, 
7a+20>mod29,  a»0, 1. 

30  10  27  A’-/(29,2)u{-}. 

*»  »<-,0,2a,2a+l,2a+7,2a+8,2a+14,2o+15,2a+21,2a+22>mod  29, 

o  •  0, 1, 

<-,9.0,2.7,9,14, 16,21, 23>mod  29, 

<7a+2, 7a+5, 7a+6, 7a+10,  7a+l  1,  7o+16, 7o  +  19, 7a+20, 7a+24, 
7a+25>mod29,  a  ”0,1, 

<7a+4, 7a+5, 7a+6, 7a+7, 7a+8, 7a+18, 7a+19, 7.^+20,  7a+21, 

7a+22>  mod  29,  a  •  0, 1, 

<7a+l,  7a+3, 7a+4, 7a+5, 7a+6, 7o+15, 7a+17, 7a+18, 7a+19, 7o  +  20> 
mod  29,  a  »  0, 1. 

30  10  X»0(mod9),\>9.  Lemma2.4, 30e5(10,18)imd30e5(10.27). 

30  11  no  2r”Z(29,3)u{-}. 

"  <— ,/i,  >1+2,  p+4,  >1+6,  >1+8,  >1+14,  >1+16,  >1+18,  >i+20,  >i  +  22>  mod  29, 
once  for  >1”  1,2  times  for  >i  ■  0, 3,6, 7,8, 

(0,  v,  v+2,  i'+4,  w+6,  i>+8,  v+M,  k+16,  i'+18,  v*20,v*22>  mod  29, 
once  for  v  ”  1,  2  times  for  w  •  0,2, 4, 5, 9, 10, 11, 12, 13. 


30  12  22  2f{Z(S.2)u{-})x2(5.2). 

U  » <(-. «.  (-,  1).  (-.  3).  (0. 0).  (0. 1 ),  (0. 3).  (1 , 0).  (1 , 1),  (1 . 2).  (1 , 3). 
(2,0).(2.2)>inod  (5,5), 

0).  (-,  0),  (-.  2),  (0. 0),  (0. 0).  (0, 2),  (1 .0),  (1, 2),  (2, 1).  (2, 3), 

(3.1) ,  (3, 3)>mod  (5,5), 

«-.  0).  (-,  2),  (0, 0),  (0, 2),  (1, 0),  (1. 1),  (1,3),  (2, 0),  (2, 2),  (3, 0), 

(3.1) ,  (3, 3))  mod  (5, 5), 

<{-.  1).  (-,  3),  (0, 1).  (0. 3).  (1 , 0).  (1 , 0).  (1 . 2),  (2, 0),  (2, 0),  (2, 2). 

(3.1) .(3,3)>mod  (5,5), 

<(-.  a),  (-.  «♦  2).  (0, «.  (0.  +  2),  (0.  /J).  (0.  d  ♦  2).  (1 .  d).  (1 .  ^ +2).  (2,  /J). 

(2.e+2),(3.S),(3,fl4-2)>mod(-,5).  a- 0,1,  ^-0,1. 

<(0. 0),  (0, 1).  (0. 3).  (1. 0),  (1. 0),  (1,2),  (2. 0),  (2, 1).  (2, 3).  (3. 0). 

(3.0).  (3. 2)>mod  (5,5). 

30  13  156  ;ir-Z(29,2)u{-}- 

Tl  •  <••,  p,  m+2,  m+4,  m+7,  m+9,  m+11.  <^+14, 11*16,  <j+18,  »i+21,  *i+23, 
n*2S)  mod  29,  once  for  »  1, 2  times  for  rr  “  3,4,6, 4  times 
for  *(  •  0, 

(-.0,5, 6,7,12,13,14,19,20.21, 26,27)mod  29.  2  times. 

(0,  ai,a+l,a+6,  a+7,a+8,a+13,o+14,at+15,o+20,«+21,a+22,a+27> 
mod  29,  2  times,  a*0, 1,...,  5, 

<0,»,  »+2,  i>+4,w+7,i>+9,  v+ll.K+H,  i'+-16,i'+ 18,  w  +  21, 
i'+23,  •'+25)  mod  29.  once  for  v  «  1,  2  times  for  2,5. 

30  14  91  Lemma  4.6,  29  £5(13, 39)  and  29  €5(14, 13). 

30  15  14  Z--Z(29,2)u{-}. 

<B  » <-,  0,  2. 4, 6, 8. 10, 12, 14, 16, 18. 20, 22. 24, 26)  mod  29, 

<0,0, 2,4,6, 8, 10, 12, 14. 16, 18. 20, 22, 24,26>  mod  29. 

31  8  28  Lemma  4.1. 

31  9  12  Lemma  4.3. 

31  10  3  [l21.Z--(Z(3,2)u{-})XZ(7.3)u{(-,):/-0,l,2}. 

TJ  =•  <(-o).  (-1 ),  (-2).  (0. 0).  (0. 0),  (0, 1),  (0. 2),  (0, 3),  (0. 4).  (0, 5)> 
mod  (3,-), 

<(-a)>  (“•  !)•  3).  (-.  S).  (0.“).  (0.O+3).  (0,0+1).  (0,0+4),  (l,o+2), 

(l,o+3)>mod  (-.7),  o»  0,1,2, 

<(-.  0).  (0. 0).  (0, 2),  (0. 4).  (0, 0),  (0. 2),  (0. 4),  (1.0).  (1 . 2),  (1 , 4)) 

mod  (-.7). 


31 

11 

11 

Lemma  4.2. 

31 

12 

22 

Lemma  4.1. 

31 

13 

26 

Lemma  4.2. 

31 

14 

91 

Lemma  4.1. 

31 

15 

7 

Lemma  4.3. 

32 

8 

7 

X  •  GF(4,  *2  -  X  + 1)  X  (Z(7, 3)  <J  {«}). 

T>  “<(0t-),(O.-).(l,-),(2,-).(0.0),(O.0).(l,0).(2,0)>mod  (-.7). 

<(0.-),  (0. 0).  (o,  0),  (o,  3).  (0+1, 1),  (0+1,4),  (0+2, 2),  (o+2.5)> 
mod  (4, 7),  o»  0,1,2, 

<(0. -).  (0, 0).  (0, 0).  (0, 1),  (0. 2).  (0, 3).  (0. 4),  (0, 5)>  mod  (4,  -), 
3  times, 

<(0.0),  (0,0+3),  (0,0),  (0,0+3),  (1,0),  (1,0+3),  (2,0),  (2,o+3)) 
mod  (-.7),  0*0, 1,2. 
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u 

k 

X 

5(k,\;v] 

32 

9 

72 

Lemma  4.1. 

32 

10 

45 

Lemma  4.6,  31  €5(9, 12)  and  31  €  5(10, 3). 

32 

11 

no 

Lemma  4.1. 

32 

12 

33 

Lemma  4.6,  31  €5(11, 11)  and  31  €5(12,22). 

32 

13 

156 

Lemma  4.1. 

32 

14 

91 

2 -2(31, 3)  u{-}. 

U  ■  <••, 0,0,0+1,0+5,0+6,0+10,0+11, 0+15,0+16, 0+20,0+21, 

0+  25,0+  26)  mod  31,  a«  0,1, 2,3,4, 

<-. 0. 0, 2. 5, 7, 10, 1 2, 15, 1 7, 20, 22, 25, 27 >  mod  3 1,  2  time*, 

(0, 1,5,6, 10, 11, 15, 16,20,21,25,26,58+4,58+19)  mod  31, 

8-0, 1,2, 

<0, 3, 5, 8, 10, 13, 15, 18, 20, 23, 25, 28, 58+4, 58  +19)  mod  31, 

8- 0,1,2, 

(2,4, 7,9, 12, 14, 17, 19, 22,24, 27, 29,58.58+15)  mod  31.  8*0. 


32 

15 

210 

Lemma  4.1. 

32 

16 

15 

Lemma4.6,  31  €5(15,7)  and  31  €5(16,8)  by  Umma4.5. 

33 

7 

21 

Table  5.22. 

33 

8 

7 

2»2(3,2)X  2(11,2). 

TJ  -  <(0, 0),  (0, 2).  (0.4).  (0, 6).  (0, 1).  (0. 7).  (1, 1), (1. 7))  mod  (3. 11), 

33  9  3 


33  10  45 


33  11  5 

33  12  11 


33  13  39 


1.2. 


<(0.0),  (0, 4),  (0. 6),  (0, 8).  (0, 0).  (0. 1), (1.0).  (1. 1))  mod  (3, 11). 

<(0. 0),  (0, 2),  (0. 4).  (0, 8).  (0, 5).  (0. 6),  (1 , 5),  (1, 6))  mod  (3,11), 

<(0, 0).  (0, 0),  (0, 0),  (0, 2),  (0. 5),  (0, 7),  (1 , 3),  (1, 8))  mod  (3, 1 1). 

(31|.  Fonn  5112, 3: 45)  with  JT -  Z(3)  X  2(3)  X  Z{5, 2)  and 
'll  -  <(0. 0. 0),  (0. 0. 0).  (0, 1,0),  (0, 0, 1).  (0. 0, 1),  (1, 0, 1).  (0. 0. 2). 

(0. 1, 2).  (1. 0, 2).  (0. 0, 3).  (0, 0, 3).  (1. 1,3))  mod  (3, 3. 5) 
and  delete  any  one  block  and  all  its  points. 

Jr«2(3.2)x2(ll,2). 

T)  « <(0,0), (0,0+1), (0,a+3), (0.0+5), (0.a),(0.a+2), (0,0+4). (l,aX 
(l,a+2).'(l,o+4)) mod  (3,11),  3  times,  a»0,l,2,3,4, 

<(0. 0),  (0, 1),  (0. 2).  (0. 3).  (0, 4),  (0. 5).  (0,6),  (0. 7),  (0. 8).  (0.9)) 
mod  (3. 11). 

Unknown. 

Jr-Z(3,2)x2(ll,2). 

TJ  -  <(0. 0).  (0, 0).  (0. 0).  (0, 2).  (0, 4),  (0. 6),  (0, 8).  (1, 1),  (1. 3),  (1.5).  (1,7), 
(1.9))  mod  (3. 11), 

<(0, 2o),  (0, 2a +1),  (0, 2o+ 2),  (0, 2o+ 3),  (0, 2a+2).  (0, 2o+ 3),  (0. 2a+4), 
(0, 2o+5).  (1, 2a),  (1, 2o+l).  (1. 29+4),  (1, 2a+5))  mod  (-,  11), 
o-0,l,2.3.4. 

2f«2(3,2)XZ(ll,2). 

T»  -  <(0.2o+9),(0. 0).  (0.0).  (0, 2).  (0.4),  (0.6),  (0, 8).  (1, 0),  (1,0),  (1. 2), 

(1.4) ,  (1,6),  (1,8))  mod  (3, 11).  o  -  0. 1. 

<(0. 0).  (0.40+3),  (0,40+5),  (0,0),  (0. 2).  (0, 4).  (0, 6).  (0, 8),  (1, 0).  (1, 2), 

(1.4) ,  (1,6).(1, 8))  mod  (3. 11),  o  -  0, 1, 

<(0. 0).  (0. 2),  (0, 4),  (0. 6),  (0. 8).  (0, 0),  (0, 4o+l),  (0, 4a+3).  (0, 4o+5), 
(l,0),(l,4a+l),(1.4a+3),(l,4o+5))  mod  (3, 11).  o  =•  0, 1, 

<(0. 1).  (0. 3),  (0, 7),  (0, 0),  (0. 2),  (0. 4),  (0, 6),  (0. 8),  (1.0),  (1, 2).  (1 , 4). 
(1,6),  (1.8))  mod  (3,11), 

<(0. 0).  (0, 2),  (0. 4),  (0, 6).  (0. 8).  (0. 1).  (0, 3),  (0, 5).  (0. 9).  (1. 1),  (1, 3). 

(1.5) ,  (1,9))  mod  (3,11). 
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Table  S.23  (contO- 

B[k.K\v\ 

33  14  91  Jr»2(3,2)xZ(11.2). 

■<(9,o),(0,a+2).(»,a+3).(0.a+3),((»,a+7).(0.a+8).(O,a),(O.a+l), 
(0,a+S),  (0,a+6),(l,a),(l,o+4),(l,o-»-5),(l,a+9)>  mod  (3, 11). 
a  •  0.1. 2,3,4, 

<(0,  2m+1),  (0.  2m +7).  (0. 0),  (0, 0).  (0. 2),  (0, 4).  (0. 6).  (0, 8),  (1,0) 
(1.0).(1.2).a,4).(l,6),(1.8)>mod(3.11).  2  times  for  m  -  0, 

once  for  M*  1.3,4, 

<(0.  d +2),  (0. /J + 3),  (0, 0 +4),  (0,  ^ +7),  (0,  d + 8),  (0,  ^ +9),  (0, «.  (0,  3). 

(O,d+S),(O,S+8),(l,0+l),(l,fl+3).(l.fl+6),(l,d+8)>mod(3,ll). 
tf“0,l, 

<(0. 0).  (0. 0).  (0, 2),  (0. 4),  (0. 6).  (0, 8).  (0. 1).  (0. 5).  (0. 7).  (0. 40  *  9). 

(1.1) .  (1. 5),  (1,7),  (1. 4(3+9)>  mod  (3,11),  0-  0, 1, 

<(0. 1).  (0. 3),  (0. 5),  (0, 7),  (0. 0),  (0, 2).  (0, 4),  (0, 6),  (0, 8),  (1, 0),  (1. 2), 

(1.4) ,(l,6),(l,8)>mod(3,ll). 

<(0. 1),  (0, 9),  (0, 0).  (0, 0).  (0. 2),  (0. 4),  (0, 6).  (0, 8),  (1. 0),  (1, 0).  (1. 2). 

(1.4) . (1,6),  (l,8))mod(3.11). 

33  15  35  2f«Z(3.2)xZ(11.2). 

'8  «  ((0, 2a+l),  (0.  2q+3),  (0, 2a+5),  (0, 0),  (0, 2a), (0, 2a+2),  (0. 2a+4). 

(0, 2a+6),  (0, 2a+8).  (1,0),  (1. 2a),  (1, 2a+2),  (1. 2a+4),  (1, 2a+6). 
(1.2a+8)>  mod  (3,11),  a  «  0.1. 2, 3, 4, 

<(0. 0).  (0, 2).  (0. 4),  (0. 6).  (0. 8),  (0, 0).  (0. 2).  (0, 4),  (0. 6).  (0. 8).  (1, 0). 

(1. 2) .  (1 . 4),  (1 . 6).  (1, 8)>  mod  (-.  1 1). 


33 

16 

15 

Formfil33,16;67J  with  JT ■  Z(67, 2) and  <8  -<0,2, 4,6 . 64>and delete 

any  one  block  and  in  other  blocks  delete  the  points  not  included  in  the  deleted 
block- 

34 

7 

14 

table  5.22. 

34 

8 

28 

jr-Z(3,2)XZ(11.2)u{(-)}. 

‘8  ■  <  (-).  (0. 0).  (0,  M).  (0.  M +5 ),  (0.  M).  (0,  M + 2).  (0,  m+5),  (0,  M + 7)> 
mod  (3, 11),  2  times  for  m  *  1.  once  for  m  °  0, 3, 

<(0,a),(0,a+l).(0,a+3),(0.a+6),(O.a).(O,a+5),(l.a+l),(l,a+6)> 
mod  (3,11),  a -0,1, 2, 3, 4. 

<(0.  V  +1).  (0, » +4).  (0,  V  *6),  (0.  V  +9),  (0,  i>).  (0,  M  +5).  (1.  «*  +  3),  (1,  i»+8)> 
mod  (3, 1 1),  .  2  times  for  »  >  1,  3  times  for  i.  •  0, 3. 

34  9  24  jr-Z(3.2)XZ(ll,2)u{(-)}. 

8  -  <(-).  (0. 0).  (0. 0),  (0. 2),  (0. 4),  (0. 6).  (0, 8).  (0, 0),  (1,0))  mod  (3. 1 1 ). 

3  times, 

<(0.0).  (0. 2a),  (0, 2a+3),  (0. 0).  (0, 2a+l),  (0, 2o+6).  (1, 0).  (1. 2a+2). 

(l,2a+7)>  mod  (3,11),  a  ■0,1,2, 3, 4, 
<(0.«.(0.^+l).(0.U+2),(O.d  +  3),(O,fl+4),(O.?^S),(l,fl+6),(l.flt-7), 
(1.^+8))  mod  (-.11),  d«0.1 . 9. 

34  10  15  X»Z(3,2)XZ(ll,2)u{(-)}. 

'll  -<(-). (0.a),(0,a  +  l).(0.a  +  2),(O,a),(O,a  +  l),(O.a+2),(l.a).(l.o-H). 
(Uo+2)>mod(-,ll),  a»  0,1, 2,3,4, 

<(0.0  +  2),(0,(}+7),(O,«,(O,|J+l),(O.8+S),(O.d+6).(l,0+3), 
(1.4+4),  (1,^^8),  (1.^+9))  mod  (3, 11).  4-0,1, 

<(0, 24),  (0. 24  + 1),  (0, 24  +  3),  (0, 24+5).  (0. 20  +6),  (0. 24+8).  (0, 24  +2), 
(0,24+7),(l.*-4+4).(1.24+9)>mod(3,ll),  4-0.1. 
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u  k  \  Blk.X;u] 


34  11 


12 

12 

12 

13 


34  14 


34  15 


10 


2f»Z(3.2)XZ(11.2)u{(-)}. 

'»  •  <(-),(«.  4),  (0,9),  (0. 0).  (0, 0).  (0. 7).  (0, 8),  (1, 0),  (1. 0).  (1. 7).  (1. 8)> 
rood  (3, 11), 

<(0, 0).  (0.1),  (0, 7),  (0, 9),  (0, 6a  ♦  8).  (0, 0),  (0, 5),  (0, 40 + 2),  (1 , 0), 

(l,5),(l,4a+2))rood(3, 11),  o»0,l. 


mod  (3,  -). 


2  Non-existing  by  Lemma  1.1. 

4  Non-existing  by  Lemma  1.2. 

X  *  0  (mod  2),  X  >  4.  Unknown. 

52  Jr-Z(2)XZ(17,3). 

'll  •  <(0,  a).  (0.  a+ 1),  (0.  a+ 2),  (0,  a+ 8).  (0.  o-t-9),  (0.  10),  (0, 0),  (0.  a), 
(0,a+l),{0,a+3),(0.a+8),  (0,0+9),  (0,o+ll))  mod  (-,17). 
o  »  0, 1 . 7, 


<  (0, (0, 0  +  2),  (0,  d +4).  (0,  d  +6).  (0,  d +8),  (0,  d+ 10),  (0.  d  + 1 2). 

(0.  + 14),  (0, 0),  (0,  d  + 1 ),  (0,d  +5),  (0. 0  +9),  (0,  d  ♦  13)>  mod  (-,  1 7), 
d»0. 1,2,3, 


<(0. 0),  (0, 2d  +  2),  (0. 2d  +6),  (0, 2d  +7),  (0, 2d+ 10).  (0, 2d  +  14).  (0, 2d  + 15), 
(0. 2d  + 1).  (0, 2d +2),  (0. 2d  +3).  (0, 2d  +9).  (0. 2d  + 10),  (0, 2d  + 1 1  )> 
mod(-,17).  d-0.1.2,3, 

<(0. 27  +  1).  (0. 27+2).  (0, 27  +  5),  (0, 27  +6),  (0,  It  +9),  (0, 27  + 10). 

(0. 27  +  13),  (0. 27  + 14).  (0, 0),  (0. 27+2),  (0, 27+6).  (0, 27  + 10). 

(0,27 +  14)) mod  (-.17).  7*0.1, 

<  (0. 0).  (0. 47  +  3),  (0, 47  + 1 1 ),  (0, 47  +  2),  (0, 47  + 1 0).  (0. 0),  (0, 1 ),  (0, 4), 

(0. 5),  (0, 8),  (0, 9),  (0, 12),  (0, 13)>  mod  (-,  17),  7  *  0. 1, 

<(0. 0),  (0, 1 ),  (0, 4),  (0, 5).  (0, 8),  (0. 9),  (0, 12),  (0, 13).  (0. 0),  (0. 1 ), 

(0. 5),  (0. 9),  (0. 13))  mod  (-,  17), 

<  (0. 0).  (0, 0).  (0, 4).  (0, 8),  (0, 1 2),  (0, 1 ).  (0. 2),  (0, 5),  (0, 6),  (0. 9), 

(0, 10),  (0, 13).  (0, 14))  mod  (-,  17). 

91  Z»Z(3.2)XZ(ll,2)u{(-)}. 

'»  *  <(-).  (0. 2o+l),  (0. 2a +3).  (0, 2o+5),  (0. 0),  (0, 2).  (0,4),  (0, 6),  (0, 8), 

(1,0),  (1. 2),  (1.4),  (1,6),  (1. 8))  mod  (3. 11),  a  «  0;  1, 2. 3,4, 

<  (-).  (0, 0).  (0. 0),  (0.0),  (0. 2),  (0, 4),  (0, 6),  (0. 8),  (1 , 0),  (1 , 0).  ( 1 . 2). 

(1.4), (1.6), (1,8))  mod  (3, 11),  2  times, 

<  (0, 2o +1 ),  (0, 2o+ 3),  (0, 2o  +  5),  (0, 0),  (0, 2),  (0. 4).  (0, 6),  (0, 8), 

(1. 0),  (1 . 2),  (1 , 4),  (1. 6),  (1, 8),  (d,  0))  mod  (3, 1 1).  a  -  0, 1 , 2, 3, 4, 

d  *  0, 1. 

70  2r»Z(3.2)XZ(11.2)u{(-)}. 

'»  *  <(-), (0. 2a+l), (0, 2o+3),  (0. 0).  (0, 0), (0, 2),  (0.4). (0.6),  (0, 8), (1,0), 

(1, 0),  (1, 2),  (1.4),  (1,6),  (1. 8))  mod  (3, 1 1),  o  •  0. 1, 2. 3,4, 

<(0. 2a+2),  (0, 2o+3),  (0, 2a+4),  (0, 2o+7).  (0, 2a+8),  (0, 2a+9),  (0, 0). 

(0, 2a),  (0, 2o+l),  (0,  2a+5),  (0, 2a+6),  (1, 2a),  (1. 2a+l),  (1. 2a+5), 
(l,2a+6))mod(3,ll).  o-0,l, 2,3,4, 

( (0. 0),  (0, 2),  (0, 4),  (0, 6),  (0, 8),  (0, 0),  (0, 2),  (0. 4),  (0, 6),  (0, 8),  (1 . 0). 

(1 , 2),  (1, 4),  ( 1 . 6),  (1 , 8))  mod  (- ,  1 1 ),  4  times. 
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Table  5.23  (cont.). 


u  k  \  £(<:.  x;u) 


34  16 


34  17 

35  7 

35  7 

35  7 

35  8 


35  9 


35  10 


35  11 


40  Jr-Z(3,2)xZ(ll,2)u{(-)}. 

TJ  -  <(-).  (9,0),  (9, 2),  (9,4),  (9, 6).  (9. 8).  (0, 1),  (0, 3),  (0, 5).  (0, 7),  (0. 9), 
(l.l).(1.3).(l,5).(l,7).(l,9))mod(3.11),  2  times. 

<  (-),  (9. 2a),  (9, 2a + 1 ),  (9, 2a + 2),  (9. 2a + 3),  (9. 4a +5).  (0. 2a),  (0, 2a  ♦  1 ), 
(0. 2a+2),  (0, 2a+3).  (0.4a+5).  (1, 2a).  (1, 2a+l),  (1. 2a+2)  (1, 2a+3), 
(l,4a+5)>mod  11),  a»0, 1, 

<(9, a),  (9. a+ 1),  (9.a+2),  (9. a+4),  (9,a+5),  (9,a+6).  (9. a+7).  (9.a+9). 
(0.a),(0.a+l).(0,a+5),(0,a+6),(l.a+2),(l,a+3),(l.a+7), 
(l,a+8)>mod(3.11).  a -0,1, 

<(9. 1).  (9. 2),  (9. 3).  (9. 4).  (9, 6),  (9. 7),  (9. 8),  (9, 9),  (0. 0).  (0. 4),  (0. 5), 

(0, 9),(1.  l).(l,4),(1.6),(1.9)>  mod  (3. 11). 

16  Form  5(33. 16;  67|  with  Jf  «  (67, 2)  and  H  *  <0, 2, 4, 6....,  64 >  and  delete 

any  one  block  and  all  its  points. 

3  Unknowm. 

9  2r-Z(5.2)XZ(7,3). 

TO  •  <(9. 0),  (9. 2),  (9. 4).  (0, 2a+l),  (1. 2a+3),  (2, 2a+l).  (3, 2o+3))  mod  (5. 7). 
2  times,  a  «  0,1,2, 

((9. 0).  (9, 2),  (9. 4),  (0. 9),  (1, 0),  (2, 0).  (3, 0))  mod  (5, 7), 

<(9. 9).  (9, 0),  (9, 1),  (9, 2),  (0. 3),  (9, 4).  (0, 5))  mod  (5,  -).  2  times. 

X  a  0  (mod  3),  X  >  3.  Lemma  2.4,  35  e  BO.  6)  by  Lemma  5.39  and  35  S  BO,  9). 

28  2r»Z(5,2)XZ(7.3). 

*  •  <(^.  0),  (0. 2),  (fl,  4).  (fl  1-1 , 0),  (^ + 2, 0),  (tf + 2, 2),  (^  I- 2. 4).  (^  +  3, 0) > 
mod  (5, 7),  4  times,  0“0, 1, 

<CJ.a),(0,a+3),(0+l,a+l),(0+l,a+4),(0+2,a),(0+2,o+3), 
(0+3.a+2),(0+3,o+S)>mod(3,7).  a  =  0,l,2,  0»O,1. 

<(0,a),(0.a+3).(l,a+l),(l.a+4).  (2.a),  (2,a+3),  (3.0+1),  (3,a+4)> 
mod  (5, 7),  a  »  0,1,2. 

36  Ar«Z(5,2)XZ(7,3). 

“<  (0, 7).  (9. 7  ♦  2),  (0, 7  +4),  (0. 0),  (^,  2),  (0. 4),  (0  +  2. 0),  (0  +  2, 2),  (0  +  2, 4)) 
mod  (5, 7),  2  times,  0*0,1,  7*0,1, 

<(9,0),(0.  a),  (0.0+3).  (0+1, 0+1),  (0+1,  a+4),  (0+2,  a),  (0  +  2, 0+3), 
(0+3,o+2),(0+3,a+5)>mod  (5,7),  a*0,l,2,  0*0,1, 

<(0.9).(O,a),(O.a+3).(l.a+l).(l,a+4).(2.o),  (2,a+3),(3.a+l). 
(3,a+4)>mod(5,7),  a  *0,1, 2. 

9  (GF(4,x*-jt  +  l)u{-})XZ(7,3). 

TJ  -  <(-,  0),  (-.  1).  (-,  2),  (-,  3).  (-.4),  (-,  5).  (0. 0),  (0. 0),  (1, 0),  (2. 0)) 
mod  (-.7), 

<(-,  2a).  (-.  2a+3),  (9, 2a+ 1),  (9, 2a+3).  (0, 2a),  (0, 2a+2),  (1, 2a+2), 

(1, 2a+4),  (2. 2a),  (2. 2a+4)>  mod  (4, 7).  a  *  0, 1, 2, 

<(-,  9).  (9, 0).  (9,1),  (9. 2).  (9. 3).  (9. 4),  (9, 5),  (0. 9).  (1,9),  (2. 9)> 
mod  (4, 7). 

55  2f*Z(5,2)XZ(7,3). 

H  »  <(0. 1),  (0, 3).  (0, 5),  (a.  0),  (a,  2),  (a,  4),  (a+1 . 0),  (a+2, 0).  (a+  2, 2), 
(a+2,4),  (a+3,0))mod  (5, 7),  5  times,  a  *0,1, 

<(9, 0).  (9, 2),  (9, 4),  (a.  0).  (a.  2).  (a,  4),  (a+1, 0),  (a +2, 0),  (a+2, 2), 
(0+2,4),  (a+3,9)>  mod  (5,7),  3  times,  a -0,1, 

<(0, 9).  (0, 0),  (0. 1),  (9, 2).  (9. 3),  (0.4),  (9, 5),  (0, 0),  (1. 9),  (2. 0),  (3, 0)> 
mod  (5,7). 
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V  k  \  B[k,  u| 


35  12 


35  13 


35  14 

35  14 


35  14 


35  14 


66  Ar»Z(5,2)XZ(7,3). 

TJ  -  <(0,0).  (0. 1),  (0, 3),  (0, 5),  (o.  0).  (a.  2).  (a,4),  (a-M.  0),  (a+2, 0). 
(o+2,2),(a+2,4),(a+3,0)>mo<l  (5,7),  6  times,  a»0,l, 

<(0. 0).  (0.0),  (0, 2),  (0,4),  (a,  0),  (a,  2),  (a,  4).  (a+1, 0),  (o+2, 0), 
(a-»'2,2),(a'f2,4),(a-)'3,0))mo<l  (5,7),  a»0,l, 

<(0. «.  (0,  ? +1).  (0,  ^ +3),  (0, 0  *4),  (0, «,  (0,  +  3),  (1,  ^  ♦! ),  (1 ,  fl  +4), 
(2,«,(2,^t-3),(3,/J+l),(3,S<-4)>mod  (5,7),  ^-0,1, 2. 

78  2fZ(5,2)xZ(7,3). 

TJ  -  <(0. 1).  (0. 3),  (0, 5),  (a,  0),  (a, 0),  (a,  2),  (a, 4),  (a+1, 0),  (a+2, 0), 

(a+2,O),(a+2,2),(o+2,4),(a+3,0)>mod  (5,7),  5  times,  a«0,l, 

<(0, 0),  (0, 0),  (0, 2),  (0, 4),  (1, 1),  (1, 3),  (1,5),  (2, 0),  (2, 2),  (2, 4), 

(3, 1),  (3, 3),  (3, 5)>  mod  (5, 7),  5  times, 

<  (0, 0).  (0, 0),  (0, 2),  (0, 4),  (1, 0),  (1 , 2),  (1 , 4),  (2, 0),  (2,2),  (2, 4), 

(3,0),  (3, 2),  (3,4))  mod  (5,7),  2  times. 

13  Unknown. 

26  X~  (Z(3, 2)  u  {(-,):  /  «  0,  l})  X  Z(7, 3). 

TJ  -  <(-o.  0),  (-0. 0).  (-0, 1).  (-0. 2),  (-0. 3),  (-0, 4),  (-0,5),  (-,,  0), 
(“l,0),(-j,  l),(“i,2),(-i,3),(«i,4),(-|,5)>,  2  times, 

<(-O.0).(~l.<*).(-i,<»+2),(-|,a+4),  (0,0),(0,a+l),(0.a+3), 
(0.a+5),(O,a),(O,a+2),(O,a+4).(l,a),(l.a+2),(l,a+4)> 
mod  (3, 7),  a«0, 1, 

<(~0, 0),  (“0,  “),  (~o,  “■'•2),  (-0,  a+4),  (-,,  0),  (0, 0),  (0, 0),  (0,  a+ 1), 
(O,a+3),(O,a+5),(l,0),(l.a+l),(l,a+3),(l.a+5))mod  (3,7), 
a  ■0,1, 

<(“0>  a),  ("o,  a+ 2),  (—0,  a  +4),  (- 1,  a),  (» j,  a+ 2),  (-i,  o+4),  (0 , 0), 
(O,a+l),(O,a+3),(O,a+5),(l,0),(l,a),(l,a+2),(l,a+4)>mod(3,7), 
a  “  0, 1, 

<("0,a),(-o,a+2),  (-o,a+4),  (-|,0),  («i,a+l),  (“i,a+3),(-i,a+5), 
(0, 0),  (0,a),  (0,a+2),  (0,a+4),  (l,a),  (l,a-t-2), (l,a+4)>  mod  (3, 7), 
a -0,1. 

39  X‘  (Z(3, 2)  U  {(-,):  /  »  0,  l})  X  Z(7, 3). 

•  <(“o,  0),  (“0, 0),  (—0, 1),  (—0, 2),  (—0, 3),  (—0.4),  (-o, 5 (-i,  0), 
(“j,0),(-i,l),(-|,2),(-i,3),(-i,4),(-,,5)),  3  times, 

<(-O,0).(«t.0),(“|.a),(-ua+3),(0,a),(0,a+2),(0,a+3),(0,a+5), 

(0, 0), (0,a+2),  (O.a+S),  (1,0),  (l,a),  (l,a+3)>  mod  (3, 7), 
a -0,1, 2, 

<{"0,a+l),  (*o,a+2),  (-o,a+4),  (-o,a+5),(-i,0),(0,0),(O,a), 
(0,a+l),  (0,a+3),(0,a+4),(l,a),(l, a+2),  (1,0+3),  (l,a+5)) 
mod  (3,7),  a  ■0,1,2, 

< (“0, 0),  (“O .  a + 1 ),  (-0,  a+4),  (- 1 , 0),  (- 1,  a + 2),  (-  j ,  a+ 5),  (0, 0), 
(O,0),(O,a),(O,a+3),(l,a),(l,a+2),(l,a+3),(l,a+5)>mod(3,7), 
a -0,1,2, 

<(“O,0),  ("o,  a+2),  (-o,a+5),(-t,  a),  (-j,a+2),  (-1,0+3),  (-1,0+5), 
(0, 0),  (0, 0),  (0,0+1),  (0, 0+4),  (1, 0),  (1,0+2),  (1,0+5))  mod  (3, 7), 
a -0,1,2. 

X  s  0  (mod  1 3),  X  >  1 3.  Lemma  2.4,  35  €5(14, 26)  and  35  €  5(14, 39). 
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Table  5.23  (cont.). 

V  k  \  Blk.\;v] 

35  15  21  2r-(Z(4)u{-})XZ(7.3). 

9),  0).  (-,  2),  (-.4),  (O',  0),  (O',  1),  (O',  3),  (O'.  5),  d'.  0),  (!'.  2), 

(1'.4),  (2',  1),  (2'.  3),  (2',  5).  (3'.  0)>  mod  (4. 7). 

<(-.  0),  (-.  0).  (-,  2).  (-.  4).  (O'.  0).  (O'.  0),  (O',  2).  (0',4),  (1',  1).  (!'.  3), 
d',  5).  (2',  0),  (3'.  1),  (3',  3),  (3'.  5))  mod  (4, 7), 

<(-.  1),  (-.  3).  (-.  5),  (O'.  0).  (O',  1).  (O'.  3),  (O',  5),  (!',  0).  (!'.  1),  (!',  3). 
(!'.  5).  (2',  0),  (2',  1).  (2'.  3).  (2',  5)>  mod  (4, 7). 

<(-,  0),  (O',  0),  (O',  0),  (O'.  2),  (O'.  4),  (!'.  0),  (!'.  2).  (!'.  4).  (2'.  0).  (2'.  1). 
(2',  3),  (2*.  5).  (3'.  1),  (3'.  3),  (3',  5))  mod  (4. 7), 

<(-.  1).  (-.  3),  (-.S),  (O',  0),  (O',  2).  (O',  4).  (!',  0),  d',  2),  (!'.  4).  (2',  0). 
(2'.  2).  (2'.  4),  (3',  0).  (3'.  2).  (3',  4))  mod  (-.  7). 

35  16  120  Lemma  2.6,  35  £^(17, 8)  ast>elow  and  17  €  £(16, 15)  trivially. 

35  17  8  [29).Jr*Z(5,2)xZ(7,3). 

•  <(0. 0). (0. 0),  (0, 0),  (0, 2),  (0  .4),  (1, 0),  (1. 1),  (1,3),  (1.5).  (2, 0),  (2, 0). 
(2. 2),  (2.4).  (3,0),  (3. 1),  (3. 3),  (3, 5)>  mod  (5.7). 

36  8  2  Non-existing  by  Lemma  1.3. 

36  8  X  3B  0  (mod  2),  X  >  2.  Unknown. 

36  9  8  jr-Z(3,2)XZ(7,3)u{(-)}. 

TS  •  <(-).  (0. 0),  (0. 2),  (0, 3).  (0, 5).  (0, 1).  (1,4),  (2. 1),  (3, 4))  mod  (5. 7). 

<(0, 0).  (0.0),  (0. 2),  (0.3).  (0, 5).  (0, 1). (1.4). (2, 1),  (3,4)>  mod  (5. 7), 

<(0, 0).  (0. 2).  (0, 4),  (1 , 0),  (1. 0),  (2. 2),  (2, 4).  (3, 0).  (3, 0)>  mod  (5. 7). 

<(0. 0).  (0,  0).  (0,4),  (1,1),  (1,5),  (2, 0), (2,4),  (3, 1),  (3, 5)>  mod  (5, 7). 

36  10  9  2r»(Z(3,2)u{«}xGF(9,x>»2x  +  l). 

TJ  -  <  (-.0+3),  (-,  a+7),  (0. 0),  (0. 3).  (0, 4),  (0, 7),  (0. 1),  (0. 5),  (1 . 2).  (1, 6)> 
mod  (3,9),  o«0, 1, 

<(-,  0).  (0. 0),  (0, 1).  (0, 2).  (0. 5).  (0. 6).  (1.1),  (1,2).  (1.5),  (1, 6)) 
mod  (3,9), 

<{-.  0),  (-.  3).  (-.  4).  (-.  7),  (0. 0),  (0. 0).  (0.4),  (1. 0),  (1, 3).  (1. 7)> 
mod  (3,9), 

<(“,<»).  (*.0+2).  (-,0+4),  («,a+6),  (0,0+1),  (0,0+5),  (0,o+l), 
(0,0+5),  (1,0+1),  (1,0+5))  mod  (-.9).  o-O.l. 

36  11  22  Z-Z(5,2)xZ(7,3)u{(-)}. 

TJ  •  <(-).  (0, 0),  (0. 2),  (0, 3).  (0, 5),  (fl,  1).  (d.  4),  (? +1. 0),  (^ +2, 1), 
(d+2.4),(|J  +  3.0)>mod(5,7).  0-0,1, 

<(-).  (0, 2).  (0. 5),  (0, 2),  (0, 5),  (1, 2),  (1,5),  (2, 2),  (2, 5),  (3, 2),  (3. 5)> 

mod  (-,7), 

<(0.0).  (0.0).  (0.0+ 3).  (0,0+1), (0.o+4),(l,o+2),  (1,0+5),  (2,0+1), 
(2,0+4).  (3, 0+2),  (3,  o+5)>  mod  (5. 7),  o  ■  0. 1, 2. 

<(0. 0).  (0. 2).  (0. 5).  (0. 0),  (0, 3).  (1, 0),  (1, 3),  (2, 0).  (2. 3).  (3, 0).  (3. 3)) 
mod  (5,7), 

<(0. 0).  (0. 0).  (0, 1),  (0, 2),  (0. 3).  (0. 4).  (0. 5).  (0. 0).  (1.0).  (2, 0).  (3. 0)> 
mod  (5,7). 

36  12  11  2fZ(5,2)xZ(7,3)u'{(-)}. 

<»  -  <(-).  (0. 0),  (0. 0),  (0, 3).  (0. 4),  (0, 5),  (1.0).  (2. 0),  (2, 3),  (2, 4J 
(2.5), (3.0)) mod  (5,7), 

<(0. 0).  (0. 3),  (0. 0),  (0. 3),  (1. 0).  (1 , 1).  (1, 4).  (2, 0),  (2. 3),  (3, 0). 
(3.1),(3,4)>mod  (5,7), 

<(0, 1).  (0, 3).  (0, 4).  (0. 5).  (0, 0),  (0. 2),  (0, 4).  (1,0),  (2, 0),  (2. 2), 

(2,4),(3,0)>  mod  (5. 7). 
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B{k.  K  u| 


36  13  156  jr-Z(5,2)x2(7,3)u{(«)}. 

T>  •  <(-).  (0. 0).  (0, 2),  (0.4),  (1, 1),  (1, 3).  (1, 5).  (2. 0).  (2, 2),  (2, 4).  (3. 1), 
(3, 3),  (3, 5)>  mod  (5, 7),  10  times, 

<(-).  (0, 0).  (0, 2).  (0, 4).  (1, 0),  (1 , 2).  (1 . 4).  (2, 0).  (2, 2).  (2, 4),  (3. 0), 

(3. 2) .  (3. 4)>  mod  (5, 7),  3  times, 

<(0.  Vi,  2o).  («.  2ot +1 ),  (0 ,  2o + 3).  (0, 2a  +4),  (p,  2o),  (fl,  2a + 3). 
0J+1.2a+2),(i}+l,2a+5),(^+2,2o),(fl+2, 2a+3),(^t-3.2a+2), 
()J+3,2a'*-5)>mod  (5,7),  2  times,  a  °  0,1,2,  d'0, 1, 

<(0. 0).  (0. 2a).  (0, 2a+l).  (0, 2a+3),  (0. 2a+4).  (0. 2a+2),  (0. 2a+5). 

(1, 2a+2),  (1. 2a+5),  (2, 2a  +  2),  (2, 2a+5).  (3. 2o+2),  (3, 2a+5)> 
mod  (5, 7),  2  times,  a  »  0, 1, 2, 

<(0. 0).  (0. 0).  (0, 2),  (0. 4).  (1. 1),  (1. 3).  (1. 5).  (2. 0).  (2. 2).  (2, 4),  (3. 1). 

(3. 3) ,  (3, 5))  mod  (5, 7),  5  times. 

13  A’*(2(3.2)u{-})XGF(9.x*-2jc  +  1). 

'D  =  <(-.  0),  (-. !).(-.  3).  (-,  5),  (-,  7).  (0, 0),  (0, 0).  (0. 2),  (0. 4),  (0, 6), 
(1,0), (1,2),  (1,4), (1.6)) mod  (3.9). 

<(-,  1).  (-.  3),  (-.5).  (-.  7),  (0, 0),  (0, 0).  (0, 0).  (0. 2).  (0, 4).  (0, 6), 

(1. 1),  (1, 3),  (1.5),  (1. 7)>  mod  (3.9). 

<(-.a),(-,a+4),  (0,a).  (0,a+ 1),  (0,  a+4),  (0,a+5),  (0,a),  (0,o+2). 
(0,a+4).(0.a+6),(l.a).  (l,a+3),  (l,a+4).  (l,a+7))  mod  (-.9). 


36  14 


36 

15 

2 

a  -  1,2.3. 

Non-existing  by  Lemma  1.1. 

36 

15 

4 

Non-existing  by  Lemma  1.1. 

36 

15 

6 

(31).  A'-GF(4,x7  -x  +  l)  X  GF(9.xJ  •  2x  +  l). 

36 

15 

8 

T)  -  <(0. 0).  (0. 1).  (0, 2),  (0, 4),  (0, 5),  (0, 6).  (0. 0).  (0, 0).  (0, 4),  (1, 0). 

(1 ,  V).  (1 , 5),  (2, 0).  (2. 2),  (2, 6))  mod  (4, 9). 

[29].  JT  •  GF(4,  X*  -  *  +  1)  X  2(3, 2)  X  2(3, 2). 

TJ  -  <(0, 0. 0).  (0, 0. 0),  (0, 0. 0),  (0, 0. 0),  (0, 1.0).  (0, 1,1),  (0, 0. 0), 

(0, 0, 0).  (0, 1, 0),  (1, 0. 0).  (1. 0, 0).  (1 . 1. 0).  (2. 0. 1),  (2, 0, 1), 
(2,l,0)>mod(4,3,3), 

<(0. 0. 0).  (0. 0. 0).  (0. 0. 1),  (0. 0. 0).  (0. 0, 0).  (0. 0, 1).  (0. 0. 0). 

(0. 0. 0).  (0, 0, 1).  (1. 0. 0).  (1.0. 0).  (1, 0i  1),  (2, 1, 0).  (2, 1, 0), 

(2.1.1) )  mod  (4,3,-). 

36  15  10  X -  (Z(5, 2)  u  {(-;)-.  f «  0,1})X 2(5. 2)  U  {(-,-)}. 

'»  *  <(-.-).  (-0. 1).  (-0. 3),  (-1. 0).  (-,.  2),  (0. 1),  (0, 3),  (1,0),  (1.0). 

(1.2) .  (2, 1),  (2. 3),  (3, 0),  (3, 0),  (3. 2))  mod  (5, 5). 

<(-o.  0).  (-0. 1).  (-0. 3),  (-1, 1),  (-, .  3),  (0. 0),  CO,  1).  (0, 3),  (1,0), 

(1. 2) ,  (2, 0),  (2, 1).  (2, 3).  (3, 0),  (3, 2)>  mod  (5.5), 

<(-l,  0).  (-1, 0).  (-„  1),  (-,,  2).  (-,.  3),  (0. 1),  (0, 3).  (0. 1),  (0, 3), 

(1. 1) ,  (1, 3).  (2, 1),  (2, 3),  (3. 1),  (3, 3)>  mod  (-,  5), 

<(0. 0.  (0. 1),  (0. 3).  (0. 0),  (0, 1),  (0. 3).  (1. 0),  (1. 1).  (1. 3),  (2. 0), 

(2. 1) ,  (2, 3),  (3, 0),  (3. 1),  (3, 3)>  mod  (-,  5). 

36  15  X  ■  0  (mod  2).  X  >  4.  Lemma  2.4,  36  e  fl(15, 6),  36  e  5(15, 8)  and  36  e  5(15, 10). 

36  16  12  JT  =  (GF(4. xJ  +  1)  u{«})X  2(7, 3)  u  {(-,-)}. 

D  •  <(-.  -).  (~.  1 ),  (-.  3),  (-,  5),  (0, 1 ),  (0, 3),  (0, 5),  (0, 0),  (0. 0),  (0, 5). 

(1, 0).  (1. 2),  (1, 1), (2. 0),  (2, 4),  (2. 3)>  mod  (4, 7). 

<(-,  0),  (-.  0).  (-,  2).  (-.4),  (0, 0),  (0, 0).  (0, 1).  (0. 3).  (0, 0).  (0, 2), 

(0, 3).  (0, 5).  (2. 0),  (2, 1 ),  (2, 4).  (2, 5)>  mod  (4. 7). 

<(0. 0),  (0, 0).  (0. 2).  (0, 4),  (0, 0)i  (0, 0),  (0, 2),  (0, 4),  (1 , 0),  (1, 0),  (1 , 2), 
(1.4).  (2, 0),  (2, 0),  (2. 2).  (2. 4)>  mod  (-,  7). 
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0  k  k  B[k,  X;  u| 


36 

17 

272 

Umma4.6,  35  €8(16, 120)  and  35  6  8(17,8). 

36 

18 

17 

Af-Z(5,2)x2(7,3)u{(-)}. 

IS  -  <(-).  (0, 0),  (0, 0),  (0, 0),  (0, 2),  (0,4),  (1,0),  (1, 1),  (1, 3),  (1,5),  (2, 0), 
(2, 0),  (2, 2),  (2, 4),  (3, 0),  (3, 1 ),  (3, 3),  (3, 5))  mod  (5, 7), 

<  (0, 0),  (0, 1),  (0, 2),  (0. 3),  (0, 4),  (0, 5),  (0, 0),  (0, 2),  (0, 4),  (1,1), 

(1.3),  (1,5),  (2, 0),  (2, 2),  (2, 4),  (3, 1),  (3, 3),  (3,5))  mod  (5. 7). 

37 

8 

14 

Lemma  4.1. 

37 

9 

2 

112).  AT- 2(37,2). 

“IS  -  <0, 4, 8, 12,16, 20, 24, 28, 32)  mod  37. 

37 

10 

5 

Lemma  4.4. 

37 

11 

55 

Lemma  4.2. 

37 

12 

11 

Lemma  4.1. 

37 

13 

13 

Lemma  4.2. 

37 

14 

91 

Lemma  4.1. 

37 

15 

35 

Lemma  4.3. 

37 

16 

20 

AT  =  2(37, 2). 

'18  =  <0,4a,4a+l,4a+2,4a+3,4a+4,4a+12,4a+13,4a+14,4a+lS,4a+16, 
4a+24,4a+25,4a  +  26,4o+27,4a  +  28)  mod  37,  a  -  0, 1,2. 

37 

17 

68 

Lemma  4.2. 

37 

18 

17 

Lemma  4.1. 

38 

8 

28 

A' =  2(37, 2)  u{-}. 

T>  “<-,0,3a  +  3+l,3a+a  +  7,3a+0+13,3fli  +  0+19,3a  +  p+25,3a+p+31> 
mod  37,  a  “0,1,  d*0, 1, 

<27,27+2,27+6,27  +8,27+18, 27+20, 27+24,27  +  26)  mod  37, 

7  “0,1 . 8, 

<3«.  3S+2, 36+6, 36+10, 36+18, 36+20, 36  +  24, 36+28)  mod  37, 

6  «0,1 . 5. 


38 

9 

72 

Lemma  4.6,  37  €  8(8, 14)  and  37  € 8(9, 2). 

38 

10 

45 

Lemma  4.6, 37  6  8(9, 2)  and  37  €  8(10, 5). 

38 

11 

no 

AT -2(37, 2)u{-}. 

TJ  =  Blocks  of  8(10, 5;  37]  on  2(37)  with  «  adjoint  to  each  block. 

(••,a,a+l,a+2,a+9,a+10,  a+18,a+19,a+27,a+28,  a+29)  mod  37, 

<*•0,1 . 8, 

<(|),a,a+l,a+9,a+10,a+18,a+19,a+27,a+28,a+9d+2,a+9(3+ll) 
mod  37,  a  “0,1 . 8,  0,1,2. 

38  12  66  Ar-Z(37,2)u{-}. 

'll  ”  <“,  3a,  3a+3, 3a+6, 3a+9,3a+12, 3o+15, 3a+18, 3a+21,3a+24, 

3a+27, 3a+30)  mod  37,  a  •  0, 1, ...,  5, 
<»i,<*+3,p+6,<i+9,/i+12,/i+15,;i+18,)i+21,>»+24,m+27,m+30,m+33) 
mod  37,  onceforM‘0, 6timesforu«  1,2. 

38  13  156  AT -2(37, 2)  u{-}. 

9)  •  <«,)»,)i+3,)i+6,a»+9,m+12,)i+15,m+18,ai+21,m+24,j»+27,m+30, 

M+33)  mod  37,  4  times  for  m  -  0,2,  5  times  for  /i  “  1. 

<0,  w,i>+3,i'+6,«'+9,  i>  +  12,  i'+15,«<+18,i>+21,i>+24,i'+27,»i+30,  k  +  33) 
mod  37,  10  tines  for  v  -  0,  7  times  for  i>  -  1,  8  times  for  v  ■  2. 

38  14  91  AT -2(37, 2)  u{-}. 

-  Blocks  of  ,8(13, 13;  37]  on  2(37)  with  ••  adjoint  to  each  block,  2  times, 
<-, 0, 3, 6, 9, 12, 15, 18, 21, 24, 27, 30, 33)  mod  37, 

<3a+d+2, 3a+d  +  3, 3a  +  (?+4, 3a+)J  +  5, 3a+d+6, 3a  +  3  +  7, 3a+d+16, 
3a+(J+20,3a+d+21,3a+8  +  22,3a+d  +  23,3a+(J  +  24,3a+d+25, 
3a+d+34)mod  37,  a-0,1 . 5,  d-0,1. 
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Blk.  u] 


38  15  210  2r-Z(37.2)u{-}. 

D  »  BlockjofB(lS.3S;37I  onZ(37), 

<-,  2a,  2a*2, 2a+3, 2a+6, 2a+9, 2a+12, 2<»+15, 2<»+18.  2a+20, 

2a-*-21, 2o+24, 2a*21, 2a+30,  2a+33>  mod  37,  a  *  0, 1, ....  8, 

<-,  0. 3ft  3ff*l,30  *  2, 30  *  3. 30  *4, 30*12, 30*13, 30*14, 30*15, 

30*24, 30*25, 30*26, 30*21')  mod  37,  d  “  0, 1 . 5, 

lit,is*\,p*2,ii*3,ii*4,ii*12,p*\3,is*14,ii*\5,ii*16,ix*24,p*25, 
;i'*'26,«<'^27,m'^28>  mod  37,  3  times  for  *i  *  1, 3,  2  times  for 

p  «  0,4,  once  for  *<  »  5, 

<K,  v*'l,«'  +  2,t»  +  3,  v+5,K+12,K+13,i'+I4,w+15,i'+17,i>+24,i/+25, 
»♦26,l»•*■27,l»•^■29>  mod  37,  once  for  i'  =  0, 3, 2  times  for  v  » 1,4. 

38  16  120  2r-Z(37,2)u{-}. 

8  ”  '••,P,lt*l,ft*2,ii*3,p*4,n*\2,ii*13,u*l4,ii*l5,u*16,  ti*24,  u*25, 
<i+26,*«+27,p  +  28)mod  37,  m  »  0,5,6, 11, 12, 13, 14, 17, 

(0,  »,y  ♦1,1' +  2, » +3,  v +4,  w +12,  •’■*•13,1' +14,  w +15,  *'+16,1'  + 24,1' +  25, 
y  +  26,y  +  27,y  +  28>mod  37,  y  •  0,  l,2,3,4,7,8,9, 10,  IS,  16. 

38  17  272  2f-Z(37,2)u{-}. 

Tl  •  Blocks  of  B(16, 20;  37]  on  Z(37)  with  ••  adjoint  to  each  block,  5  times. 
Blocks  of  1 7, 68;  37  ]  on  Z(37), 

<••,  0, 3a,  3«r+l,  3a+2, 3a+3, 3a+4, 3tt+12, 3a+13, 3a+14, 3a+lS, 
3o+16,3a+24,3a+2S,3a+26,3a+27,3a+28)  mod  37,  a  ■  0, 1, 

<0, 30*11*1,30*11*2, 38  +  4+3, 3a+»*+4,3d  +  »i+10,38+M+U,38+>i+12, 
38+4+13, 38+4+19,38+4+20, 38+4+21, 38+4+22,38+4+28, 
38+4+29,38+4+30, 38+4+31)  mod  37,  8  °  0, 1,2,  once  for 

4  •  0,  3  times  for  4*1. 

38  18  153  Lemma  4.6,  37  €5(17,68)  and  37  eB(l8, 171. 

38  19  18  A- «  Z(37. 2)  u  {-}. 

8  -  <-, 0, 2,4, 6, 8, 10, 12, 14, 16, 18. 20, 22, 24, 26. 28. 30, 32, 34)  mod  37, 

<0, 0. 2,4,6, 8, 10. 12. 14, 16, 18, 20, 22. 24, 26, 28, 30. 32, 34)  mod  37. 

39  7  21  Table  5.22. 

39  8  28  jr-Z(3.2)XZ(13,2). 

T>  «<(0.a).(0,a+6),(O,a+l),<O,a+2),(O,a+3),(l,a+7).(l.(i+8),(l,a+9)> 
mod  (3, 13),  a -0,1 . 11. 

<(O.0).(O.O).(O.4).(O,8),(l,0),(l,O),(l,4),(l,8)>mod  (3,13)  7  times. 

39  9  12  2r«Z(3,2)xZ(13.2). 

'B  »<(0.0).(O,0).(O.2a+3),(O.2a+9),(l,0),{l,2a),(l,2a+l),(l,2a+6). 
(l,2a+7)>  mod  (3,13),  a -0,1, 2, 

<(0, 2a+3),  (0, 2a+9).  (0. 0).  (0. 2a),  (0. 2a+6),  (1, 2o+l),  (1. 2a+2), 
(l,2a+7),(1.2a+8)>mod  (3,13),  a  =  0,1, 2, 

<(0. 0),  (0, 4),  (0, 8).  (0.0).  (0,4),  (0. 8),  (1, 0).  (1 . 4).  (1 . 8)>  mod  (-.13). 

39  10  45  Lemma  2.6,  39  €5(19,9)  as  below  and  19  £  5(10, 5)  by  Lemma  4.5. 

39  11  55  Jf-Z(3,2)xZ(13,2). 

T1  •  <(0. 0).  (0, 0),  (0. 2a).  (0, 2a+3).  (0, 2a+6),  (0, 2a+9),  (1. 0),  (1. 2a+l), 
(l,2a+4),(l,2a+7),(l,2a+10)>  mod  (3,13),  3  times,  a  -  0, 1.2, 

<(0. 0).  (0.4+2),  (0,4+8),  (0,4),  (0.4+3),  (0,4+6),  (0,4+9),  (1.4+2), 
(1,4+5), (1,4+8),  (1.4+11))  mod  (3,13),  2  times  for  4  -  0. 2, 4, 

once  for  4*  1,3,5, 

<(0.0).  (0.4),  (0.8),  (0,0),  (0.0),  (0,4),  (0,8),  (1,0),  (1,0),  (1.4),  (1,8)> 
mod  (3, 13). 
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V  k  \  B[k.  \\  u] 


39  12 


39  13 

39  13 


39  13 


39  13 

39  14 


39  15 


22  Jr»Z(3,2)x2(13.2). 

TJ  *  <(0,a),  (0.a+6),  (0, 0),  (O.o),  {O.a+3).  (O.a+6).  (0,a+9),  (1,  0), 

(l,a'H),{l,a+4),(l,a+7),(l,a+10)>  mod  (3. 13).  a  »  0. 1 . 5, 

<(0, 0).  (0. 0),  (0. 4).  (0. 8),  (0, 0).  (0. 0),  (0, 4).  (0. 8),  (1, 0).  (1, 0), 
{1.4),(1.8)>mod  (-.13). 

6  Unknown 

12  X»2(2)XZ(19.2)u{(~)}. 

TI  •  <(-).  (0. 0).  (0, 1 ),  (0. 6).  (0. 7).  (0. 1 2).  (0. 13).  (0. 1 ).  (0. 2 ).  (0. 7). 

(0. 8).  (0. 13),  (0. 14)>  mod  (2, 19). 

<(0. 0).  (0. 0),  (0,4),  (0, 6),  (0, 10).  (0, 12),  (0, 16),  (0, 0),  (0. 2),  (0. 6), 

(0, 8),  (0, 12),  (0. 14))  mod  (2, 19), 

<(0, 0),  (0, 4),  (0, 10),  (0, 16),  (0, 0),  (0, 1),  (0, 3),  (0, 6),  (0. 7),  (0. 9), 

(0, 12).  (0, 13).  (0. 15)>  mod  (2, 19). 

18  >«■«  2(2)  X  2(19, 2)  u  {(-)}. 

‘B  «  <(«),  (0, 4).  (0, 10),  (0. 16),  (0, 1),  (0, 2),  (0, 3),  (0, 7),  (0, 8)  (0. 9). 

(0. 13),  (0, 14).  (0, 15))  mod  (2. 19), 

<(«).  (0, 1).  (0,4),  (0, 7),  (0, 10).  (0,13),  (0, 16),  (0. 1),  (0, 4),  (0. 7), 

(0. 10).  (0, 13).  (0, 16))  mod  (-,  19). 

((0. 0).  (0.0),  (0. 1).  (0, 6),(0, 7),  (0. 12).  (0, 13),  (0. 0).  (0, 4).  (0, 6), 

(0. 10),  (0, 12).  (0. 16))  mod  (2, 19), 

<(0, 0),  (0. 1).  (0, 2),  (0, 7).  (0, 8),  (0, 13),  (0. 14),  (0, 0),  (0, 1),  (0. 6), 

(0. 7),  (0. 12),  (0, 1 3))  mod  (2, 19). 

<(0. 0).  (0. 1).  (0, 5).  (0, 7),  (0, 11),  (0,13),  (0,17),  (0, 0).  (0, 2).  (0. 6), 
(0,8),  (0,12),  (0,14))  mod  (2,19). 

A.  ■  0  (mod  6),  \  >  6.  Lemma  2.4,  39  £5(13, 12)  and  39  £5(13, 18). 

91  2  =  2(3, 2)  X  2(13, 2). 

TJ  “  U0. 0).  (0,  a),  (0,  a+6),  (0, 0),  (0,  a),  (0,  a+ 3),  (0,  a+6),  (0,  a+ 9), 

(l,a+l),(l,or+3),(l,a+5),(l,a+7),(l,a+9),(l.a+ll))mod  (3,13), 
3  times,  a  »  0, 1, ....  5, 

<(0, 0),  (0, 0).  (0, 2),  (0,4),  (0, 6),  (0, 8),  (0, 10),  (1, 0),  (1. 1),  (1. 3), 

(1. 5),  (1, 7),  (1,9),  (1,11))  mod  (3, 13). 

35  2  =  2(3, 2)  X  2(13, 3). 

•B  •  <(0,0).  (0, 3a),  (0, 3a+2), (0, 3a+6),  (0, 3a+8),  (0, 0),  (0, 3a),  (0, 3a+4), 
(0, 3a+6),  (0, 3a  +  lO),(l,0).(1.3a  +  l),(l,3a+5),(l,3a  +  7). 
(l,3a+ll))mod(3,13),  a«0,l, 

<(0. 0),  (0. 3a +5),  (0. 3a+ 1 1),  (0, 0),  (0, 3a  + 1),  (0, 3a +5),  (0,  3a +  7), 

(0, 3a  + 1 1),  (1,0),  (1, 3a),  (1, 3a+ 1),  (1, 3a+4),  (1, 3a+6).  (1, 3n+7), 
(l,3a+10)>mod(3,13),  a«0,l, 

<(0. 0).  (0. 0).  (0, 0),  (0, 2),  (0, 4),  (0, 6).  (0. 8),  (0, 10),  (1. 0),  (1. 1). 

(l,3),(l,5),(1.7),(1.9).(l.ll)>mod(3,13). 

<(0, 0),  (0, 0),  (0. 3).  (0, 6),  (0, 9).  (0, 0),  (0. 1).  (0, 4).  (0. 7),  (0, 10), 

(1. 0),  (1, 2).  (1. 5).  (1, 8).  (1, 1 1)>  mod  (3, 13). 

<(0. 0).  (0. 2),  (0. 5),  (0, 8).  (0, 1 1),  (0. 0).  (0. 2),  (0, 5),  (0,  8),  (0, 1 1), 

(1, 0),  (1. 2),  (1, 5).  (1. 8),  (1. 1 1))  mod  (-,  13), 
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jr  =  Z(3,2)XZ(13.2). 

=<(0.0).  (0,0+1),  (0,a+7),(O. a),  (0.a+2).(0.a+4), (0,0+6),  (O.a+8), 
(O,o+lO),(l,0),(l,a.),(l,a+2),(l,a+4),(l,a+6),(l,a+8), 

(l,a+10)>  mod  (3, 13),  2  times,  a  =  0, 1 . 5, 

<(0, 0),  (0.5+1),  (0,5+5),  (0, 5  +9),  (0,5),  (0, 5+2),  (0, 5+4),  (0, 5+6), 

(0,5  +  8),  (0,5+10),  (1,5),  (1.5+2),  (1,5+4),  (1,5+6),  (1,5  +  8), 

(1,5+10))  mod  (3, 13),  5  =  0, 1,2,3, 

<(0, 7).  (0. 7  +  3),  (0, 7  +  6),  (0, 7  +  9),  (0, 7).  (0, 7  +  2),  (0, 7  +4), 

(0,7+6),  (0,7  +  8),  (0,7  +  10),  (1,7+1).-(1. 7  +  3),  (1,7+5),  (1.7  +  7), 
(1,7+9), (1.7+11))  mod  (3, 13),  7  =  0, 1,2. 

Z  =  Z(3,2)XZ(13,2). 

=  <(0,0),  (0,0+3),  (0,a+4),(0,a+7),(O,a+8),  (0,0),  (0,0+1),  (0,0+4). 
(0,0+5),  (0,0+8),  (0,0+9),  (1,0),  (1,0+2),  (1,0+4),  (1,0+6), 

(1,0+8),  (1,0+10))  mod  (3,13),  o  =  0, 1 . 11, 

<(0, 1),  (0, 2),  (0. 3),  (0. 5),  (0, 6),  (0, 7),  (0, 9).  (0. 10).  (0. 1 1 ).  (0, 0). 

(0, 0),  (0, 4),  (0, 8)-,  (1. 0),  (1. 0),  (1, 4),  (1, 8))  mod  (3, 13).  7  times. 

Z  =  Z(3,2)XZ(13,2). 

D  =  ((0, 2a).  (0, 2o+3).  (0. 2a+6),  (0, 2a+9).  (0. 0),  (0. 2a).  (0,  2a  +  2). 

(0, 2o+4).  (0, 2o+6).  (0, 2a  +  8),  (0. 2a+10).  (1,0),  (1, 2o), 

(1, 2o+l),  (1, 2a+2),  (1, 2a+6),  (1. 2o  +  7),  (1, 2o+8))  mod  (3. 13), 

0  =  0, 1.2. 

<(0. 2a+2),  (0, 2o+  5).  (0, 2a+8),  (0, 2o+l  1),  (0. 2o),  (0, 2o+l).  (0, 2o+3), 

(0, 2o+4),  (0, 2o+6),  (0, 2o+7),  (0, 2o+9),  (0. 2o+10),  (1. 2a). 

(1. 2o+2),  (1, 2a+4),  (1,  2a+6),  (1. 2a+8),  (1, 2o+10))  mod  (3, 13), 

0  =  0, 1.2. 

<(0, 0),  (0, 2),  (0, 4),  (0, 6),  (0, 8),  (0,10),  (0, 0).  (0. 2),  (0. 4),  (0, 6),  (0, 8), 

(0. 10), (1,0),  (1.2).  (1,4),  (1.6),  (1,8),  (1. 10)>  mod  (-,  13). 

[29].  Z  =  Z(2)XZ(19, 2)  u  {(-)}. 

T)  =  <(“).  (0. 0),  (0, 2),  (0, 4),  (0,6),  (0,  8). (0, 10),  (0, 12),  (0, 14),  (0, 16), 

(0. 0).  (0, 2),  (0, 4),  (0. 6),  (0, 8),  (0. 10),  (0. 12),  (0. 14),  (0. 16)) 
mod  (-,  19), 

<(0. 0).  (0. 1).  (0. 3),  (0. 5).  (0, 7),  (0. 9),  (0,11),  (0, 13).  (0, 15).  (0, 17), 

(0, 0),  (0, 2),  (0, 4),  (0. 6),  (0, 8),  (0, 10),  (0,12),  (0, 14),  (0, 16))  mod  (-,  19), 
<(0. 0),  (0. 0),  (0, 1),  (0, 2),  (0, 3),  (0.4),  (0, 5),  (0, 6),  (0. 7).  (0, 8),  (0, 9), 

(0, 10),  (0, 11).  (0, 12).  (0. 13).  (0, 14),  (0. 15),  (0, 16),  (0. 1 7)). 

Table  5.22. 

Z  =  Z(3,2)xZ(13.2)u{(-)}. 

TS  =  <(“).  (0. 0),  (0, 0).  (0, 4),  (0. 8),  (1, 0),  (1.4).  (1,8))  mod  (3. 13), 

<(0, 2o),  (0, 2o+3),  (0, 2o+6),  (0, 2o+9),  (0. 2o+l),  (0, 2o+7), 
(l,2a+5),(l,2o+ll))mod  (3,13),  o  =  0,1.2, 

<(0. 0).  (0, 0),  (0, 4),  (0, 8),  (1, 0),  (1, 0),  (1,4),  (1,8))  mod  (3. 13). 

Lemma  2.6,  40efi(13,4)  as  below  and  13  eB(9,6)  by  Lemma  4.5. 

Unknown 

Unknown 
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Table  5.23  (cont.). 

u  k  \  Blk,  uj 

40  10  9  2f-2(3,2)XZ(13.2)u{(-)}. 

T"  -((-).(0,0).(0.<0.(0.8).(1,1).(1,3).(1,S),(1.7),(1,9).(1,11)> 
mod  (3, 13), 

<(0. 0).  (fl.  2).  (0. 6).  (0aO),  (0, 5),  (0. 7).  (0, 1 1),  (1, 2),  (1,6),  (1, 10)> 
mod  (3, 13),  2  times, 

<(0, 0).  (0, 0),  (0,4),  (0, 8),  (0, 1),  (0, 5),  (0,9),  (1,0),  (1,4),  (1, 8)> 
mod  (3, 13). 

40  10  12  2f-Z(3,2)XZ(13,2)u{(-)}. 

U  -<(-), (0,a),(0,a+4),(0,Q+8),(O,a),(O,<it+4),(O,a+8),(l,o), 

(1,0+4),  (1,  a+8)>  mod  (-,  13),  a  •  0. 1, 2, 3, 

<(0, 0).  (0, 20),  (0, 20  +4),  (0, 2d  +  8),  (0, 2d  + 1 ),  (0, 2d +5),  (0, 20  +9), 

(1. 2d+2).  (1, 2d+6),  (1, 2d  + 10)>  mod  (3, 13),  d  •  0, 1, 

<(0,0),(O,2d  +  l),(O,2d+5),(O,2d+9),(1.2d),(1.2d+3),(l,2d+4), 
(l,2d+7),(l,2d+8),(l,2d  +  ll))mod(3,13),  d*0, 1. 

40  10  15  Jf-Z(3,2)XZ(13,2)u{(-)}. 

^  •  <(-),  (0, 0), (0, 0),  (0, 0),  (0, 4),  (0, 8),  (1,0),  (1. 1), (1, 5),  (1, 9)) 
mod  (3, 13), 

((-),  (0.0),  (0,0+4),  (0,0+8),  (O.o).  (0,0+8), (1,0),  (1,0+4), 

(1,0+8))  mod  (-,  13),  o«0, 1, 

((0. 0).  (0. 0),  (0. 4).  (0. 8).  (1, 0).  (1, 1).  (1,4),  (1,5),  (1, 8),  (1. 9)> 
mod  (3, 13),  2  times, 

t(0, 0),  (0,  o).  (0, 0+4),  (0,0+8),  (0. 2).  (0. 6),  (0, 10).  (1. 3),  (1. 7). 

(1.  ID)  mod  (3. 13).  o-O.l, 

<(0. 0).  (0. 1).  (0. 5).  (0,9),  (0, 3).  (0, 7),  (0, 1 1).  (1. 0).  (1. 4),  (1 , 8)) 
mod  (3,13). 

40  10  \»0(mod3).X>6.  Lemma  2.4,  40 e fl(10,9), 40 e B(10.12)  and  40  eS(10,l5). 

40  11  no  Z«Z(3,2)XZ(13,2)u{(-)}. 

U  •  <(-),  (0, 0).  (0,  o),  (0, 0+1 ),  (0, 0+6),  (0, 0+7).  (1,0),  (1.0),  (1,0+2), 

(1,0+6),  (1,0+8))  mod  (3, 13),  o  -  0, 1 . 5. 

<(-),  (0. 0).  (0, 0).  (0.  d).  (0, 0+3),  (0,  d +6).  (0.  d  *9).  (1,  d  +1),  (1.  d +4). 

(l,d+7),(l.d+10))mod  (3,13),  d*0.1.2, 

<(-).  (0. 37  +  3).  (0, 37  +9).  (0, 37).  (0, 37  +1),  (0, 37  +6),  (0. 37  +7), 

(1, 37).  (1, 37+5),  (1, 37+6),  (1, 37  +1 1)>  mod  (3, 13),  7  *  0, 1. 

<  (0. 0).  (0, « ).  (0, « + 1 ).  (0, 0).  (0, 6 + 2),  (0, 4 + 3).  (0. « + 4),  ( 1 . 0). 

(l,6+5),(l,4+6),(l,«+7))mod  (3,13),  2  times,  6  »  0, 1 . 11, 

<  (0, 0).  (0. 0),  (0, 0),  (0,  d +3).  (0.  d+6),  (0,  d +9).  (1 . 0),  (1 .  d +1 ). 

(l,d+4),(l,d+7).(l.d+10))mod(3,13),  d-0,1,2, 

<  (0. 0),  (0. 37).  (0. 37  +  2).  (0, 37  +4).  (0, 37+6).  (0, 37  +  8),  (0. 37  +10), 

(0. 37  +1),  (0, 37  +7),  (1, 37  + 1).  (1. 37  +7))  mod  (3, 13),  7  *  0, 1, 

40  12  11  Z-Z(3.2)XZ(13.2)U{(-)}. 

Tl  -<(-). (0,0), (O,0).(O.1).(0, 5), (0,9),(1,0),(1,1).(1.4). (1.5). (1,8) 
(1,9))  mod  (3, 13). 

<(0, 1).  (0, 3).  (0, 5).  (0, 7),  (0, 9),  (0. 1 1).  (0,0),  (0,4),  (0. 8).  (1, 0). 
(1.4).(1.8))mod  (3,13), 

((0. 0),  (0, 3),  (0, 6),  (0, 9),  (0. 1),  (0, 4),  (0. 7).  (0, 10),  (1. 2),  (1. 5),  (1, 8), 
(1,11))  mod  (3,13), 

<(0, 0).  (0. 0).  (0. 4).  (0, 8).  (0. 0),  (0, 0).  (0, 4),  (0. 8).  (1 . 0),  (1,0),  (1.4), 
(1.8))  mod  (-.13). 
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40 

13 

4 

[24 1.  Z  *7(40). 

TJ-  (O',  1'.2',4'.5',  8'.  13',  14',  17',  19  , 24'.  26',  34')  mod  40. 

40 

14 

7 

Unknown 

40 

14 

14 

7  -  7(3, 2)  X  7(13, 2)  u  {(-)}. 

•  <(-).  (0. 0).  (0, 2),  (0, 5),  (0, 8),  (0, 11),  (0. 1).  (0,4), (0, 7),  (0, 10).  (1, 1), 

a.4),(1.7),(l,10)>mod(3. 13), 

<(-).  («.  0).  (0, 0),  (0, 1).  (0. 2).  (0. 3).  (0,4),  (0. 5).  (0, 6),  (0. 7).  (0, 8), 
(0.9),(0,lO),(0,U)>mod(3,-). 

<(0, 3oi),  (0, 3o+ 1).  (0, 3a+2),  (0, 3a+6),  (0, 3a+7).  (0, 3a+8),  (0, 0), 
(0. 3a+2).  (0, 3a+4).  (0. 3a+8),  (0, 3a  + 10),  (1, 0),  (1, 3a  + 1), 
(l,3a+7)>mod(3, 13),  a  -  0, 1. 

40  14  21  2r-^(5,2)X  (W,3)u{-}). 

U  ■  <(0.  -).  (0. 0).  (0, 0),  (0, 1),  (0, 3),  (0,4),  (0, 0),  (0, 3),  (1,  -),  (1 , 0). 

(2. 1) ,  (2, 4),  (3,  -),  (3, 0)>  mod  (5, 7), 

<(0, 0),  (0, 3),  (0,  a+ 1 ),  (0,  a+4),  (0, 1 ).  (0, 4),  (1 , 0),  (1 , 3),  (2, 1 ), 

(2.4) ,  (3,2  -  a),  (3,5  -  a),  (a,«),(a+2,«))  mod  (5, 7),  a  «0, 1, 
<(0, 0).  (0, 1),  (0.4),  (1.  -),  (1. 0),  (1. 1).  (1. 4),  (2, 0),  (2. 2),  (2, 5), 

(3,  -),  (3,0),  (3.0),  (3, 3)>  mod  (5. 7), 

<(0, 0),  (0. 3).  (0, 0),  (0. 0).  (0, 3).  (1, 0),  (1, 2),  (1. 5),  (2. 0),  (2, 2). 

(2. 5) ,  (3,0),  (3. 1),  (3. 4)>  mod  (5. 7), 

<(0, 0).  (0,0),  (0, 1),  (0. 2),  (0, 3),  (0,4),  (0, 5),  (2, 0).  (2. 0),  (2. 1), 

(2. 2) ,  (2, 3).  (2, 4),  (2, 5))  mod  (5.  -). 

40  14  X  =  0(mod7),\>7.Lemma2.4,40e5(14,14)and40efi(14,21). 

40  15  14  2f  «  (Z(2)  u  {-})X  7(13, 2)  u  {(-,-)}. 

'B  « <(-, «),  (-,  0),  (^.,  2).  (-,  6).  (-,  10),  (0, 2).  (0, 6).  (0, 10),  (0, 0),  (0, 0), 

(0. 2).  (0,4),  (0.6),  (0. 8),  (0, 10)>  mod  (2, 13), 

<(-.  -).(-.  0),  (-.  2).  (-.4). (-. 6),  (-, 8),  (-.  10),  (0. 0),  (0, 1),  (0. 5), 
(0, 9),  (0, 0),  (0, 1),  (0, 5),  (0, 9)>  mod  (-.  13). 

<(-.  0),  (-.4).  (-,  8),  (0, 0),  (0, 2),  (0, 4).  (0, 6),  (0, 8).  (0. 10).  (0. 1), 

(0, 3).  (0, 5).  (0, 7),  (0, 9),  (0. 1 1)>  mod  (2, 13). 

<(-.0),  (-.  1).  (-.4),  (-.  5),  («,  8).  (-.9).  (0, 0).  (0,4),  (0, 8).  (0, 2), 

(0, 3),  (0, 6),  (0, 7).  (0, 10),  (0, 1 1  )>  mod  (2, 1 3). 

<(-.  0),  (-,  0),  («,  2).  (-,  4).  (-,  6),  (-,  8).  (-.  10),  (0, 0),  (0. 3),  (0, 7). 
(0, 11),  (0, 0).  (0, 3,  (0. 7),  (0. 1 1  )>  mod  (-,  13). 

40  16  10  Unknown 

40  16  20  vr-Z(3,2)XZ(13,2)u{(-)}. 

-  <(-).  (0. 0),  (0. 0).  (0, 3),  (0, 6),  (0, 9).  (0, 0),  (0, 1).  (0, 4),  (0, 7), 

(0, 10),  (1, 0). (1, 2),  (1. 5),  (1.8),  (1,11))  mod  (3, 13), 

<(-).  (0. 0),  (0. 1),  (0, 4),  (0, 7),  (0, 10).  (0, 0).  (0, 1),  (0. 4),  (0, 7), 

(0, 10),  (1, 0).  (1, 1),  (1, 4),  (1, 7),  (1, 10))  mod  (-.  13), 

<(0, 0),  (0, 1 ),  (0. 3),  (0. 4),  (0, 6),  (0. 7),  (0, 9).  (0. 10),  (0, 1 ).  (0, 4), 

(0, 7).  (0. 10).  (1, 2a),  (1, 2a+3),  (1. 2a+6),  (1, 2a+9)>  mod  (3, 13), 
a»0, 1.' 

40  16  30  Z»Z(3,2)XZ(13,2)u{(~)}. 

« <(-),  (0. 0).  (0, 0),  (0. 3).  (0. 6),  (0, 9),  (0, 0),  (0, 1 ),  (0, 4).  (0, 7), 

(0, 10),  (1, 0).  (1, 2),  (1, 5),  (1, 8).  (1, 1 1)>  mod  (3, 13),  2  times, 

((0.  a).  (0.  a+ 1),  (0,  a  +  3),  (0,  a+4),  (0,  a+6),  (0,  a+7),  (0,  a+9). 
(0,a+lO),(O,a),(O.a+3),(O,a+6),(O.a+9),(l.a+l),(l,a+4), 
(l,a+7),(l,a+10))  mod  (3, 13),  a  -  0. 1,2. 
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u  k  K  B[k,  K,  u) 

40  16  .  X*0(modl0),  X>  10.  Lemma2.4,  40efl(16,20)and40e5(16,30). 

40  17  272  2r-Z(3.2)xZ(13,2)u{(-)}. 

TS  «  < (-).  (0. 0).  (0 .  a).  (0.  a + 8).  (0 .  a +9).  (0, 0).  (0,  o).  (0.  a + 1 ),  (0.  a ♦  2), 
(O,«+3),(O,o+4),(1.0).(l.a),(l.o+l),(l,a+5).(l,a+6).(l,a+7)> 
mod  (3, 13),  a -0,1 . 11, 

<(-),(0,*»),(0,M+l),(0,*i+3),(0,M+4),(0,M+6),(0,M+7),(0,/i*9), 
(0,M+10),(l,M),(l,/i+l),(l,>i+3),(l,M+4),(l,M+6),  (1,^  +  7), 
(1,M'*'9),(1,^-|'10)>  mod  (3, 13),  3  times  for  p  «  2,  once  for  m  •  0, 1, 

<(0, 0),  (0.  d  +1 ),  (0,  d +3),  (0.  d +7),  (0,  d  ■*•9),  (0,  d).  (0,  d  +  2).  (0,  d +4). 
(0,d+6),(0,d  +  8),(0,d+10),(l,d),(l,d  +  2),(l,d+4),(l,d+6), 

(l,d+8),(l,d+10)>mod  (3,13),  3  times,  d»  0,1 . 5, 

<(0. 0).  (0, 7+2),  (0, 7+5),  (0, 7  +  8),  (0, 7+11).  (0. 7).  (0. 7+2).  (0. 7+3). 
(0,7+6).  (0,7+8).  (0,7+9).  (1.7).  (1.7  +  3),  (1,7+5).  (1.7+6), 
(1,7+9),(1,7+11)> mod  (3,13),  7-0,1, 2, 

<(0.0).  (0. 3«+4).  (0. 3« +  5).  (0, 3«+10),  (0, 3«+l  1),  (0, 36+1),  (0, 36+2), 
(0, 34+4),  (0. 36+7),  (0, 36+8),  (0, 34+10),  (1. 36+l),(l .  36+  2). 
(l,36+5),(1.34+7).(l,36+8).(1.36+ll)>mod  (3,13),  4-0,1. 

40  18  51  jr-Z(3.2)X  2(13,2)  u  {(-)}. 

TS  •  <(-),  (0. 0),  (0, 2a),  (0, 2o+l),  (0. 2a +6).  (0, 2a +  7),  (0. 0).  (0. 2),  (0. 4), 

(0, 6).  (0, 8),  (0,10),  (1, 1).  (1.3).  (1, 5),  (1. 7),  (1, 9),  (1, 1 1)> 
mod  (3, 13),  a  =  0,1,2. 

<  (0, 0).  (0, 2a +1 ).  (0, 2a + 7),  (0. 2a).  (0. 2a +1 ),  (0, 2a + 2).  (0,  2a +4). 

(0, 2a+6),  (0, 2a+7),  (0. 2a+8),  (0, 2a+10),  (1, 0),  (1, 2a+l). 

(1, 2a+2),  (1, 2a+3),  (1. 2a+7).  (1, 2a+8),  (1. 2a+9)>  mod  (3. 13). 
a -0,1, 2, 

<(0.d),  (0,d  +2),  (0,d+4).  (0.d+6),  (0,d  +  8).  (0,d+lO),  (O.d),  (0,d  +  2). 
(0.  d  +4).  (0.  d+6),  (0.  d  +  8),  (0.  d +10),  (1.  d),  (1 .  d  +  2),  (1,  d  +4), 
(l,d+6).(l,d+8),(l,d+10)>  mod  (-.  13),  d”  0, 1. 


40 

19 

114 

Umma  4.6,  39  e  £(18. 51)  and  39  S  £(19, 9). 

40 

20 

19 

Lemma  4.6,  39  e £(19, 9)  and  39  e£(20, 10)  by  Lemma  4.5. 

41 

7 

21 

Lemma  4.2. 

41 

8 

7 

Lemma  4.1. 

41 

9 

9 

Lemma  4.2. 

41 

10 

9 

Lemma  4.1. 

41 

11 

11 

Lemma  4.2. 

41 

12 

33 

Lemma  4.1. 

41 

13 

39 

Lemma  4.2. 

41 

14 

91 

Lemma  4.1. 

41 

15 

21 

Lemma  4.3. 

41 

16 

6 

Unknown. 

41 

16 

12 

X  =  7(41, 6). 

TJ  ■  <0,a,a+l,a+5,a+8,a+9,a+13,a+16,a+17,a+21,a+24,a+25, 
a+29,a+32,a+33,a+37>  mod  41,  a  =  0,1. 

41 

16 

18 

jr-/(41,6). 

TJ  •  (0,a,a+l,a+3,a+8,a+9,a+ll,a+16,a+17,a+19,a+24,a+25, 
a+27,a+32,a+33,a+35)  mod  41,  a  =  0,1, 

(0, 2, 3, 6. 10, 1 1. 14, 18, 19, 22, 26, 27, 30. 34, 35, 38)  mod  41. 

41 

16 

\a0(mod  6),  \  >6.  Lemma  2.4,41  e £(16, 12)  and  41  €5(16, 18). 
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X  B\k.  K  i>l 


41 

17 

34 

Lemma  4.2. 

41 

18 

153 

Lemma  4.1. 

41 

19 

171 

Lemma  4.2. 

41 

20 

19 

Lemma  4.1. 

42 

8 

28 

Z-Z(41,6)u{-}. 

**  *  <“,  0,5a+4, 5a+5,5a+14,5a  +  24, 5a+25,5a+34)  mod  41, 

ot-0.1,2,3, 

(5o+@,5o+)}+5.Sa+S+10,5o+^+16,5o+5+20.  Soi  +  3+25,3«+/J+30, 
5or+/J+36)mod41.  a»0,l,2,3,  5»0, 1,2,3, 

<4. 9, 14. 19, 24, 29, 34, 39 )  mod  4 1 . 

42  9  24  Jr-Z(41,6)u{-}. 

*  <“,m,m+S,m+10,4'*-15,m+20,m'*’25,m+30,m+35>  mod  41,  *»•  1,2,4, 
<0,5a+3/3,5a+3d+l,5o+3/J+2,5a+3/J  ■*•3,50+30  +  20, 50  +  3^+21, 
5a+30  +  22,5o+30+23>mod41,  a -0, 1,2,3,  0-0,1, 
<0,i',i«+5,«'+lO,i'+15,i*+2O,K  +  25,i'  +  3O,t'+35)  mod  41,  once  for 
p  -  1,  2  times  for  p  -  3. 

42  10  45  Lemma4.6,4leB(9,9)and41  eB(10,9). 

42  11  no  A’  =  Z(41,6)u{-}. 

9)  -  <“,i*,*i+4,0+8,#»+12,/i+16,M+2O,0+24,ii+28,M+32,*i+36>  mod  41, 

2  times  for  m  *  0, 3,  3  times  for  m  *  2, 4  times  for  m  *  1, 
<0,a,a+4,o+8,a+12,a+16,a+2O,o+24,a+28,a+32,a+36)  mod  41, 

6  times,  a  =  0, 1,2, 3, 

<0,p,p+4,p+8,p+12,p+16,p+2O,p+24,p  +  28,p+32,p+36>  mod  41, 
once  for  p  *  2,  2  times  for  p  •  3, 4  times  for  p  -  0. 

42  12  22  A’»Z(41,6)u{-}. 

TS  -  (-,  0, 2o,  2a+4, 2a+8, 2a+l  2, 2a+16, 2a+20, 2a+24, 2a  +  28, 2a+32, 
2a+36>mod41,  a -0,1, 

<20, 20  +  3, 20  +5, 20+10, 20  +  13, 20+15, 20  +  20, 20  +  23, 20  +  25, 

20  +  30, 20  +  33, 20+35)  mod  41,  0  •  0, 1, 2, 3,4. 

42  13  156  jr-^(41,6)u{-}. 

‘D  "  <**,M,m+1,m+5,m+10,>x+11,m+15,m+20,m'*'21,*i+25,m+30,m+31, 
M+35>mod  41,  once  forn  -  5,  2  timesforn  -  3, 6, 7, 9, 

<••,  Sa+4,  Sa+S,  5a+6,  Sa+14, 5a+15,  Sa+16, 5a+24,  Sa+2S,  5a+26, 
5a+34,5a+35,5a+36>  mod  41,  2  times,  a -0,1, 

<0,5a+0,5o+0+l,5a+0+2,5a+0+lO,5a+0+ll,5a+0+12,5a-*-0+2O, 
Sa+0+21,5a+0+22,5a  +  0+3O,3a+0+31,5a+0+32)  mod  41, 

2  times,  a -0,1,  0-0, 1,2,3, 

<0,p,p+l,p+5,p+lO,p+ll,p+15,p  +  2O,p+21,p  +  25,p  +  3O,p  +  31, 
p +  35)  mod  41,  once  for  p  •  5,  2  times  for  p  -  0, 1,2, 4, 8, 9. 

42  14  13  Unknown 

42  14  26  jr-Z(3,2)X(Z(13,2)u{-}). 

«  ((0,a+ 1),  (0,a+4),  (0,a+7),  (0, o+ 10),  (0,  -),  (0, 0),  (0, 3),  (0, 6), 

(0, 9),  (1,  -),  (1, 0),  (1,3),  (1,6),  (1,9))  mod  (3, 13),  a  -  0, 1, 

<(0.  -).  (0, 0),  (0, 0).  (0, 3),  (0,6),  (0,9),  (0, 2),  (0, 5),  (0, 8),  (0, 1 1), 

(1, 2),  (1,5),  (1,8),  (1, 1 1))  mod  (3, 13),  2  times, 

((0,  -).  (a,  0),  (a,  0),  (a,  1 ),  (a,  2),  (a,  3),  (a,  4),  (a,  5).  (a,  6),  (a,  7), 
(«,8),(ei,  9),  (a,  10),  (a,  11))  mod  (3, -),  2  times,  a -0,1, 

<  (0,  a+ 1),  (0,  a+4),  (0,  a+7),  (0,  a+ 10),  (0, 0),  (0, 0),  (0, 3),  (0, 6), 
(O,9).(l,0),(l,O),(l,3),(l,6),(l,9))mod  (3,13),  a -0,1. 
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Table  5.23  (cont.) 


V  k  \  5|it,  \;uj 


42  14  39  2r«7(3,2)X(Z(13.2)u{-}). 

U  •<(0,a+l),(0.a+4),(0.a+7),(0.a+lO),(O,-).(O,a),(O,a-t-3), 

(0,a+6),  (O.a+9).  (1,-),  (l,a).  (l.a+3),  (l,a+6),  (l,a+9)> 
mod  (3. 13),  a -0,1,2, 

<(0.  -).  (0. 0),  (0,a),  (0,a+3),  (0,  a+6),  (0,a+9),  {0,a+  2),  (0,a+  5). 
(0,a+8),(0,a+ll).(l,a+2),(l,a+5),(l,a+8),(l,a  +  ll)> 
mod  (3, 13),  a -0.1, 2, 

<(0.  -).  W.  0).  W.  0).  ,  1),  (fi.  2).  03, 3).  (fi,  4),  (fi,  5).  W.  6),  W.  7),  (fi.  8), 
(^,9),0J.  10), W,  Il)> mod  (3, -),  3  times,  ?“0,1, 

<(0,a+2),(0,a+5),(0,a+8). (0.a+ll), (O,0),(O,a),(O,a+3),  (0,a+6), 
(O,o+9),(l,0).(l.a),(l.a+3),(l,a+6),(l.a+9)>mod  (3,13), 
a -0,1,2. 

42  14  A.  sO  (mod  13).  \>  13.  Lemma  2.4, 42  €5(14, 26)  and  42  €5(14, 39). 

42  15  70  jr-7(41.6)u{«}. 

"B  -<«,4a,4a+3,4a+5,4a't-10,4a  +  13,4a+15,4a+18,4o  +  20,4o+23. 


4a+25,4a+30,4a+33,4a  +  35,4a  +  38)  mod  41,  a  -  0, 1, 2,3,4, 
(0, 4a,  4a+ 1, 4a+5, 4a+8, 4a  + 10, 4a+ 15, 4a+ 17, 4a+20, 4a+21, 
4a+25,4a+28,4a+30, 4a+35,4a+37>  mod  41,  a  -  0, 1,2, 3,4. 


42 

16 

120 

Lemma4.6,41  e£t(15.21)and  41  efl(16.78). 

42 

17 

272 

Lemma  4.6, 41  £5(16, 102)  and  41  £5(17,34). 

42 

18 

51 

7-7(41,6)u{»}. 

•<-.0,n,M+2,rj+5,M+7.n+lO,ri+12,»r+15,ri+17.si+2O,n+22, 

M+25,  m+27,  m'''30,  m+32,  m+35,  m+37>  mod  41,2  times  for 
M  *  0,  once  for  m  •  3, 

<5a,5a  +  l,5a+2,5a+3,5a+4,5a+5,5a+6.5a  +  13,5a  +  16,5a  +  20, 
5a+21.5o+22,5a+23,5a+24,5a+25.5a  +  26, 5a+33,5a+36> 
mod  41,  a -0, 1,2,3. 

42  19  342  7-(7(5,2)u{-})x7(7,3). 

'»•<(•*.  0),  (-,a),  («,a-t-2),  (-,  a+4),  (0, 0),  (a,  0),  (a.  2),  (a,  4),  (a+ 1, 0), 
(a+ 1, 1),  (a+ 1, 3),  (a+ 1, 5),  (a+2, 0).  (a+2, 2),  (a+2,4),  (a+3, 0), 
(a+3,  l),(a+3, 3),  (a+3,5)>mod(5,7),  15  times,  a-0,1, 

<(-. ^  + 1),  (-. (3  +4),  (0, 0),  (0, (3),  (0, 0*3), (a, 0),  (a,0*l ),  (a, 0*3), 
(a,0*4),(a*l,9),la*l,0),(a*l,0*3),(a*2,0),(a*2,0*l), 
(a+2,(3+3),(a+2,(3+4),(a  +  3,0),(a+3,0).(a+3,/3+3)>mod  (5,7), 
a-0,1,  0-0,1, 2, 

<(-.  0).  (0,0  +  1),  (0,0+4),  (a,  0),  (a,  1),  (a,  2),  (a,  3),  (a,  4),  (a,  5), 

(a  + 1 , 0),  (a + 1 , 0 + 3),  (a+2, 0).  (a + 2, 1 ),  (a + 2, 2),  (a + 2,  3),  (a + 2, 4), 
(a+2,5).(a+3,0).(a+3.0+3)>mod(5,7).  a-0,1,  0-0,1, 2. 

<(-.  0).  (-. a),  («, a+2),  (-.  a+4),  (0,a+ 1),  (0,a+3).  (0,a+5),  (0. a). 
(0,a+2),(0,a+4),(l,a),(l,a  +  2).(l,a+4).  (2,a),  (2.a+2).  (2.a+4), 
(3,a),(3,a+2),(3,a+4)>mod  (5,7),  a-0,1, 

<(-.a),(-,a+2),  (-,a+4),  (O,0).(O,a).(O.a+2).(O,a+4),(l,0),(l.a), 
(1.  a+2).  (1,  a+4),  (2. 0),  (2.  a),  (2,  a+2),  (2.  a+4),  (3, 0),  (3,  a), 
(3,a+2),(3,a+4))mod(3,7),  a-0,1, 

<(-,0),(0,O),(0,l).(0.2),(0,3),(0,4),(0.5).(O,O).(O,2),(O,4),(l.l), 
(1 , 3),  (1, 5).  (2, 0),  (2, 2).  (2, 4).  (3, 1 ),  (3. 3).  (3. 5))  mod  (5.7), 

3  times, 

<  (-.  0).  (-.  1).  (-.  3).  («.  5),  (0, 0),  (0, 2),  (0,4),  (0, 0).  (0. 2),  (0, 4), 

(1. 0),  (1.2),  (1,4),  (2, 0).  (2, 2).  (2,4),  (3, 0).  (3. 2).  (3, 4)>  mod  (-,  7). 
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Table  5.23  (cont.). 


42 

20 

190 

2f  =  Z(41,6)u{-}. 

'll  “  0, 2a,  2a-^2, 2a+4, 2a+6, 2a'^8, 2a'f  10, 2a'f  12, 2a+14, 2a'^16, 

2o+20, 2o+22, 2a+24, 2o+26, 2a+28, 2o+30, 2a+32, 2o+34, 
2a'«'36>  mod  41,  a*0, 1, ....  9, 

<0, 2, 4, 6. 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38) 
mod  41,  11  times. 

42 

21 

20 

A’-Z(41,6)u{-}. 

T1  » <-,0. 2,4,6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38> 
mod  41, 

<0, 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38) 
mod  41. 

43 

7 

1 

Non-existing  by  Lemma  1.2. 

43 

7 

\  >  1.  Lemma  2.4, 43  ££(7, 2)  as  in  Table  5.22  and  43  €£(7, 3)  by  Lemma  4.3. 

43 

8 

4 

Lemma  4.4. 

43 

9 

12 

Lemma  4.3. 

43 

10 

15 

Lemma  4.4. 

43 

11 

55 

Lemma  4.2. 

43 

12 

22 

Lemma  4.1. 

43 

13 

26 

Lemma  4.2. 

43 

14 

13 

Lemma  4.1. 

43 

15 

5 

Non-existing  by  Lemma  1.2. 

43 

15 

10 

Jr»Z(43, 3). 

« <0, 1. 3, 4, 8. 14, 15, 17, 18, 22, 28, 29, 31, 32, 36)  mod  43, 

<2, 3,4,5, 10, 16, 17, 18, 19, 24, 30, 31, 32, 33, 38)  mod  43. 

43 

15 

0 

(mod  5),  X  >  5.  Lemma  2.4, 43  efi(15, 10)  and  43  €£(15,15)  by  Lemma 
4.2. 

43 

16 

40 

Lemma  4.4. 

43 

17 

136 

Lemma  4.2. 

43 

18 

51 

Lemma  4.1. 

43 

19 

57 

Lemma  4.2. 

43 

20 

190 

Lemma  4.1. 

43 

21 

10 

Lemma  4.3. 

6.  Necessary  and  sufficient  conditions  for  group  divisible  designs 
6. 1.  Introduction 

The  group  divisible  designs  were  introduced  in  Section  2.3  as  a  mean 
for  construction  of  BIBD’s.  However,  the  group  divisible  designs  be¬ 
came  so  important  in  the  combinatorial  reasearch  that  the  study  of  them 
for  their  own  sake  is  advisable.  We  start  with  a  theorem  stating  a  neces- 
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sary  condition  for  the  existence  of  group  divisible  designs,  a  theorem 
which  is  similar  to  Theorem  1.1. 

Theorem  6.1.  ^4  necessary  condition  for  the  existence  of  a  group  divisible 
design  GD[*,  X.  m;  u]  is  that 

u  s  0  (mod  m),  v  >  km,  X(u  -  m)  =  0  (mod  (/:  —  !)) 

and  \v(v  -  m)  =  0  (mod  A:  (A:  - 1 )). 

Proof,  u  s  0  (mod  m)  and  v>  km  follow  from  the  definition  of  a  group 
divisible  design.  Further,  X(u  -  m)/(k  —  1)  is  the  replication  number  of 
every  point  and  Xu(u  —  m)l{k{k  - 1))  is  the  total  number  of  blocks. 

The  condition  of  Theorem  6. 1  is  clearly  not  sufficient  for  the  existence 
of  GD[A:,  X,  m;  u].  It  has  been  already  proved  by  Tarry  [321  that 
GD[4, 1,6;  24]  does  not  exist.  Further,  it  follows  from  Lemma  3.14, 
that  if  1  <  m  <  A:  -  1,  then  GD[A:,  1,  m;  Arm]  does  not  exist.  However, 
we  shall  prove  that  the  condition  of  Tlieorem  6. 1  is  sufficient  for  the 
existence  of  group  divisible  designs  with  block-size  k  =  3. 

6.2.  Group  divisible  designs  with  block-size  3 

Lemma  6.1 .  //  u  e  GD(3,  X,  m)  holds  and  if  r  is  a  positive  integer,  then 
rv  e  GD(3,  X,  rm)  holds. 

Proof.  Let  X  =  (I{r)  X  I(m))  X  I(n),  where  mn  =  v.  By  the  hypothesis  of 
the  lemma,  there  exists  GD[3,  X,  m;  u]  on  /(m)  X  /(n).  For  each  block 
B  of  this  design  form  a  transversal  design  T13, 1 ;  r]  on  /(r)  X  B;  such  a 
design  exists  by  Theorem  3.1.  The  blocks  of  these  transversal  designs 
form  the  required  GD(3,  X,  rm;  ru]. 

Lemma  6.2.  If  n  =  Oor  I  (mod  3),  then  n  e  B{{3, 4, 6},  1). 

Proof.  By  Lemma  5.1,  n  e  GD({3,4},1,jW3)  and  by  Lemma  2.23, 
n  €  B{M^,  1).  Further,  {7, 19}  c  B(3, 1)  by  Lemma  4.3. 

Lemma  6.3. If  n=  Oor  \  (mod  3),  then  2n  6  GD(3, 1,2)  holds. 

Proof.  By  Lemmas  6.2  and  2.16,  it  suffices  to  show  that  2n  €  GD(3, 1, 2) 
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for  n  €  {3,4, 6}.  For  n  =  3  this  follows  from  Theorem  3.1.  For  n  e{4  6} 
we  have 

n  =  4;  8  e  GD(3, 1,2).  X  =  Z(2)  X  (Z(3,  2)  u  {oo} ). 

9  =<(0;«),(0;0),(O;O)  mod  (2; 3), 

((O;0),(O;O),(O;l))mod(2;-). 
n  =  6;  12  €  GD(3, 1,2).  X  =  Z{2)  X  (Z(2)  X  Z(3, 2)). 

?  =  <(0: 0, 0),  (0;  0, 0).  (0;  0, 1  )>  mod  (2;  -), 

<(0;  0, 0).  (0: 0, 0),  (0;  0, 1  )>  mod  (-;  -  3), 

<(0;  0. 0),  (0;  0, 0),  (0;  0, 0)>  mod  (-;  -,  3), 

<(0;  0, 0).  (0;  0,0),  (0;  0, 1  )>  mod  3), 

<(0; 0, 0),  (0; 0, 0),  (0;  0, 1 )>  mod  (-;  -,  3), 

<(0;  0, 0),  (0;  0, 0),  (0;  0,  1  )>  mod  (-;  -,  3), 

((0;0, 0),  (0;  0. 0),  (0;  0, 0))  mod  (-;  -,  3). 

Lemma  6.4.  If  n  =  1  (mod  2),  then  3n  €  GD(3, 1,3)  holds. 

Proof.  Let;!r  =  Z(3,2)X  Z(«). 

9  =  <(0;0), (0;a'),  (0;  -«')>  mod  (3;;i),  a  =  1, 2,  ...,\{n  - 1). 

Lemma  6.5.  For  every  «  >  3,  6/j  e  GD(3, 1,6)  holds. 

Proof.  By  Lemmas  5.3  and  2. 16,  it  suffices  to  show  that  6/7  6  GD(3, 1,6) 
for  every  n€  K^.  For  n  e  (3, 4, 6}  this  follows  from  Lemmas  6.3  and  6. 1 ; 
for  n  *  5  this  follows  from  Lemmas  6.4  and  6. 1 ;  for  n  =  8  we  prove: 

48  e  GD(3,  1.6).^  =  Z{6)  X  (Z(7, 3)  U  {oo}). 

?  =  <(a’;oo),(^’;0),((/J+3)';a  +  l)>mod(-;7),  a  =  0, 1 . 5^  /5  =  0,1,2, 

<(0';37),(2';37  +  2),(4';37+4)>mod(6;7),  7  =  0,  1, 

<(O';0),(l';/3),(r;|3+3))mod(6;7),  =  0,1,2. 

Lemma 6.6.  For  every  n>  3,  3n  €  GD(3, 2, 3) holds. 

Proof.  By  Lemmas  5.3  and  2.16,  it  suffices  to  show  that  3/t  e  GD(3, 2, 3) 
for  every  ne  Kj.  For  n  6  {3, 4, 6}  this  follows  from  Lemmas  5.6  and 
6. 1 ;  for  /7  =  5  this  follows  Lemma  6.4;  and  for  /?  =  8  we  prove: 

24  €  GD(3, 2, 3).  X  =  Z(3,  2)  X  (Z(7, 3)  u  {oo}). 

9  =  Blocks  of  GD[3, 1,3;  21],  (exists  by  Lemma  6.4)  on  Z(3)  X  Z(7), 
<(0;*).(O;0),(l;3a)>  mod  (3:7),  o  =  0, 1, 
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<(0;«>),(0;O),(0;3)>mo<l(3;7), 

<(0;0),(O:a+l),(O;a+4))  mod  (3;7),  a  =  0,  1. 

Lemma  6.7.  For  every  n>  3,2ns  GD(3, 3,  2)  holds. 

Proof.  By  Lemmas  5.3  and  2. 16,  it  suffices  to  show  that  2n  €  GD(3, 3, 2) 
for  every  n  €  Ky  For  n  e  {3, 4, 6}  this  follows  from  Lemma  6.3;  for 
«  =  5  this  follows  from  Lemmas  5.5  and  6. 1 ;  for  n  =  8  we  prove: 

16  €  GD(3, 3, 2).  X  =  Z(2)  X  (2(7, 3)  U  {-}). 

9  =  Blocks  of  GD13, 1, 2;  14],  (exists  by  Lemma  6.3)  on  2(2)  X  2(7), 

2  times, 

<(0; «),  (0: 0),  (0;  2a)>  mod  (2;  7),  a  =  0, 1 , 2, 
<(0;O),(0;2),(0;4)>mod  (2;  7). 

Theorem  6.2.  Let  m,  \  and  v  be  positive  integers.  A  necessary  and  suf¬ 
ficient  condition  for  the  existence  of  a  group  divisible  design 
GD[3,  X,  m;  u]  is  that 

u  =  0  (mod  m),  v  >  3m,  \(u  -  m)  s  0  (mod  2) 
and  \v(v  -  m)=  0  (mod  6). 


Proof.  The  necessity  follows  from  Theorem  6.1.  In  order  to  prove  suf¬ 
ficiency  we  note  that  every  pair  of  values  of  X  and  m  determines  the 
values  of  v  for  which  the  condition  of  the  theorem  is  satisfied.  By  Lem- 


Table  6.1. 


X 

m 

V 

It  ■  u/m 

Proof 

1 

1 

1  or  3  (mod  6) 

1  or  3  (mod  6) 

Lemma  S.4. 

1 

2 

0  or  2  (mod  6) 

0  or  1  (mod  3) 

Lemma  6.3. 

1 

3 

3  (mod  6) 

1  (mod  2) 

Lemma  6.4. 

1 

6 

0  (mod  6),  V  >  18 

every  n>3 

Lemma  6.5. 

2 

1 

0  or  1  (mod  3) 

0  or  1  (mod  3) 

Lemma  S.6. 

2 

2 

0  or  2  (mod  6) 

0  or  1  (mod  3) 

Lemma  6.3. 

2 

3 

0  (mod  3),  u  >  9 

every  n  >  3 

Lemma  6.6. 

3 

1 

1  (mod  2) 

1  (mod  2) 

Lemma  5.5. 

3 

2 

0  (mod  2),  u  >  6 

every  n  >  3 

Lemma  6.7. 

3 

3 

3  (mod  6) 

1  (mod  2) 

Lemma  6.4. 

6 

1 

every  o  >  3 

every  n  >  3 

Lemma  5.7. 
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mas  2.3  and  6. 1  it  suffices  to  consider  only  those  values  of  X  and  of  m 
which  are  factors  of  6.  In  all  these  cases  the  existence  of  the  relevant 
group  divisible  designs  is  proved  in  the  lemmas  listed  in  Table  6. 1 . 


7.  Covering  and  packing  designs 
7.1.  Introduction 

So  far  we  have  been  dealing  with  exact  designs,  i.e.,  designs  in  which 
every  pair  of  points  is  contained  in  a  fixed  number  (X)  of  blocks.  Such 
designs  exist  only  if  the  total  number  of  points  satisfies  certain  condi¬ 
tions  as  proved  in  the  foregoing  sections.  In  the  general  case  -  when 
the  total  number  of  points  does  not  necessarily  satisfy  the  prescribed 
conditions  -  an  exact  design  not  always  exists  and  in  order  to  deal  with 
such  cases  we  introduce  coverings  or  ample  designs  in  which  every  pair 
of  points  is  included  in  at  least  X  blocks  and  packings  or  scarce  designs 
in  which  every  pair  of  points  is  included  in  at  most  X  blocks.  Naturally 
we  are  interested  in  ample  designs  having  a  minimal  number  of  blocks 
and  —  conversely  —  in  scarce  designs  having  a  maximal  number  of  blocks. 
More  formally:  A  design  {X,^  )  is  called  an  ample  design. AD[k,  X;  v,  b\ 
(or  -  respectively  -  a  scarce  design  SD[A:,  X;  u,  6] )  if 

(i)  \X\  =  V, 

(ii)  the  blocks  are  of  size  k; 

(iii)  1^1  =  *; 

(iv)  every  pairset  {.v,  y}  C  is  included  in  at  least  (at  most)  X  blocks 
ofT3. 

Denote  by  a(,k,  X;  v)  the  smallest  number  b  of  blocks  for  which 
AD[Ar,  X;  u,  A]  exists  and  by  a{k,  X;  u)  the  greatest  value  of  b  for  which 
SD[*,  X;  y,  6]  exists.  Clearly 

o(k,  X;  u)  <  Xu(u  - 1  )Kkik  - 1 ))  <  a(k,  X;  u) 

and  the  equality  sign  on  both  sides  holds  if  and  only  if  a  BIBD 
fi[A:,  X;  u]  exists. 

For  the  general  case,  Schonheim  (27,28]  introduced  the  notation 

«*■"•'''= ff  1  •  “  [t[^  "]  ]  ■ 
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where  [x]  is  the  smallest  and  [x]  the  largest  integer  satisfying 
[xj  <  X  <  fxl,  and  proved: 

Theorem  l.l.  For  every  positive  integers  k,\and  v>  k. 

oik,\-,v)  <  \lj{k.\-,v)  <  \v(v  -Dlikik  - 1))<  0(A:,X;u)  <  a(k.  X;u). 

Proof.  In  the  case  of  ample  design  the  replication  number  of  every  point 
is  clearly  not  smaller  than  fX(u  -  !)/(/:  - 1)!  and  accordingly  the  total 
number  of  blocks  is  not  smaller  than  (j>{k,  X;  v).  The  converse  goes  for 
scarce  designs. 

In  the  case  k  =  3,X=  I,  Fort  and  Hedlund  proved  [13)  that 
a(3,  l;u)  =  0(3,  1 ;  o)  for  every  u  >  3.  Later,  Schbnheim  proved  [28]  that 
a(3, 1 ;  u)  =  i//(3, 1 ;  u)  if  u  #  5  (mod  6)  and  o(3, 1 ;  u)  =  ^(3, 1 ;  u)  -  1  if 
v  =  5  (mod  6). 

In  this  section  we  shall  determine  a(3,  X;  v)  and  o(3,  X;  u)  for  k  =  3, 
every  X  and  every  y  >  3. 

7.2.  Basic  lemmas  on  covering  and  packing 

A  design  iX,  03 )  with  X'  C  X  called  an  almost  ample  design 
AD*[k,  X;  u(0,  b]  (or  —  respectively  -  an  almost  scarce  design 
SD*[A:.X;o(/),b])if 

(i)  1^1  =  y; 

(ii)  the  blocks  are  of  size  k; 

(iii) |O0|  =  b; 

(iv) iri  =  r; 

(v)  every  pairset  {x,  y)C  X  such  that  {x,  y}  (f.  X  is  included  in  at 
least  (at  most)  X  blocks  of  03  ; 

(vi)  no  pairset  {x,  y}  C  X'  is  included  in  any  block  of  03. 

Let  vs  t  mod  (k(k  - 1));  it  is  easily  seen  that  for  given  values  of  k, 

X  and  t,  both  <l>(k,  X;  u)  and  \j^(k,  X;  u)  are  polynomials  in  u  of  the  form 
F(u)  *  (Xu^  +cy +d)/(k(k  —  1)),  where  c  and  d  are  integers.  Later  we 
shall  prove  that  for  k  =  3  also  a(3,  X;  u)  and  o(3,  X;  u)  are  such  poly¬ 
nomials.  The  following  lemma  will  be  most  helpful  for  this  purpose. 

Lemma  7.1.  For  given  integers  k,  X  and  m,  let  mn  e  GD(k,  X,  m)  for 
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every  integer  n  >  k.  If  in  addition  for  u  =  m  +  t  (0  <  t  <  m),  both  designs 
AD(A:,  X;  u,  (Xu^  +ajw  +jq)/(A:(A-  -  1))] 

and 

AD*  [X',  X;  u(t),  m(X(«  + 1)  +ai  )/(X-(X'  -  1 ))] 

exist,  then 

aik,  X;  u)  <  (Xt^  +ajU+aQ)/(A:(X  -  1)) 

for  every  v  =  mn  +  t. 

Similarly  if  both  designs 

SDfX,  X;  u,  (Xu2  +5jM  +5q)/(X(X  - 1))] 

and 

SD*{k,  \;u{t),  m(X(w  +  r)+ij)/(X(X-l))] 

exist,  then 

o(k,  X;  u)  >  (Xv^  +SiV+SQ)/(k(k  - 1)) 
for  every  v  =  mn  + 1. 

Proof.  We  shall  prove  the  first  part  of  the  lemma,  the  proof  of  the  second 
part  being  analogous.  We  have  to  prove  the  existence  of  an  ample  design 

AD(X,  X;  u,  (Xu^  +aiU  +  ao)/(X(X'  -  1))] 

for  every  v  =  mn  + tin  >  k).  Let  X  =  lint)  X  /(«)  u  lit).  Fonfl  a  group 
divisible  design  GD[X,  X.  m;  mn]  on  lim)  X  lin).  As  mentioned  in  the 
proof  of  Theorem  6.1,  this  design  has  m^nin  —  l)X/ikik  - 1))  blocks. 
Further  form 

ADlk,  X;  u,  (Xu^  +  aiu  +aQ)likik  - 1))) 

on/(m)X  {0}u/(r)  and 

AD*[fc,  X;  uit),  m(X(M  + 1)  +ai)/(X(k  - 1))] 

on  lim)  X  {/}  u  lit),  where  /  =  1,2, ...,  n  -  1  and  X'  =  lit).  It  is  easily 
checked  that  the  total  number  of  blocks  is  (Xu^  +  ayV+aQ)lik  -  1)). 
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Umma  7.2. //X(u  - 1)  s  0  (mod  (k -l))and'Kv(v -l)/(k -l)=  -1 
(mod  k)  hold,  then  a(k,  X;  v)  >  <j)(k,  X;  y)  +  I.  Similarly,  ifX(v  —  1)  =  0 
(mod  (k  -  1 ))  and  Xv(v  - 1  )/(k  - 1 )  s  1  (mod  k)  hold,  then 
a{k,  X;  y)  <  \l/(_k,  X;  y)  -  1. 

Proof.  We  shall  prove  the  first  part  of  the  lemma,  the  proof  of  the  second 
part  being  analogous.  Suppose  that  a(k,  X;  y)  <  0(A:.  X;  u)  +  1,  then  by 
Theorem  7.1,  a(*,  X;  u)  =  0(;:,X;  y)  and 

AD[*,  X;  y,  (Xy(u  -\)  +  k-  \)Kk(k  - 1))] 

exists.  This  means  that  each  pair  of  points  occurs  in  X  blocks,  but  some 
pairs  occur  in  more  than  X  blocks  and  that  the  total  number  of  these  ad¬ 
ditional  occurrences  is  ^(k  - 1).  Let  Pq  be  a  point  belonging  to  at  least 
one  pair  which  occurs  in  more  than  X  blocks,  then  Pq  occurs  in 
^0  -  (My  -  l)  +  d)Kk  -  1)  blocks,  where  d  is  an  integer  1  <  £?<  |(A:  - 1). 
However,  this  is  impossible,  because  ttq  is  not  an  integer. 

7.3.  Designs  with  block-size  3 

In  the  following  lemmas  we  shall  prove  that  for  u  =  t  (mod  m)  and 
for  given  values  of  X,  m  and  t,  a(3,  X;  u)  <  0(3,  X;  y)  +  e  and 
a(3, X;  v)>  0(3, X;  y)  -  e',  where  €  6  {0, 1}  and  e'  €  {0, 1}. 

Whenever  X  is  odd  we  shall  take  m  =  6  and  whenever  X  is  even  we 
shall  take  m  =  3.  Accordingly  -  by  Theorem  6.2  and  Table  6. 1  - 
mn  e  GD(3,  X,  m)  for  every  n  >  3.  By  Lemma  7. 1,  it  will  be  sufficient 
to  prove  the  existence  of  the  designs  AD[3,  X;  y,  b]  and  SD[3,  X;  u,  b\ 

-  for  the  relevant  values  of  b  -  for  u  =  m  +  r,  u  =  2m  +  r  and  if  f  >  3, 
also  for  y  =  r.  Moreover  -  whenever  r  >  2  -  we  have  to  prove  the 
existence  of  AD*[3,X;m  +  r(r),  b]  and  sb*(3,X;m  +  /(r),b]  with  the 
relevant  values  of  b. 

The  proofs  of  a(3,  X;  u)  <  0(3,  X;  u)  +  e  and  <7(3,  X;  u)  >  0(3,  X;  y)  -  e' 
will  be  given  by  construction  of  designs  with  number  of  blocks  satisfying 
the  equalities  in  the  above  formulas.  Evidently  this  proves  the  relevant 
conjectures. 


Lemma  7.3.  If  v=  0(mod  6),  then  a(3,  l;u)<0(3,  l;u)  =  |u^. 
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Table  7.1. 


Design 

Construction 

SD»13.1;I0(4),  12] 

r  -  {(-,):  / »  0. 1, 2, 3}.  X  »  Z(2)  X  Z(3)  u  X. 

T>  •<(0.tf').(0.W+l)').(-fl)>mod(2,-),  U-0,1,2, 

<(0,  W+2)'),  (-fl)),  d  -  0, 1, 2, 

<(0,O'),(O,l'),(«j)>mo<l(-,3). 

SD»l3.1;l6(4),36r 

X"  *  {(-f);  I  •  0, 1, 2, 3).  X  •  Z(2)  X  Z(6)  u  X. 

'll  -<(0.O'),{O,^'),(-g))mod(-,6),  0-O,l,2,3, 

U0,  O').  (0, 4'),  (0,5')>  mod  (-,6). 

<(0.  (27)').  (0.  (27  +1)').  (0.  (27  +3)')>,  7  •  0. 1. 2. 

((0.«'),(0.(«+2)').(0,(a+4)')>,  «  «0,1, 

<(0.O').(0,2').(0.4')>. 

SD(3,1;4,11 

X~l{A).  -B- (0,1.2). 

SD(3, 1:10,13] 

SD*I3, 1:10(4),  12]  and  SD(3. 1:4, 1]  on  X. 

SD13,1: 16,37) 

SD»(3, 1:16(4), 36]  and  SD[3.1:4.1]  onr. 

*  For  futthei  reference. 


Proof.  Here  I  =  0,  m  =  6,\  =  1.  We  prove  the  existence  of: 

AD[3, 1;6,6].X  =  Z(6).  ^  =  <0',  1',  3')  mod  6. 

AD[3,1;  12,24]. Z  =  Z(I2). 

T1=</3'.(^  +  2)',(i3+6)'),  /3  =  0,1,...,5, 

<P\W+8)',(^+9)'),  0=0,  1,....  5, 

<(0+3)’, (0+6)', (0+8)'),  0  =  0,1,...,  5, 

<(0+2)',  (0+3)',  (0+9)'),  0  =  0, 1, ...,  5. 

Lemma  7.4.  If  v  =  lor  4  (mod  6),  then  a(3,  1 ;  u)  <  0(3, 1 ;  u)  =  ^(u^  +2). 

Proof.  We  prove  this  lemma  directly  -  without  making  use  Of  Lemma 
7.1.  LetA'  =  /(u-l)u{oo}. 

03  =  Blocks  of  5[3, 1;  u  —  1],  (exists  by  Lemma  5.4)  on  /(u  - 1), 
<(20)’,(20+l)’,<»>.  0=O,l,...,Ky-4), 

<0',(u-2)',oc). 

Lemma  7.5. Ifv=0or2  (mod  6),  then  a(3, 1; u)>  0(3, 1, u)  =  ^u(u-2). 

Proof.  As  above.  In  the  BIBD  B[3, 1 ;  u +1  ]  delete  one  point  and  all  the 
blocks  in  which  it  occurs. 

Lemma  1.6.If  v  =  4  (mod  6),  then  a(3, 1;  u)  >  0(3,  1;  u)  =  j(u^  -  2u  -2). 
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Table  7.2. 


Design 


Construction 


AD*(3,l;  11(5).  151 
SD*t3, 1;  11(5),  15| 


AD*(3.1;17(5).421*] 
SD*(3,1:17(5).42I  j 


AD(3,1;5,41 


AD13. 1:11, 191 
AD(3, 1:17,461 
SD(3.1:  5,2) 


SD(3. 1:11,17) 
SD(3. 1:17,44) 


AT  »  {(-/);  i  •  0. 1. 2,3,4},  X  -  Z{2)  x  Z(3)  u  JT. 

U  •<(9./J').(0.(^+l)';’,(“a>>'"od  (2.-),  0  =  0, 1.2. 

<  (0.  (fl  ♦  2)').  (0, 0? +2)').  (-0)  >.  3  -  0, 1 . 2, 

((0, 2').  (0.  V).  1--^+,))  mod  (-.  3),  7  =■  0. 1 . 

r  •  {(-,):  I  -  0. 1, 2, 3,4},  X  *  Z(3)  X  GF(4.xi  «x  + 1)  u  X. 
TJ  »<(^',0).((5+l)',0).(-<j)>mod(-,4),  d-0,1,2, 

<((^ +2)V0),  ((^  +  2)’,  2),  (-(j)>.  d  •  0. 1, 2, 

<((fl  +  2)',  0),  ((fl +2)'.  1),  (-3)),  a  *  0, 1, 2, 
<(O'.0).(O',7),(-7+j)>mod  (3.-).  7  =  0,1, 

<(0',  2).  (O'.  1  - 7).  (-.,+3)>  mod  (3,  -),  7  =  0. 1. 

<(O'.0),(r,tf),(2',d'H)>mod  (-.4).  0,1,2. 

X‘I(S). 

TJ  ■=<d'.3',4'>,  d  =  0.1,2, 

(O',  r,  2'>. 

AD*I3, 1;  11(5),  15)  and  AD|3, 1: 5,4)  on  AT. 

AD*(3. 1: 17(5).42)  and  AD[3. 1: 5,4)  on  X. 

AT  *7(5). 

T3  -<0',1',2'), 

(0',3'.4'>. 

SD*(3, 1: 11(5),  15)  and  SD[3, 1:  5.2)  on  X. 

SD*(3, 1: 17(5),42)  and  SD[3. 1;  5,2)  on  AT. 


* 


For  futthtT  r«ftrenc9. 


Proof.  In  this  case  r  =  4,  m  =  6,  X  =  1 .  The  construction  of  the  required 
designs  is  given  in  Table  7. 1 . 


Lemma  7.7.  Ifv=5  (mod  6),  then  a(3,  1 ;  u)  <  (>(3, 1 ;  u)  =  5(0^  -  v  +4) 
and  a(3,  l;u)>  iK3,  l;u)  -  1  =-5(1;^ -u- 8). 


Table  7.3 


Design 

Construction 

AD*(3,2:5(2).61  1 

X‘  {-,:f-0,  l},Ar=>Z(3)U  AT. 

SD‘13.2:5(2),6) 
SD(3.2:5.6)  J 

TJ  «<0',  r,-^>mod  3,  0  =  0,1. 

AD*[3,2:8(2).181*1 

1  Ar-{-,:i-0,l}.AfZ(6)uAr. 

SD(3,2:8,18)  J 

I  T>  =  <0',(S+1)',“^>  mod  6,  (3  =  0,1, 

(O',  r,3'>  mod  6. 

ADI3,2:5,8) 

AD*{3,2:5(2),6)  and  (0',«o."i>.  2  times. 

AD(3,2:8.201 

AD*i3,2:8(2),18)  and  (0',-o,-i>,  2  times. 

*  For  further  reference. 
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Table  7.4. 


Deugn 

Construction 

AD*[3,3;8(2),  28J 

0, 1}.  A'-Z(6)ujr. 

'B  •  (O', (/J +!)',••(}) mod  6, 

B»0, 1,  T  =  0,1,2, 

<0',r,  3‘>mod  6, 

< (27)',  (27  +1)',  (27+2)'),  7  •  0, 1, 2, 

<1',3',5’>. 

ADf3.3;8,30J 

JT- 2(6)  u  {-,:(.  0,1}. 

B  -<0',-o.-i>mod  6. 

<0',0J+l)',«»^)mod  6,  ^«0, 1, 

(O',  1’,  3')  mod  6,  2  times. 

AD[3.3;  14,94) 

X  »  2(2)  X  2(6)  u  {(-,):  /  .  0,  l}. 

“B  “  ((0,0'),  (“o).  (“i)>  mod  (-,6), 

<(0,O'),(O,{^  +  3r7)'),(«^)>  mod  (-,6),  (J»0, 1,  7*0,1, 

((0,«'),(0,(i+3)').(«,3)>,  ^*0,1,  «*0,1,2, 

((0.  O'),  (0,  (27)'),  (0,  (27  +!)')>  mod  (2,6),  7*0,1, 

<(0.O'),(0,1'),  (0,3  ))  mod  (2,6), 

< (0,  O'),  (0,  (37  2)'),  (0,  (37  +4)')  >  mod  (-,6),  7  *  0, 1 , 

<(0,0'),  (0,1'),  (0,4'))  mod  (-,6), 
<(0,7').(0,(7+2)'),(0,(7+4)')>,  7  times,  7*0,1. 

Proof,  Here  r  =  5,  /?i  =  6,  X  -  1.  The  needed  constructions  are  given  in 
Table  7.2. 

Lemma  7.8.  Ifv=2  (mod  3),  then  a(3,  2;  u)  <  0(3,  2;  u)  +  1  =  -  v  +4) 

and  0(3,  2;  u)  >  0(3,  2;  u)  =  ^(u^  -  u  -  2). 

Proof,  t  =  2,  m  =  3,  X  =  2.  The  necessary  constructions  are  in  Table  7.3. 

Lemma  7.9.  If  vs  0  (mod  6),  then  a{3, 3;  v)<  0(3,3;u)  =  ^u(3y-2) 
and  a(3, 3;  o)  >  0(3, 3;  o)  =  ^o(3u  -4). 


Proof.  Form  fi[3,  2;  u]  by  Lemma  5.6  and  AD[3, 1;  v,  j by  Lemma 
7.3,  or  SD[3,1;  u,  ^i;(u-  2)]  by  Lemma  7.5,  respectively. 


Lemma  7.10.  If  vs  2  (mod  6),  then  a(3,3;u)<  0(3,3;  u)  =  -  2u+4). 

Proof,  t  *  2,  m  =  6,  X  =  3.  For  the  necessary  constructions  see  Table  7.4. 
Lemma  7.11.  If  vs  2  (mod  6),  then  a(3, 3;u)  >  0(3, 3;u)  =  |(3u^-4i;-4). 
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Table  7.5. 

Design 

Construction 

AD»I3,4;5(2),121 

AD(3,4;5,14] 
AD(3,4;  8.381 

r 0. 1},  jr -7(3)0  r. 

'B  -  <0',  r,«3>  mod  3,  2  times,  8  -  0, 1. 

£(3,3: 5]  by  Lemma  5.5  and  AD|3, 1;5,4)  by  Lemma  7.7. 

7  ■  7(2)  XZ(3)u  {(-,);  1-0.1}. 

TJ  -<(0.O').(-o),(-i)>mod(2,3), 

<((»,O'),(0.r).(-o)>mod  (2.3), 
<(0,O').(O.O'),{-o)>mod  (-.3), 
<(0.O').(O,/3'),(-,)>mod  (-.3),  ^-0,1,2, 

<(0.O'),  (0.  V).  (0,(7  +  l)')>  mod  (2, 3),  7  •  0, 1, 

<(0.0  ).  (0.1').  (0,2'))  mod  (2.-). 

Pfoof.  Form  SD[3, 2;  u, -  u  -  2)1  by  Lemma  7.8,  and 
SD{3, 1;  u,^ii(u  —  2)1  by  Lemma  7.5. 

Lemma  7.12.  //us  4  (mod  6),  then  a(3,3;  u)<  0(3,3;  u)  =  ^(3u^  -  2u+2) 
and  a(3, 3;  u)  >  0(3, 3;  u)  =  5(3u^  -  4u  -  2). 

Proof.  Form  5(3, 2;  u]  by  Lemma  5.6  and  AD[3, 1;  u,  5(u^  +  2)]  by 
Lemma  7.4  or  SD(3,  1;  u,  j(u^  -  2u  -  2)]  by  Lemma  7.6,  respectively. 

Lemma  7.13.  //us  2  (mod  3),  then  a(3,4;u)  <  0(3,4;u)  =  |(u^  -  u  +  1). 

Proof,  f  =  2,  wj  =  3,  X  =  4.  For  constructions  see  Table  7.5. 

Lemma  7.14.  Ifv^l  (mod  3),  then  o(3,4;u)>  0(3, 4; u) - 1  = 

|(u2  _  y  _2). 


Proof.  Form  SD[3,  2;  u,  ^  (u^  -  u  -  2)1  as  by  Lemma  7.8,  2  times. 

Lemma  7.15.  //us  0(mod6),  then  a(3, 5;u) <  0(3, 5;u)  =3U(5u -4) 
and  0(3, 5;  u)  >  0(3, 5;  u)  =  ^u(5u  -  6). 

Proof.  Form  5(3, 2;  uj  by  Lemma  5.6, 2  times,  and  AD(3,  l;u,ju^  1  by 
Lemma  7.3  or  —  respectively  —  SD(3, 1 ;  u,  Ju(u  —  2)1  by  Lemma  7.5. 

Lemma  7.16. Ifv=2  (mod  6),  then  tt(3, 5; u)  < 0(3, 5;  u)  =  ju(5u- 4) 
and  0(3,  5;  u)  >  0(3,  5;  u)  =  ^(5u^  -  6u  -  2). 
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T»ble  7.6. 

Dssign  Construction 

AD*13. 5;  8(2),  46|  r  •  {(-,);  /  -  0.  l}.  JT »  Z(2)  X  Z(3)  u  JT . 

TJ  •BIock5ofaj3,2;6IonZ(2)xZ(3), 

Blocks  of  AD13. 1:6, 6)  on  Z{2)xZ(3), 
<(B,O').(0.1'),(«^))mod  (2.3).  tf-O.l. 

<((l.0'),(0.y),(-fl)>mod(-,3).  fl-O.l.  7-0.1,2. 
SD*13. 5: 8(2),  44  ]  r  »  {(-,):  i «  0.  l},  Jf  »  Z(2)  X  Z(3)  U  r . 

<B  -BlocksofBl3,2;6]  onZ(2)XZ(3), 

Blocks  of  SD{3, 1: 6,4|  on  Z(2)  X  Z(3), 

<(0.O'),(0,  l').(-j)>  mod  (2,3),  «  0. 1. 

<(0.O'),(O,7'),(«fl)>mod  (-,3),  5*0,1,  7*0, 1.2. 

AD(3.5;  8,48]  X  *  Z(2)  X  Z(3)  u  {(-,);  i »  0.  l}. 

T>  »  <(0,O').  (-o).  (-t)>  mod  (2, 3). 

<(0.O'),(0,l'),(-^))mod  (2,3),  5*0,1, 

((0.O').(O,l').(-^)>mod  (2.3),  5*0.1. 

<(0.  O'),  (0,  O').  (0,  l')>  mod  (2. 3).  3  times. 

AD13,3:14,154J  Z»  Z(2)  X  Z(7, 3). 

'a  *<(0.0),(O,5),(O,5+3))mod(2,7).  2  times,  5*0.1. 2. 

<(0.0).(O,0),(O,7)>mod  (-,7).  7*0.1 . 5, 

<(0.0),  (0,2),  (0,4))  mod  (2,7), 
<(0.O),(0,2),(0,4))mod(-,7),  2  times. 

SD(3,5;8,45|  Z  *  Z(7, 3)  u  {-}. 

'*  *  (7,7+3,~)mod  7,  7*0,1, 

<5'.  (5 +3)',-).  5*0, 1.2, 

<0, 2, 4  >  mod  7,  4  times. 

SD(3,5;14,1491  Z- Z(13,2)  u  {-}. 

T)  *<25,25  +6,»>mod  13,  5*0,1, 

<7'.(7+6)',«>,  7*0,1,. ..,5, 

<0,4,8)  mod  13,  4  times, 

<1,5,9) mod  13,  5  times. 


Proof.  Here  t  =  2,  m  =  6,\=  5.  The  construction  of  the  designs  needed 
by  Lemma  7.1  is  given  in  Table  7.6. 

Lemma  7,17.  //w  h  4  (mod  6),  then  a(3, 5;  v)  <  0(3, 5;  v)  =  ^(Sy^ -4y+2) 
and  0(3,  5;  u)  >  0(3, 5;  u)  =  ^(5y^  -  6u  -  2). 

Proof.  Form  B[3, 2;  u]  by  Lemma  5.6,  2  times,  and  AD13, 1;  y,  +  2)] 
by  Lemma  7.4,  or  -  respectively  -  SD[3, 1 ;  y,  |(u^  -  2y  -  2))  by  Lem¬ 
ma  7.6. 

Lemma  7.18.  Ifv=  5  (mod,6).  then  a(3,  5;  y)  <  0(3, 5;  y)  +  1  = 

•j(5y^  -  5o  +  8)  and  o(3,  5;  o)  >  0(3,  5;  u)  =  5-(5y^  -  Su  -4). 
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Table  7.7. 

a(3, \;u)  <  0<3,^;  u)  +  e,  o(3,\;  u)  >  J/(3,X;  u)  - 


\ 

U 

e 

Proof 

€* 

Proof 

1 

0  (mod  6) 

0 

Lemma  7.3. 

0 

Lemma  7.5. 

1 

1  (mod  6) 

0 

Lemma  S.4. 

0 

Lemma  5.4. 

1 

2  (mod  6) 

0 

Lemma  7.4. 

0 

Lemma  7.5. 

1 

3  (mod  6) 

0 

Lemma  5.4. 

0 

Lemma  5.4. 

1 

4  (mod  6) 

0 

Lemma  7.4. 

0 

Lemma  7.6. 

1 

S  (mod  6) 

0 

Lemma  7.7. 

1 

Lemma  7.7. 

2 

0  (mod  3) 

0 

Lemma  5.6. 

0 

Lemma  5.6. 

2 

1  (mod  3) 

0 

Lemma  5.6. 

0 

Lemma  5.6. 

2 

2  (mod  3) 

1 

Lemma  7.8. 

0 

Lemma  7.8. 

3 

1  (mod  2) 

0 

Lemma  5.5. 

0 

Lemma  5.5. 

3 

0  (mod  6) 

0 

Lemma  7.9. 

0 

Lemma  7.9. 

3 

2  (mod  6) 

0 

Lemma  7.10. 

0 

Lemma  7.11. 

3 

4  (mod  6) 

0 

Lemma  7.12. 

0 

Lemma  7.12. 

4 

0  (mod  3) 

0 

Lemma  5.6. 

0 

Lemma  5.6. 

4 

1  (mod  3) 

0 

Lemma  5.6. 

0 

Lemma  5.6. 

4 

2  (mod  3) 

0 

Lemma  7.13. 

1 

Lemma  7.14. 

5 

0  (mod  6) 

0 

Lemma  7.15. 

0 

Lemma  7.15. 

5 

1  (mod  6) 

0 

Lemma  5.4. 

0 

Lemma  5.4. 

5 

2  (mod  6) 

0 

Lemma  7.16. 

0 

Lemma  7.16. 

5 

3  (mod  6) 

0 

Lemma  5.4. 

0 

Lemma  5.4. 

5 

4  (mod  6) 

0 

Lemma  7.17. 

0 

Lemma  7.17. 

5 

S  (mod  6) 

1 

Lemma  7.18. 

0 

Lemma  7.18. 

Proof.  Form  5[3,3;  u]  by  Lemma  5.5  and  AD[3,  2;  -y+4)l  or 

SD(3,  2;  u,  -u-2)]  by  Lemma  7.8. 

Theorem  7.2.  For  every  positive  integers  X  and  u  >  3, 

a(3,X;y)  =  ^>(3,X;y)  +  e 
and 

a(3,X;u)=  i/'(3,X;u)-  e', 

where  €  =  \  if  both  u  =  X  s  2  (mod  3)  and  X(v  —  I )  =  0  (mod  2),  and 
e'  =  \  if  both  0  s  X  +  1  H  2  (mod  3)  and  X(u  —  1)  s  0  (mod  2),  and 
€  =  e'  =  0  otherwise. 

Proof.'  If  y  6  5(3,  X),  then  clearly 

a{k,  X;  o)  =  yfiik,  X;  o)  =  Xv(u  ~\)Kkik  - 1))  =  0(fc,X;  y)  =  a{k,  X;y). 

Further  by  Theorem  7.1  and  Lemma  7.2,  a(3,  X;  y)  is  not  smaller  and 
a(3,  X;  y)  is  not  greater  than  the  values  indicated  in  the  theorem.  From 
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the  Lemmas  7.3-7.18  it  follows  that  for  0  <  \  <  6,  a(3,X:  i>)  is  not 
greater  and  a(3,  v)  is  not  smaller  than  the  values  indicated  in  the 
theorem  as  specified  in  Table  7.7.  For  X  >  6,  let  \  =  6/  +  X'.  In  this  case 
AD[3,X;u,o(3,X;u)]  is  obtained  by  taking/ times  B[3,6;  u)  by  Lemma 
5.7  and  AD[3,  X';  i;,a(3,X';  u)]  and  similarly  SD[3,X;  u,  o(3,X;  v)]  is 
obtained  by  taking/  timesB[3, 6; u]  and  SD[3,X';u, a(3,X';u)l. 


Added  in  proof.  With  regard  to  the  opening  remarks  of  Section  5.4,  we 
produce  here  a  construction  of  a  BIBDB[6, 1;  106]  found  by  W.H.  Mills 
(“A  new  block  design”  to  appear  in  Proc.  Sixth  Southeastern  Conference 
on  Combinatorics,  Graph  Theoiy  and  Computing,  Florida  Atlantic  Univer¬ 
sity,  Boca  Rayon,  Fla.  (1975))  in  January  1975. 

5(6, 1;106].^  =  Z(2)XZ(53,2). 

TB  =  <(0, 0).  (0, 0),  (0, 6),  (0, 1 7),  (0, 38),  (0, 0)>  mod  (-,  53)^ 

<(0, 0).  (0, 37),  (0, 42),  (0, 47),  (0, 36),  (0, 41  )>  mod  (-,  53), 

<(0, 0),  (0, 14),  (0, 46),  (0, 3),  (0, 4),  (0, 2 1  )>  mod  {-,  53), 

<(0, 0).  (0, 3 1 ),  (0, 34),  (0, 1 9),  (0, 24),  (0, 5 1  )>  mod  (-,  53 ), 

<(0. 0).  (0, 1 3),  (0, 24),  (0, 9),  (0, 27),  (0, 39)>  mod  (-,  53), 

<(0, 0).  (0, 2),  (0, 13),  (0, 16),  (0, 30),  (0, 44)>  mod  (-,  53), 

<(0, 0),  (0,  1),  (0, 14),  (0, 28),  (0, 42),  (0, 46)>  mod  (-,  53). 

It  follows  from  Lemma  2.17  that  for  every  non-negative  integer  n,  if 
u  =  1 06.5"  +  i(5"  -  1 ),  then  v  €  5(6, 1 )  holds. 
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We  denote  the  distance  between  vertices  x  and  y  of  a  graph  by  d(x,  y),  and 
Ptfx,  y)  =  1  {r  :  d{x,  z)  «=  i,  d{y,  z)  «-  j)  1.  The  (s,  g,  <0-projective  graph  is/  the 
graph  having  the  z-dimensional  subspaces  of  a  tJ^limensional  vector  space  over 
GF(g)  as  vertex  set,  and  two  vertices  x,  y  adjacent  iff  dim(x  ri  y)  —  j  —  1.  These 
graphs  are  regular  graphs.  Also,  there  exist  integers  A  and  /.  >  4  so  that  m  is  a 
perfect  square,  Pi,(x,y)  =  A  whenever  d(x,y)  «=  1,  and  Pii(x,y)  =  p  whenever 
‘ff'X.  P)  "  2.  The  (s,  q,  d)-projective  graphs  where  2d/3  <  s  <  d  —  2  and 
(z,  q,  d)  ys  (2d/3, 2,  d),  are  characterized  by  the  above  conditions  together  with 
the  property  that  there  exists  an  integer  r  satisfying  certain  inequalities. 


1.  Introduction 

Graphs  considered  here  have  at  least  one  vertex,  and  have  no  loops  or 
multiple  edges.  The  vertex  set  of  a  graph  G  is  denoted  V(G).  If  some  edge 
joins  vertices  x  and  y  we  say  that  x  and  y  are  adjacent.  Graphs  G  and  H  arc 
isomorphic  iff  there  is  a  bijection  a  from  V{G)  to  V{H)  such  that  a(x)  and  o(y) 
are  adjacent  iff  x  and  y  are  adjacent.  We  will  say  that  the  distance  between 
vertices  x  and  y  of  a  graph  is  n  (written  d(x,  y)  =  n)  if  there  is  a  sequence 
X  =  jr, ,  ,...,  X,  =  y  so  that  x,  is  adjacent  to  x,_i  (1  <  i  <  n)  and  n  is 

the  least  integer  so  that  such  a  sequence  e.xists.  For  a  vertex  x  let  J,(x)  be 
the  set  of  vertices  at  distance  /  from  x.  We  define  (for  i,j  >  0  and  x,  y  e  y(G)) 
P«(^«  y)  =  1 2Ji(x)  n  J,(y)|.  We  say  that  G  is  regular  of  valence  Hi  if 
Pu(^>  at)  =  /I]  for  all  vertices  x.  A  clique  is  a  set  of  mutually  adjacent 
vertices. 

Let  F  be  a  </-dimensional  vector  space  over  GF(q).  For  0  <  f  <  let  IF, 
be  the  set  of  /-dimensional  subspaces  of  V.  Let  G  be  the  graph  having  IV,  as 
vertex  set  and  two  vertices  x  and  y  adjacent  iff  x  n  y  e  .  Then  x  and  y 
are  adjacent  iff  the  span  of  x  and  y  is  in  lF,+i .  An  (s,  q,  d)-projective  graph  is 
any  graph  isomorphic  to  G.  A  (d  —  s,  q,  </)-projectivc  graph  is  isomorphic 
to  an  (j,  q,  <0-projective  graph. 

*  This  research  was  supported  in  part  by  ONR  contract  number  N00014-67  A-0232. 
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Theorem  1.  Let  r  and  q  >  \  be  positive  integers,  and  k,  <x  be  real  numbers. 
Let  G  be  a  connected  graph  with  the  following  properties. 

(gl)  G  is  regular  of  valence  r(k  —  1). 

(g2)  pu(^. y)  =  k  —  2  +  (X  if  d(x,y)  =  1. 

(g3)  Puix.  y)  =  (q+  1)*  if  d{x,  y)  =  2. 

(g4)  Pnix.  y)  >  {k  -  I  +  <x){r  -  q  —  2)  if  d{x,  y)  =  2. 

(g5)  k  >  max(l  +  i(r  +  l)(r?»  +  2rq  -  2a),  (q  +  1)‘  +  (2r  -  l)a). 
(g6)  r  >  q  +  1. 

Let  s  and  d  be  real  numbers  defined  by  k  =  —  l)/(g  —  1)  and  r  = 

iq*~*  —  l)Htj  —  I).  Then  s  and  d  are  integers,  q  is  a  prime  power,  and  G  is  an 
(j,  q,  dyprojective  graph. 

The  necessity  of  hypothesis  (g6)  is  demonstrated  in  Section  4.  In  Section  3 
we  will  sketch  the  proof  of  a  converse  to  Theorem  1 : 

Theorem  2.  Let  G  be  an  (s,  q,  d)~projective  graph,  r  =  Iq*-*  —  \)l{q  —  1), 
k  =  (q’+^  —  l)/{q  —  1),  and  a  =  (r  —  1)^.  Then  G  is  connected  and  satisfies 
(gl)-(g3).  Ifs  <  d  —  2  then  (g6)  is  satisfied.  If  s  >  2^/3  and  {q,  s)  #  (2,  2^/3) 
then  (g4)  and  (g5)  are  satisfied. 

Since  an  (j,  q,  </)-projective  graph  is  isomorphic  to  a  (<f  —  s,  q,  </)-projective 
graph,  these  theorems  characterize  (r,  q,  (/)-projective  graphs  for  which 
2  <  j  <  rf/3  or  2d73  ^  s  <  d  —  2  (and  d  q  =  2,  then  s  ^  djS,  2d/3). 

The  hypothesis  that  G  be  connected  in  Theorem  1  is  not  essential:  if  G 
satisfies  all  hypothesis  of  Theorem  1  except  the  hypothesis  that  G  be  con¬ 
nected,  then  each  component  of  G  satisfies  all  hypotheses  of  Theorem  1, 
so  each  component  of  G  is  an  (j,  q,  d)-projective  graph. 


2.  Tools 

An  incidence  structure  is  an  ordered  triple  (P,  L,  7)  such  that  P  and  L  are 
finite  sets  and  IQ  P  x  L.  We  will  call  elements  of  P  points  and  elements  of 
L  lines.  If  {p,m)el  we  say  that  p  and  m  are  incident,  p  lies  on  m,  or  m 
contains  p.  Incidence  structures  (P,  L,  7)  and  IP'L'I')  are  isomorphic  iff  there 
are  bijections  aiP-*-  P'  and  t:L-*L'  so  that  for  (p,  m)sP  x  L,  {p,  m)el 
iff  (o(p)>  r(m))er.  Where  P  and  L  are  both  sets  of  subsets  of  some  set  X 
the  incidence  structure  (P,  L,  Q  is  the  incidence  structure  in  which  p  and  m 
are  incident  iSpQm.  Similarly,  (P,  L,  e)  is  the  incidence  structure  in  which 
each  line  is  a  set  of  points  and  p  is  incident  with  miffpsm. 

An  (r,  kfincidence  structure  is  an  incidence  structure  (P,  L,  7)  such  that 
(1)  for  all  p,p'  e  P  (p  #  pO  there  is  at  most  one  line  incident  with  both  p 
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and  p';  (2)  every  point  is  incident  with  exactly  r  lines;  (3)  every  line  is  incident 
with  exactly  k  points. 

Let  IT  =  (P,  L,  I)  be  an  incidence  structure.  We  define  r(-rr)  to  be  the 
integer  so  that  some  point  is  incident  with  exactly  rin)  lines  and  no  point  is 
incident  with  fewer  than  r(77)  lines.  We  let  kin)  be  the  integer  so  that  some 
line  is  incident  with  kin)  points  and  no  line  is  incident  with  fewer  than 
A:(ir)  points.  The  adjacency  graph  of  n  is  the  graph  having  P  as  vertex  set 
and  two  vertices  adjacent  iff  some  line  is  incident  with  both.  The  line  graph 
of  IT  is  the  graph  having  L  as  vertex  set  and  two  vertices  adjacent  iff  some  point 
is  incident  with  both.  The  distance  between  two  points  of  equals  the  distance 
between  them  in  the  adjacency  graph  of  it.  The  distance  between  a  point  p 
and  a  line  m  is  min{d(p,  q):  (q,  m)  e  /}.  The  dual  of  n  is  the  incidence  structure 
TT*  =  (L,  P,  /')  where  for  any  point  p  and  line  m,  {m,  p)  e  /'  iff  ( p,  m)  e  I. 

Let  K  be  a  <f-dimensional  vector  space  over  GF{q)  and  W,  be  the  set  of 
/-dimensional  subspaces  of  V.  For  1  <  s  <  </  any  incidence  structure 
isomorphic  to  (fF.-i.lF,  ,Q  is  called  an  (s,  q,  dyprojective  incidence 
structure.  Note  that  the  adjacency  graph  of  an  (s,  q,  d)-projcctive  incidence 
structure  is  an  (s  —  1,  q,  </)-projective  graph. 

In  [3]  the  following  was  shown. 

Theorem  3.  Let  q  be  an  integer  and  v  be  an  incidence  structure 
satisfying 

(fl)  3  <  j  <  </—  1,  where  s  and  q  are  defined  by  kin)  =  {q‘  —  l)j{q  —  1) 
and  r(iT)  =  (^'*-*+1  —  l)/(q  —  I), 

(f2)  There  exists  at  most  one  line  joining  two  distinct  points. 

(f3)  If  p  is  a  point  and  m  is  a  line  such  that  d(p,  m)  =  1  then  there  are 
exactly  q  -y  I  lines  which  contain  p  and  intersect  m. 

(f4)  If  p  and  p'  are  points  such  that  d{  p,  p')  —  2,  then  there  are  exactly 
q  -f  1  lines  m  such  that  m  contains p'  and d{p,  m)  =  \. 

(fS)  The  adjacency  graph  of  v  is  connected. 

Then  s  and  d  are  integers,  q  is  a  prime  power,  and  n  is  an  {s,  q,  d)-projective 
incidence  structure.  Conversely,  for  3  <  r  <  </  —  1  any  {s,  q,  dyprojective 
incidence  structure  satisfies  (f  l)-(f5). 

Theorem  4  (Bose,  Lasker  [2]).  Let  r  be  a  positive  integer,  k,  <x,  /3  be  real 
numbers,  and  ^  ^  0.  Let  G  be  a  graph  (not  edgeless)  which  has  the  following 
properties. 

(bl)  G  is  regular  of  valence  r{k  —  1). 

(t>2)  Pn(x,  y)  =  k  —  2  +  afor  all  x,  y  6  V(G),  d(x,  y)  =  1. 

(b3)  Pii(x,  y)  I  for  all  x,ye  F(C),  d(x,  y)  =  2. 
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Define  a  grand  clique  to  be  a  clique  which  is  maximal  and  has  at  least  k  — 
(r  —  l)a(  vertices.  Let 

k  >  max(l  +  \{r  +  l)(r)3  -  2oi),  )3  +  1  +  (2r  -  l)a). 

Then  any  two  adjacent  vertices  are  in  a  unique  grand  clique,  and  each  vertex  is  in 
exactly  r  grand  cliques. 

We  have  weakened  the  hypotheses  of  the  theorem  as  stated  in  [2]  from  the 
requirement  that  k,  a,  be  nonnegative  integers  and  r/5  —  2a  ^  0  to  the 
requirement  that  j8  >  0  and  C  be  not  edgeless.  The  proof  in  [2]  is  valid 
without  modification  for  the  theorem  as  stated  here. 


3.  Proofs  of  Theore.ms 

I 

First  we  sketch  the  proof  of  Theorem  2.  Let  G  be  an  (s,  q,  rf)-projective 
graph.  Let  r  =  (q^-  -  l)j{q  -  1)  and  k  =  (q‘*^  -  \)l{q  -  1).  We  assume 
2  ^  s  ^  d  —  2  since  in  the  contrary  case  G  is  a  complete  graph  satisfying 
(glHg3).  Let  F  be  a  </-dimensionaI  vector  space  and  Wf  be  the  set  of 
/-dimensional  subspaces  of  V.  We  may  assume  G  is  the  adjacency  graph  of 
the  (j  -F  I,  q,  </)-projectivc  incidence  structure  n  =  (JV,,  ,  Q.  As 

explained  in  [3],  n  is  an  (r,  k)-incidence  structure  satisfying  (f3)  and  (f4). 
Consequently  G  satisfies  (glHg3)  where  a  =  (r  -  1)^.  If  j  <  d  -  2  then 
r>q+\. 

Let  X,  j'  e  W,  such  that  d{x,  ;>)  =  2.  We  show  p,i(Ar,  y)  =  {r  -  q  -  1)  x 
(k  —  q*  —  q  —  1).  By  (f4),  r  —  q  —  1  lines  contain  y  and  are  at  distance  2 
from  X  Let  m  6  and  m  contain  y;  then  d(x,  m)  =  2  in  it  iff  x  n  m  is  an 
(s  —  2)-dimensional  space.  For  each  such  line  m,  g*  -f-  ^  -f  1  points  of  m  are 
at  distance  2  from  x.  Therefore  paifx,  y)  has  the  value  claimed.  It  may  be 
computed  that  if  ^  =  2  and  s  >  {2d  -|-  l)/3  then  (g4)  and  (g5)  are  satisfied. 
Ifq>2  and  s  ^  2d/3  then  (g4)  and  (g5)  are  satisfied. 

In  the  remainder  of  this  section  our  goal  is  the  proof  of  Theorem  1. 
Toward  this,  let  G  be  a  connected  graph  satisfying  (gl)-(g6).  Define  a  grand 
clique  to  be  a  maxima!  clique  which  contains  at  least  k  —  (r  —  l)a  vertices. 
Let  L  be  the  set  of  grand  cliques  of  C,  and  P  =  K(G).  Vertices  of  G  will  be 
called  points. 

Lemma  1 .  G  is  the  adjacency  graph  of  the  incidence  structure  n  =  {P,L,  e). 
Every  point  is  contained  in  exactly  r  lines.  Every  two  lines  contain  at  most  one 
point  in  common. 

Proof.  By  Theorem  4,  {P,  L,  e)  is  an  incidence  structure  in  which  lines 
are  cliques  of  G,  any  two  adjacent  points  of  G  are  contained  in  a  unique  line, 
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and  each  point  is  contained  in  exactly  r  lines.  The  conclusions  of  the  lemma 
follow  immediately  from  this. 

Let  X  =  k  —  2  +  a. 

Lemma  2.  Every  line  contains  at  most  A  +  2  points. 

Proof.  If  m  is  a  line  containing  points  x,  y  then  every  point  of  m  —  {x,  y] 
is  adjacent  to  both  x  and  y. 

Then  |  m  -  {,t,  >'}|  ^  pufA,  y)  =  A  by  (g2). 

Lemma  3.  Let  x,  ye  P  and  d{x,  y)  =  2.  Let  the  lines  containing  x  be 
r»i ,  nit . m,  and  the  lines  containing  y  be  n^,  n, n, .  Then  {after  re¬ 

indexing  the  lines  if  necessary)  and  nj  intersect  ijfi  ^  q  -h  1  andj  <  ^  -f  I. 

Proof.  Let  n, ,  n^ n,  be  the  lines  containing  y  which  intersect  at  least 
one  line  m.- .  No  point  of  n^ ,  n, ,...,  n,  is  at  distance  3  from  x.  Therefore 

Pzfx,  y)  <  I  0  >  I  <  (»■  -  +  !)• 

'  t-M-l  ’ 

From  (g4)  we  see  that  r  <  ^  +  2.  Hence  at  most  n^ ,  n^ ,...,  intersect 
any  lines  Wj ;  similarly  (after  rcindexing)  at  most  mi ,  m, m,+i  intersect 
any  lines  .  Since  each  intersection  contains  exactly  one  point  and  Pu(x,  y)  = 
{q  +  1)*,  this  implies  that  and  ni  intersect  whenever  i  <  9  +  1  and 
2  <  ?  +  1- 

Lemma  4.  For  all  points  x  and  lines  m  so  that  d{x,  m)  =  1,  exactly  q  -r  h 
lines  containing  x  intersect  m. 

Proof.  Since  m  is  a  grand  clique  of  G,  some  point  y  of  m  is  not  adjacent 
to  X.  Then  exactly  q  +  1  lines  containing  x  intersect  m  by  Lemma  3. 

Lemma  5.  All  lines  have  k  points. 

Proof.  Let  meL,xem.  Let  n  be  a  line  distinct  from  m  and  containing  x. 
By  Lemma  4, 

\{{y,z):yem  —  x,zen  —  x,d{y,z)  =  1}|  =  |«  —  = 

Therefore  |  m  i  =  | « j.  Therefore  all  lines  containing  x  contain  the  same 
number  of  points.  Since  the  valence  of  x  is  r{k  —  I),  every  line  containing  x 
contains  k  points. 

Proof  of  Theorem  1.  We  show  tt  is  an  (j  +  1,  </)-projective  incidence 
structure.  We  have  already  shown  n  satisfies  (f2Hf5).  Only  (fl)  remains. 
riir)  —  r  and  k{n)  =  A:  by  Lemmas  1  and  5.  Let  s  and  d  be  defined  as  in  the 
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Statement  of  Theorem  1.  By  (g5)  and  (g6)  3  <  j  -f-  I  <  «/  -  1.  Then  j  and  d 
are  integers,  ^  is  a  prime  power,  and  n-  is  an  (^  +  \,q,  t/)-projective  incidence 
structure.  Its  adjacency  graph,  C,  then  is  an  (s,  q,  </)-projective  graph. 


4.  Necessity  of  Hypothesis  (g6) 

An  (r,  k,  typartial  geometry  is  an  (r,  A:)-incidence  structure  in  which  for 
any  point  x  and  any  line  m  not  containing  x,  exactly  t  lines  contain  x  and 
intersect  m.  The  dual  of  an  (r,  k,  r)-partial  geometry  is  a  (k,  r,  f)-partial 
geometry  [l,p.  396].  For  an  (r, /c, /)-partial  geometry  -r,  t  =  k  iff  the 
adjacency  graph  of  n  is  complete.  The  notion  of  (r,  k,  Jlf)-partial  geometry  is 
the  same  as  the  notion  of  (u,  k,  A)-BIBD  where  A  =  1. 

Let  ^  =  (P,  B,  I)  be  a  {v,  k,  1)-BIBD.  Then  Q  is  also  an  (r,  A,  Ic)-partial 
geometry  where  r(A:  —  1)  =  r  —  1.  The  dual  rr  of  is  a  {k,  r,  /:)-partial 
geometry.  Let  R  =  k  and  K  =  r.  Then  n  is  an  {R,  K,  f?)-partial  geometry. 
The  adjacency  graph  (7  of  tt  has  the  following  properties  [1,  p.  396]: 

(1)  G  is  regular  of  valence  R(K  —  1); 

(2)  Pn(x,  y)  =  K-2-y(R-iyff  d(x,  y)  =  1 ; 

(3)  Pn(x,  y)  =  R^  if  dix,  y)  =  2. 

Then  G  satisfies  properties  (gl)-(g3)  where  q  =  R  —  1  and  a  =  (R  —  1)*. 
G  satisfies  (g4)  because  the  right  side  of  the  inequality  in  (g4)  is  negative. 

If 


K  >  max(27?*  -  3/?*  -f  4/J  -  1,  \{R*  -  R^  -y  R^  y-  R)) 
then  (g5)  is  satisfied. 

We  produce  examples  showing  the  necessity  of  hypothesis  (g6)  in 
Theorem  1  as  follows.  Let  be  a  (r,  k,  1)-BIBD  with  r  blocks  containing 
each  point,  and  let 


r  >  niax(2A:*  -  3A-=  +  4*  -  1,  ^k*  -  jt’  A*  +  k)). 


Then  the  line  graph  G  of  ©  satisfies  (gl)-(g5)  where  q  =  k  —  I  and 
a  =  (A  —  1)*  but  G  is  not  normally  a  projective  graph.  For  example,  let 
be  a  (v,  3, 1)-B1BD  where  at  least  39  blocks  contain  each  point  (hence  v  —  79). 
Such  designs  exist  for  all  values  of  r  s  1,3  mod  6.  Then  the  line  graph  G  of 
^  satisfies  (gl)-(g5)  where  q  =  2  and  a  =  4.  However  C  cannot  be  a 
projective  graph  unless  r  =  2’+*  —  1  for  some  integer  s.  Since  v  = 
r(A:  —  1)  +  1,  G  cannot  be  a  projective  graph  unless  v  =  2’+*  —  1  for  some 
integer  s. 
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A  COMBINATORIAL  CHARACTERIZATION  OF  ATTENUATED  SPACES 


If  and  only  If  sose  line  contains  both.  We  will  use  terminology  *  t  X,  a^,  b^,  t  A  (1“1,2;  J»l,2)  and  Sj  ^  a^.  Let 

borrowed  from  the  adjacency  graph  of  w  when  dealing  with  w.  For  *  *’®  Incident  with  Sj^  and  a^,  and  not  Incident  with  bj^  or  bj. 

example,  two  points  are  called  adjacent  if  and  only  If  some  line  contains  some  y^^  t  X  Is  Incident  with  both  a^^  and  b^  (1”1,2:  J«l,2) 

both.  Also,  for  X,  y  e  P  and  m.  n  e  L,  d(x,y),  d(x,m),  and  d(m.n)  element  of  X  is  Incident  with  both  bj^  and  b^. 

refer  to  distance  in  G(w).  An  Incidence  structure  w  Is  called  Rephrased  In  the  language  of  (X,A,I),  this  becomes 
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intersects  q  aeabers  of  T  and  n  Intersects  q  ncnbers  of  S,  by  3"/  points. 

(al).  The  completion  of  the  proof  is  clear. 

lemma  3.4.  If  X  is  not  contained  in  the  assembly  A,  then  at  most  cr.c 
COROLLARY.  If  d(x,z)  ■  2  then  |a(x,z)|  •  q^  +  q.  line  through  x  contains  points  of  A. 


Proof.  It  Is  clear  that  If  ^  B^  are  planes  of  A  then  B^  n  B^  is  finitely  “ny  points  and  satisfies  (1)  to  (5),  A 

either  eapty,  a  point,  or  a  line.  satisfies  the  hypotheses  of  Sasaki's  characterization  of  affine  spaces 


To  prove  (111)  — >  (1),  let  n  and  n  be  parallel  lines  of  some  Suppose  d(w,y)  *  1.  Then  A  exists*  and  x,  z  €  A  ,  Then 

wjr  \fy 

asaeobly  A.  Then  for  some  plane  B  of  A,  m  and  n  are  parallel  m,  n,  n',  h  c  L(A^),  and  clearly  as  lines  of  the  affine  space  A^^ 

lines  of  B.  By  Lemma  3.10  m  ~  n.  so  m||n.  they  are  coplanar.  Then  h#n'. 


are  two  lines  both  containing  u  and  parallel  to  n.  In  light  of  this  contains  x  and  Is  at  distance  2  from  n.  Thus  a  unique  line 

and  the  symmetry  of  the  hypothesis,  to  prove  the  lemma  it  is  sufficient  contains  x  and  Is  parallel  to  n. 

to  show  that  If  h  and  n  arc  either  parallel  or  Intersecting  then 

h  and  n*  are  either  parallel  or  Intersecting.  LEMMA  4.6.  Let  ml  I n.  ml  I n' .  and  d(n.n')<l.  Then  nlln’. 


LEMMA  5.2.  Every  plane  ia  a  (q  +  1.  k,  <{'i-partial  geometry.  points  y  of  h.  d(y,2)  >  1,  so,  by  Case  1,  h  contains  at  least 
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CHARACTERIZATION  OF  PROJECTIVE 
INCIDENCE  STRUCTURES 

1.  Introduction  and  statement  of  theorem 

For  a  finite  set  X,  [  will  denote  the  number  of  elements  of  X.  An  incidence 
structure  is  an  ordered  triple  (P,  L,  1)  where  P  and  L  are  disjoint  sets  and 
I  ^  P  X  L.  Elements  of  P  will  be  called  points  or  vertices  and  elements  of 
L  lines.  A  line  /  and  a  point  p  are  called  incident  iff  (p,  /)  e  /.  We  also  say  in 
this  case  that  /  contains  pox  p  lines  on  /.  Two  lines  /  and  m  are  said  to  intersect 
iff  they  have  a  common  incident  point.  With  any  incidence  structure  (P,  L,  7) 
is  associated  its  dual  incidence  structure  (L,  P,  /*)  where  /•  =■  {(/,  p)  :{p,l)e  /}. 
If  Z.  is  a  set  of  subsets  of  P  and  (p,  /)  6  /  iff  p  e  /,  we  will  refer  to  (P,  L,  /)  as 
(P,  L,  e)  or  (P,  L).  The  dual  of  (P,  L,  6)  will  be  written  as  (L,  P,  s).  If  each 
element  of  L  and  P  is  a  set  and  (j>,  I)  s  1  \S  p  s  I,  we  write  (P,  L,  /)  as 
(P.  Z’l  £ )  and  its  dual  as  (L,  P,  2 ).  For  a  line  /,  P,  will  denote  the  set  of  points 
incident  with  line  /.  If  P,  is  a  finite  set,  we  write  a(i)  for  the  ta.rdinality  of  P,. 
Similarly,  for  a  point  p,  L,  denotes  the  set  of  lines  /  incident  with  the  point  p 
and  we  write  r(p)  for  |L,[.  An  incidence  structure  is  said  to  be  simple  iff  for 
any  two  distinct  lines  i  and  /',  P,  #  P,..  Incidence  structures  (P,  L,  I)  and 
{P',L',J')  will  be  called  isomorphic  iff  there  exist  bijections  o:P-*P'  and 
r:L-*-L'  such  that  (ji,l)el  iff  (<Kp),  t(/))  e  /'. 

An  inddcnct  structure  «■  -  (P,  L,  /)  is  said  to  be  finite  iff  both  P  and  L 
are  finite  sets.  All  incidence  structures  in  this  paper  are  finite.  For  a  finite 
incidence  structure,  we  will  set  r(>r)  »  min{r(p) :peP)  and  k{n)  = 
min{Ar(/) :  /  £  Z,}.  Let  ^  be  a  positive  integer.  If  q  =•  1,  we  define  r(»r,  q)  to  be 
equal  to  A:(w).  If  ^  ^  2,  we  define  j(n’,  q)  to  be  the  unique  real  number  s  which 
satisfies  g*  —  1  -  k{n){q  —  1).  If  ^  -  1,  we  define  din.q)  to  be  equal  to 
r(ir)  +  j(jT,  q)  -  1.  If  9  >  2,  we  define  dfn,  q)  to  be  the  unique  real  number  d 
which  satisfies  -  i  ^  _  Ijrfff).  We  normally  write  siiT,q)  as 

j(jt)  and  din,  q)  as  din).  The  incidence  structure  n  is  said  to  be  semilinear 
iff  Vp,  p'  eP,p  fS  p',  3  at  most  one  line  I  incident  with  both  p  and  p'.  Let  r  and 
k  be  positive  integers.  A  semilinear  incidence  structure  n  is  said  to  be  an 
(r,  k)  incidence  structure  iff  for  every  point  p,  r(p)  =  r  and  every  line  /, 
kil)  »  k.  Let  TT  be  a  semilinear  incidence  structure  and  /  and  m  be  two  lines. 
A  line  n  will  be  called  a  transversal  of  /  and  m  iff  n  intersects  both  /  and  m 
and  P„n  P,  ^  P„r\  P..  A  semilinear  incidence  structure  n  is  said  to  satisfy 
Pasch’s  axiom  iff  for  any  pair  of  intersecting  lines  mi  and  mj  and  any  pair  of 
transversals  ni  and  ^2  of  mi  and  m2,  rii  intersects  n2.  A  subset  F  Q  Pis  called 
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a  flat  iff  V/  e  L,  IP,  n  f  |  >  2  implies  P,  £  F.  Clearly,  any  intersection  of 
flats  is  a  flat.  For  S  Z  P,  the  flat  <S>  =  Hr  as  ^  said  to  be  the  flat  gen¬ 
erated  by  S.  For  any  fiat  F,  rank  F  is  the  smallest  integer  n  such  that  there 
exists  a  set  5  £  P,  [SI  =  rt  and  <S>  =  F.  The  rank  of  the  flat  P  is  called 
rank  tr. 

A  simple  graph  is  a  simple  incidence  structure  in  which  every  line  is 
incident  with  exactly  two  points.  Points  and  lines  of  a  simple  graph  will 
usually  be  called  vertices  and  edges,  respectively.  Two  vertices  p  and  p'  will 
be  called  adjacent  iff  there  exists  an  edge  /  incident  with  p  and  p'.  Adjacency 
is  a  symmetric  relation  on  the  set  of  vertices  of  a  graph  and  determines  a 
simple  graph  completely.  All  graphs  considered  in  this  paper  will  be  finite 
and  simple.  Let  G  be  a  simple  graph  with  vertex  set  V  and  edge  set  E.  Let  n 
be  a  nonnegative  integer.  A  path  of  length  n  from  u  to  c  is  a  sequence 
{u  =  Co,  A,  Cl,  A,  cj,. . .,  /„,  Cn  =  c)  where  I,  is  an  edge  incident  with  c,.i  and 

c,,  /  =  1,2 . n.  If  for  any  two  vertices  u  and  c  there  exists  a  path  from  « 

to  c,  then  the  graph  G  is  said  to  be  connected.  In  a  connected  graph  G  the 
distance  d(u,  v)  between  two  vertices  u  and  c  is  the  smallest  nonnegative 
integer  n  such  that  a  path  of  length  n  from  u  to  c  in  G  e.xists. 

Let  n  =  (P,  L,  I)  be  an  incidence  structure.  The  adjacency  graph  G(n)  of 
is  a  graph  having  vertex  set  P  and  two  vertices  adjacent  iff  some  line  of  w 
contains  both.  The  graph  G(ir*)  of  the  dual  incidence  structure  w*  will  be 
called  the  line  graph  of  ir.  Distance  between  two  points  p  and  p'  of  it  will  be 
same  as  the  distance  between  them  in  G(w).  For  5  £  P  and  l,meL,  we  will 
set  d{l,  S)  =  mm{d{p,p'):p' e  S,  p  incident  with  /}  and  d(l,m)  = 
min{<f(/,  p) :  p  incident  with  m}  where  <f(p,  p’)  is  the  distance  between  the 
vertices  p  and  p’  in  G(ir).  Sometimes  the  points  of  v  will  be  called  vertices. 

Let  9  ^  2  Ik  a  prime  power  and  1  <  j  <  be  integers.  Let  V  he  &  d- 
dimensional  vector  space  over  a  finite  field  of  order  q.  Let  fV,  be  the  set  of 
f-dimensional  subspaces  of  F,0  ^  i  <  d.  Let  W„  £)  be  the  incidence 
structure  whose  points  are  (j  —  l)-dimensional  subspaces,  lines  are  s- 
dimensional  subspaces  and  incidence  is  set  inclusion.  Any  incidence  structure 
It  isomorphic  to  {lF,_i,  W„  £)  will  be  called  an  (s,  q,  d)  projective  incidence 
structure  (p.i.s.).  For  g  =  1,  also  we  define  an  (s,  1,  rf)-projective  incidence 
structure.  Let  T  be  a  finite  set  with  ( Tj  =  </.  A  subset  Y' s  T  is  called  an 
/-subset  of  y  iff  I  T'l  =  i.  Let  Z,  be  the  set  of  /-subsets  of  Y.  Any  incidence 
structure  isomorphic  to  Z„  £)  will  be  called  an  (s,  1,  </)-projective 
incidence  structure.  The  incidence  structure  (IF,,., +i,  HA.,,  2)  is  isomorphic 
to{IF,_i,  IF,,  £).  Also,  (Zi_,+x>^tf-«  2)  is  isomorphic  to  (Z,_i,  Z„  £). 

The  following  classical  theorem  about  finite  projective  spaces  characterizes 
(2,  q,  </)-projective  incidence  structures  for  </  >  4. 

THEOREM.  Let  it  be  a  finite  incidence  structure  satisfying 

(pi)  There  exists  exactly  one  line  joining  two  distinct  points. 

(p2)  Every  line  contains  at  least  three  points. 
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(p3)  Pasch's  axiom. 

(p4)  Rank  of  n  ^  4. 

Then  there  exists  a  prime  power  q  ^  2  and  an  integer  </  >  4  such  that  n  is  a 
(2,  q,  d)-projective  incidence  structure.  Conversely,  any  (2,  q,  d)-projective 
incidence  structure  with  d  ^  4,  q  ^  2  satisfies  {j>I)-{p4). 

Extending  this  classical  theorem,  we  prove  a  characterization  of  (s,  q,  d)~ 
projective  incidence  structures  when  3  $  j  <  </  —  1. 

THEOREM  1.  Let  q  I  be  an  integer  and  n  be  a  finite  incidence  structure 
satisfying 

(fl)  3  <  s{v,q)  <  d{iT,q)  -  1. 

(f2)  There  exists  at  most  one  line  Joining  two  distinct  points. 

(f  3)  If  p  is  a  point  and  I  is  a  line  such  that  d(j>,l)  =  1 ,  then  there  are  exactly 
(^  +  1)  lines  which  pass  through  p  and  intersect  1. 

(f4)  Ifp  and  p'  are  two  distinct  points  such  that  d(p,  p')  =  2,  then  there  are 
exactly  (q  +  1)  lines  I  such  that  I  passes  through  p'  and  d{p,  /)  =  1. 
(f5)  G{-n)  is  connected. 

Then  s  =  s{it,  q)  and  d  =  d{n,  q)  are  integers,  q  =  \  or  a  prime  power  and  n 
isan(s,q,d)-projective  incidence  structure.  Conversely,  for  3  ^  s  <  d  —  I,  any 
(s,  q,  d)-proJective  incidence  structure  satisfies  {flJ-ifS). 

We  also  show  that  the  Axioms  (flHfS)  are  minimal  for  the  purpose  of 
characterizing (j, </)-p.i.s.,  3  ^s<d—  l.Foranychoiceofy6{l,2, 3,4, 5}, 
there  exists  incidence  structures  n  which  satisfy  the  four  axioms  other  than 
(ff)  and  is  not  an  (s,  q,  d)-p.i.s.  with  3  ^  s  <  d  —  1.  A  finite  incidence 
structure  w  satisfying  (f2)-<f5)  is  called  an  (s,  9,  </)-pseudo  projective  inci¬ 
dence  structure  where  s{7r,q)  =  s  and  d(n,q)  =  d.  The  Axiom  (f5)  in  the 
statement  of  Theorem  1  is  not  an  essential  axiom.  Let  ’’’t  —  (.P I,  Lf,  /j), 
r=  1, 2  be  two  incidence  structures  such  that  Rj  n  Fj  =  Z,i  n  Lj  =  0.  We 
define  the  direct  sum  ir  =  wj  -1-  n-j  by  jt  =  (Rj  u  P2,  Li  u  La,  /)  where  (p,  l)el 
iflf  3/,  1  ^  i  K  2,  peP,,  I  eLt,  and  (p,  1)  e  /,. 

THEOREM  2.  Let  q  ^  I  be  an  integer  and  it  be  a  finite  incidence  structure 
satisfying  the  Axioms  (f l)-(f4).  Then  q  =  lor  a  prime  power  and  n  is  isomorphic 
to  the  direct  sum  of  one  or  more  projective  incidence  structures.  Conversely, 
if  q  1  or  a  prime  power  and  n  is  the  direct  sum  of  several  (J(,  q,  </i)-p.i.s. 
where  3  <  J(  <  </,  —  1,  then  n  satires  Axioms  (fl}-(/4). 

Outline  of  the  Proof  of  Theorem  1.  Let  n-  be  an  {s,  q,  <f)-pseudo  projective 
incidence  structure.  Let  m  and  n  be  two  lines  containing  a  common  point  O. 
Let  C{m,  n)  be  the  set  of  lines  containing  the  transversals  of  m  and  n  and  all 
lines  /  which  contain  O  and  intersect  at  least  one  transversal  of  m  and  n. 
C{m,  n)  is  called  the  plane  generated  by  m  and  n.  Let  V  be  the  set  of  all  planes. 
One  of  the  important  steps  in  the  proof  is  to  show  that  the  incidence  structure 
is  an  (5  +  1,  q,  d)-pseudo  projective  incidence  structure.  One  starts 
with  an  (i,  9,  </)-pscudo  p.i.s.  and  finally  obtains  an  (d  -  l,q,d)-pseudo 
p.i.s.  which  is  then  shown  to  be  dual  of  a  projective  space. 
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2.  Preliminary  propositions 

LEMMA  \.  Let  q  \  be  an  integer,  n  be  a  finite  incidence  structure  such  that 
rip)  and  k(l)  are  positive  for  all  points  p  and  line  1.  Let  w  satisfy  the  Axioms 
if  2),  (J3)  and  (fS)  and  r  =  r(ir),  k  =  k(ir).  Then  n  is  an  (r,  k)-incidence 
structure. 

Proof  Let  w  =  {P,  L,  I).  To  show  that  V/  e  L,  k{l)  «=  k,  it  is  sufficient  to 
show  that  V/'  6  L,  k{l)  =  k^T).  Let  /  and  /'  be  two  intersecting  lines  and  z  be 
the  common  point.  We  calculate 

*  =  |{(P.  P')  L  (p',  /')  e  I,  p,  p'  ^  z,  dip,  p’)  =  1)1. 

For  every  point #  zofl,  d(p,  /')  =  1 .  So  there  are  q  points p'  of  /'  such  that 
^iPtP’)  =  1  and  p'  ^  z.  Hence,  b  =  (k(l)  —  IX^).  By  symmetry  b  = 
{k(l')  —  IX^)-  Since  q  I,  fe(/)  =»  A:(/').  Let  /  and  /'  be  any  two  lines.  Since 
G(w)  is  connected,  we  can  find  a  sequence  Iq  =  /,  A,  I2,. . h  =  I'  such  that 
/y_i  and /y  intersect  fory  =  1, 2,. . SinceA:(/,.i)  =  k{l ))  for  j  =  1,2,...,/, 
it  follows  that  k(J')  =  k{l).  It  is  easily  checked  that  the  dual  incidence  structure 
n*  satisfies  (f2),  (f3)  and  (f5).  Therefore,  we  get  r{p)  =  rip'),  'ip,  p'  eP  and 
hence,  rip)  =  r,  ip  e  P. 

LEMMA  2.  Let  q  =  I  ora  prime  power  and  3<^<</—  lie  integers.  Then 
any  (j,  q,  d)-projectice  incidence  structure  is  an  {s,  q,  d)-pseudo  projective 
incidence  structure. 

Proof.  First  we  consider  the  case  q  a  prime  power,  9  ^  2.  Let  w  = 
fV„  c)  be  an  is,q,  d)-projective  incidence  structure  where  3  <  j  ^ 
d  —  2  and  W,  is  the  set  of  /-dimensional  subspaces  of  a  vector  space  V  of 
dimension  d  over  GF(g),  0  <  /  <  </.  The  number  of  is  —  l)-dimensional  sub¬ 
spaces  contained  in  an  .r-dimensional  subspace  is  iq‘  ~  l)liq  -  1)  and  hence, 
*("■)  =  (9*  —  0/(9  —  1)  and  j(w)  =  s.  Similarly,  the  number  of  j-dimensional 
subspaces  containing  a  given  (s  -  l)-dimensional  subspace  is  —  1)/ 

iq  —  1).  Therefore,  r(>r)  »  iq*-‘*t  _  lyiq  _  i)  and  diir)  =  d.  The  Axiom 
(fl)  holds  since  3  K  s  ^  d  —  2.  Let  p  and  p'  be  two  (j  —  l)-dimensional 
subspaces  and  /  be  an  .r-dimensional  subspace  such  that  p,  p' s  /.  Then  I  is 
the  subspace  spanned  by  p  and  p'.  Hence,  there  exist  at  most  one  line  joining 
p  and p'  and  it  is  semilinear.  Let p  and  p'  be  two  is  —  l)-dimensional  subspaces 

such  that  {ui,  . Ci,. . .,  p,.,}  and  {1/1,  Uj,. . .,  m*,  w^,  w^,...,  u..,}  are 

respectively  bases  of  p  and  p',0  ^  i  ^  s  -  1.  Let /»y  be  the  subspace  spanned 

by  {uuU3,...,Ui,Wx,W2 . Wy,  py+i,...,p,.,},  y  =  0, 1,...,  j  - /.  Then 

Po  p  and  =  p’  and pi  and  pj^.^  are  adjacent  in  C(n-).  Hence,  there  exists 
a  path  joining  p  and  p'  in  Girt).  This  establishes  that  Girt)  is  connected.  Let 
pe  W,.x  and  I efV,  such  that  dip,  /)  =  1,  Then  p  ^  I  and  there  exists  an 
/'  6  W,  such  that  p  Z  T  and  I  r\  T  s  fV,.x-  It  follows  that  />  n  /  «  «  is  an 
(j  -  2)-dimensional  subspace.  There  are  (9  -f-  1)  (j  -  l)-dimensional  sub¬ 
spaces  Pi,  I  <  /  <  9  -I-  1  such  that  uZpxZl.  Let  /,  =  <p,pi>.  Then 
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1  <  /  <  ?  +  1  are  the  only  lines  of  w  which  contain  p  and  intersect  /  in  a 
point.  It  follows  that  -n  satisfies  (f3).  Let  p,p'  e  such  that  d(p,p')  =  2. 
This  implies  that  pnp'  =  ve  W' Let  u^,  uj,. . u,+i  be  the  (j  -  2)- 
dimensional  subspaces  such  that  v  Q  Ut  ^  p,  I  ^  i  ^  q  +  1.  Let  /.  = 

1  <  I  <  9  +  1.  Then  /j, /j . /,+  i  are  the  only  lines  of  w  which  pass 

through  p'  and  have  distance  1  from  p.  Therefore,  w  satisfies  (f4).  This 
establishes  the  lemma  when  q'^  1.  For  q  =  I,  we  take  ir  =  (Z,_i,  Z„  £) 
where  Zt  is  the  set  of  /-element  subsets  of  a  </-set  Y.O^i^d.  It  is  easily 
checked  that  tt  satisfies  the  Axioms  (fl)-(fS). 

In  the  sequel  we  will  assume  without  loss  of  generality  (wlog)  that  lines 
are  subsets  of  points.  We  assume  that  9  is  a  fixed  positive  integer  and  s  and  d 
real  numbers  satisfying  3  <  j  <  d  —  1  and  ir  is  a  pseudo  projective  incidence 
structure  and  s(ir)  =  s,  d(jr)  =  d,  r(n)  =  r,  k(7r)  =  k. 

LEMMA  3.  Let  p  and  p'  be  two  distinct  points  of  w  such  that  d{p,  p')  =  2. 
Let  Li  be  the  set  of  lines  containing  p  and  at  distance  1  from  p'  and  let  L2  be 
the  set  of  lines  containing  p'  and  at  distance  1  from  p.  Then  each  line  of  Li 
intersects  each  line  of  Z,j. 

Proof.  Let  n^L^  and  n*  =  {ren:</(z, p)  =  1}.  Then  (n*l  equals  the 
number  of  lines  of  Lx  which  intersect  n.  By  (f3),  [«*!  =  (9  +  1)  and  by  (f4), 
|Li|  =9+1.  Hence,  each  line  of  Lx  intersects  n. 

For  a  pair  of  lines  m  and  n,  T{m,  /i)  denotes  the  set  of  transversals  of  m 
andn. 

LEMMA  4.  Let  m  and n  be  two  distinct  lines  of  n  such  that  dim,  n)  =  1 .  Then 
(i),  dip,  m)  =  1  far  exactly  Iq  -f  1)  points p  of  n  and (ii)  |r(m,  n)|  <  +  1)®. 

Proof.  Since  dim,  n)  =  1,  there  exists  points  x  and  y  such  that  xem,  yen 
and  dlx,  y)  =  1.  Since  d(x,  n)  =  I,  by  (f3)  there  exists  Iq  +  1)  points  yo  = 

y,yx . P,  such  that  dlx,yi)  =  1,  y,e/i  and  dO’„m)  =  1,0  <  /  <  g.  If 

possible,  let  yen,  y  yx,  0  <  ;  <  g  and  dly,  m)  =  1.  Then  dlx,  y)  =  2, 
dlx,  n)  =«  dly,  m)  =  1  and  xem,  yen.  By  Lemma  3,  m  and  n  must  intersect 
whence  dim,  n)  I .  This  completes  the  proof  of  (i)  and  (ii)  follows  easily. 

LEMMA  5.  Pasch's  axiom  is  valid  in  IP,  L).  For  any  pair  of  intersecting  lines 
mx  and  m2,  |T(mj,  m^\  •=  (A:  —  l)g. 

Proof.  Let  {jc}  *  Wi  n  Wj.  For  each  yemx  —  x,y  is  adjacent  to  g  vertices 
of  m2  —  X.  So,  g  transversals  of  mx  and  m2  contain  p.  Therefore,  |r(mi,  mj)|  = 
Ik  —  \)q.  Let  n  e  Tlmx,  m2).  Let  aenn  mx,  ben  r\  m2,  Sx  be  the  set  of 
(g  —  1)  vertices  of  mx  —  (x,  a)  adjacent  to  b  and  Sj  be  the  set  of  (g  -  1) 
vertices  of  —  {x,  6}  adjacent  to  a.  Let  h  e  Tlmx,  m2)  such  that  (c)  = 
hnmx  Sx-  Then  b  and  c  arc  not  adjacent.  We  get  dlb,  c)  =  2,  ben, 
die,  n)  =  l,ceh,  dlb,  h)  =  1.  By  Lemma  3,  n  and  h  intersect.  It  follows  that 
if  A  e  Tlmx,  m2)  and  h  and  n  do  not  intersect,  then  A  n  mj  €  Sj.  Similarly, 
h  n  m2  e  S2.  Therefore  the  number  of  lines  of  Tlmx,  ffij)  not  intersecting  n 
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is  at  most  iq  —  1)*  =  jSjl.  If  ^  =  1,  (^  -  1)*  =  0.  Then  all  lines  of 
Tiftti,  intersect  n,  so  Pasch’s  axiom  is  valid. 

Let  9  ^  2.  If  possible,  let  n  and  h  be  two  non-intersecting  lines  of  T{m^,  m^). 
There  are  at  least  |r(mi,  /Wa)|  —  2(9  —  1)*  =  (k  —  1)9  -  2(q  -  1)*  lines  of 
T(mi,  m2)  which  intersect  both  n  and  h.  Also,  and  m3  intersect  both  n  and 
h.  Hence,  the  number  of  lines  intersecting  both  n  and  h  is  at  least  kq  —  2q^  +  2q. 
On  the  other  hand,  since  d(«,  h)  =  1,  by  Lemma  5  there  are  at  most  (9  +  1)® 
lines  intersecting  both  n  and  h.  This  gives  us  (9  -t-  l)^  ^  kq  —  2q’‘  +  3q. 
Since  j>3,fc>9®-t-9+l>39  and  (9  +  1)®  >  39®  -  29®  -t-  39.  Simplify¬ 
ing  the  inequality  we  get  1  ^  9  which  contradicts  the  assumption. 

If  S  is  a  set  of  lines  such  that  any  two  lines  of  S  intersect  each  other,  then  5 
is  a  clique  in  the  line  graph  of  {P,  L);  we  refer  to  such  a  set  5  as  a  clique  of 
lines. 

Let  m  and  n  be  intersecting  lines  and  x  be  the  point  of  intersection.  We  let 

C(m,  n)  =  T(m,  n)^  {h:  he  L,  x  e  h,  h  n  n'  ^  0 

for  some  «'  e  T(m,  n)}. 

LEMMA  6.  Let  mi  and  m2  be  intersecting  lines.  Then  C(mi,  m2)  is  a  maximal 
clique  of  lines. 

Proof.  We  denote  T{mi,  m^  by  T  and  C(mi,  m3)  by  C.  Let  {x}  =  mj  n  m2, 
r  is  a  clique  of  lines,  and  so  is  C  -  T  since  x  belongs  to  each  line  of  C  -  T. 
We  show  that  if  A  e  C  -  T  and  n'  e  T,  then  h  intersects  n'.  Since  heC  —  T, 
xeh  and  h  intersects n  for  some  transversal  n  of  m^  and  m2.  We  may  assume 
(by  exchanging  mj  and  m3  if  necessary)  that  n  n  ms  #  «'  n  m2.  Then 
A,  n' s  T{n,  ms).  So,  h  and  n'  intersect.  Hence  C  is  a  clique  of  lines.  It  is  clear 
from  the  definition  of  C  that  no  proper  superset  of  C  is  a  clique  of  lines. 

We  call  each  C(mi,  ms)  a  plane,  and  let  be  the  set  of  planes. 

COROLLARY  1.  Each  plane  contains  qk  1  lines. 

Proof.  Let  m  and  n  be  lines  which  intersect  at  x.  Let  h  s  r(m,  n).  By 
Lemma  6  every  line  of  C(m,  n)  —  r{m,  n)  intersects  h,  so  C(m,  n)  —  T{m,  n) 
is  the  set  of  9  -h  I  lines  which  contain  x  and  intersect  h.  Then  |C(m,  />)]  « 
|r(m,  n)|  9  -t-  1  =  9/c  +  1. 

LEMMA  7,  Let  K  be  a  clique  of  lines,  m,nsK{m  ^  n),  and  {x}  =  m  n  n. 
Then  either  all  lines  of  K  contain  x  or  K  Z  C(m,  n). 

Proof.  We  assume  that  some  line  n'  of  K  does  not  contain  x  and  show  that 
K  S  C(m,  n).  Let  A  e  AT.  Then  A  intersects  m,  n,  and  n'.  If  xfh,  then  heT(m,  n). 
So  heC{m,n).  Next  suppose  xeh.  Since  A  intersects  n',heC{m,n). 
Therefore,  K  Z  C{m,  n). 

LEMMA  8.  (i)  Each  pair  of  intersecting  lines  is  in  a  unique  plane,  (ii)  If  the 
plane  C  contains  at  least  I  line  containing  x,  then  C  contains  exactly  9  +  I 
lines  containing  .x.  (iii)  Each  line  is  contained  in  (r  -  l)/9  planes. 
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Proof,  (i)  Let  m  and  n  be  intersecting  lines  and  the  plane  C  contain  m  and  n. 
By  Lemma  7  C  2  C(m,  n).  But  all  planes  have  the  same  cardinality,  so  C  » 
C(m, «).  (ii)  Let  x  e  me  C.  Let  r  c  C  so  that  x  in.  Then  C  =  C(m,  n).  Every 
line  of  C  which  contains  x  also  intersects  n.  There  are  ^  +  1  lines  which  con¬ 
tain  X  and  intersect  n.  One  of  these  lines  is  m,  and  the  remaining  q  lines  are 
transversals  of  m  and  n,  so  9  -i-  1  lines  of  C  contain  x.  (iii)  Let  m  be  a  line. 
Choose  xem  and  let  m3, ms,. . m,  be  the  lines  containing  x  which  are 
distinct  from  m.  Each  plane  which  contains  m  contains  exactly  q  lines  among 
m3,  ms, . . . ,  m,.  By  part  (0,  each  line  m,  is  contained  in  a  unique  plane  contain¬ 
ing  m,  Hencs  exactly  (r  -  l)/q  planes  contain  m. 

From  Lemma  8  and  Corollary  1,  the  following  statement  is  immediate. 

COROLLARY  2.  (L,  *iO  is  a  semilinear  {{r  -  \)lq,qk  +  lyincidence 
structure. 

For  any  plane  C  we  define  C  =  Uimc  tn. 

LEMMA  9.  Let  meL  and  Ce'^.If\mr\C\  >2,  then  meC. 

Proof.  Let  ;t,  y  e  m  n  C.  Then  for  some  Rj  and  Rj  (rj,  Rj  #  m)  x  e  Ri  e  C 
and  y  e  Rs  £  C.  Lines  and  Rs  intersect  since  all  lines  of  C  intersect,  so 
C  »  C(ni,  Ra).  Since  m  is  a  transversal  of  Ri  and  R3,  meC. 

Since  each  pair  of  intersecting  lines  is  contained  in  a  plane,  and  each  plane 
is  a  clique  of  lines,  two  lines  contain  a  point  in  common  iff  they  are  both 
contained  in  some  plane.  Therefore  the  adjacency  graph  of  (L,  'if)  is  identical 
to  the  line  graph  of  (P,  L).  Let  H  be  the  adjacency  graph  of  {L, 

LEMMA  10.  /f  m  and  n  are  distinct  lines  then  d^m,  n)  =  d(fm,  n)  +  1.  If 
the  line  m  is  not  contained  in  the  plane  C  then  d,fyn,  C)  =>  do(m,  C)  +  1. 

Proof.  Let  </c(m,  n)  =  /  —  1  where  m  ^  n.  Denote  m  by  mo  and  n  by  m,. 
Let  (mo,  Xi,  mi,  Xa,. . .,  x„  m,)  be  a  sequence  of  points  and  lines  such  that 
Xf  is  contained  in  my_i  and  m^  (1  <  y  <  i).  Let  C,  =  C(my_i,  m,)  for 
1  <  y  <  i.  Then  (mo,  Ci,  mi,  Ca,. . .,  C„  m,)  is  a  sequence  of  lines  and  planes 
so  that  Cf  contains  m,_i  and  (1  <  y  <  1),  so  duim,  n)  <  /.  Since  the 
direction  of  this  argument  is  reversible,  we  may  conclude  that  dgim,  n)  = 
djim^n)  -1-  1. 

Let  miC.  Now  de(m,  C)  =  min{</o(m,  r)  :  R  e  C}  and  d„(m,  C)  = 
min(dH(m,  r)  :  r  6  C).  Since  dgim,  n)  =  da{m,  n)  +  1  for  distinct  lines  m  and 
R,  </«(m,  C)  «  </o(m,  C)  +  L 

LEMMA  11.  (L,‘8’)  is  an  {s  +  \,q,  d)-pseudo  projective  incidence  structure. 

Proof  We  have  already  established  that  (L,  V)  is  a  semilinear  (r*,  k*)- 
incidence  structure  where  r*  ^  {r  —  \)lq  »=  {q*~’  —  l)l{q  -  1)  and  k*  - 
^Ar  -I-  1  -  {q**^  -  l)liq  -  1).  (If  ^  =  1  then  r*  =  (r  -  1)/^  =  d  -  j  and 
ik*  *  gAr  -1-  1  -  j  -I-  1.)  The  graph  H  is  connected  since  G  is.  We  prove  (f4). 
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Let  m  and  n  be  lines  and  n)  =  2  (so  da(m,n)=^  1).  Let  5  = 

{C:CeV,neC,  d„{m,  C)  =  1}.  We  are  to  show  (Sj  =  q  +  1.  Now  S  = 
{C:  C e'iff,  ne  C,  m  n  C  ^  0}. 

If  A  is  a  line  and  z  a  vertex  so  that  dc(z,  h)  =  1  then  there  exist  at  least  two 
lines  hi  and  so  that  z  6  A,  and  A,  intersects  A  (/  =  1,  2).  The  plane  C(Ai,  Aj) 
contains  both  A  and  z.  For  any  plane  C  containing  both  z  and  A  we  have 
|A,  n  ?!  ^  2  so  A,  e  C(i  =  1,  2),  and  consequently  C  =  C(Ax,  Ag).  Therefore 
for  any  line  A  and  vertex  z  so  that  do{z.  A)  =  1,  a  unique  plane  contains  both 
z  and  A. 

Lines  m  and  n  do  not  intersect.  So,  no  plane  contains  both.  Every  plane  in 
S  contains  n  and  at  least  one  point  of  m.  Let  Xo,  Xi, . . . ,  x,  be  the  points  of  m 
satisfying  do(x,,  n)  =  1  (0  <  /  $  q).  Let  Q  be  the  unique  plane  containing  x, 
and  n  (0  <  I  <  q).  If  for  some  i  and  J  (f  #  J)  C,  =  C,  then  \m  r>  C,1  >  2.  By 
Lemma  9  this  would  imply  that  meC„  which  is  false.  TTien  S={Co,  Ci,. . . ,  C,}, 
sojSl  =9+1. 

To  prove  (f3),  let  d„{m,  C)  =  1.  Then  daim,  C)  =  0.  So,  m  n  C  0. 
By  Lemma  9,  \mnC\  =  1.  Let  {x}  =  m  n  C. 

We  are  to  show  that  d„(m,  n)  =  1  for  exactly  q  +  1  lines  n  of  C,  in  other 
words  da(m,  n)  =  0  for  exactly  q  +  1  lines  n  of  C.  But  this  is  clear,  since 
exactly  q  +  1  lines  of  C  contain  x. 

LEMMA  12.  Pasch's  axiom  is  valid  in  fif,  L,  a). 

Proof.  We  first  state  Pasch’s  axiom  for  (V,  L,  a),  recalling  that  two  lines 
intersect  (i.e.  contain  a  vertex  in  common)  iff  they  are  both  incident  with  some 
plane.  Pasch’s  axiom  for  (if,  L,  3)  states  that  if  lines  m  and  n  intersect,  and 
lines  Aj  and  Ag  intersect  both  m  and  n  but  no  plane  contains  hi,  m,  and  n  and 
no  plane  contains  A3,  m,  and  n,  then  hi  and  As  intersect. 

Let  {x}  «=  m  n  n.  Now  hi  ^  C(m,  n),  so  hi  ^  T{m,  n).  Since  hi  i  T(m,  n) 
but  Aj  intersects  both  m  and  n,  xe  hi.  Similarly  x  e  As.  Therefore  hi  and  A3 
intersect,  and  Pasch’s  axiom  is  valid. 

Let P  ^  {p:peP}  where p  ^  {m:  me L,pe m). 

LEMMA  13.  The  mapping  a:  P-*-P  defined  by  o(/>)  =  p  is  a  bijection. 

Proof.  The  mapping  a  is  clearly  surjective.  We  show  that  a  is  injective. 
(P,  L)  is  a  semilinear  (r,  A;)-incidence  structure,  therefore  [xj  =  r  >  1  and 
|x  n  _^|  ^  1  for  all  x,yeP.  It  follows  that  x  7^  ^  for  all  distinct  x,yeP. 

LEMMA  14.  PkjV  is  a  partition  of  the  set  of  maximal  cliques  of  H. 

Proof.  It  is  clear  from  Lemma  7  that  every  maximal  clique  of  lines  is 
contained  in  ^  u  "if.  We  have  shown  that  every  plane  is  a  maximal  clique  of 
lines.  Therefore  it  is  sufficient  to  show  that  x  is  a  maximal  clique  of  lines  for 
every  xeP,  and  that  X  and  *€  are  disjoint.  .F  and  ^  are  disjoint  because  the 
lines  of  a  plane  are  not  concurrent. 
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Let  xeP.  Clearly  x  is  a  clique  of  lines.  Let  /T  be  a  maximal  clique  contain¬ 
ing  Jc.  If  possible,  let  K  ^  x.  Let  me  K  —  x.  Then  xfm.By  (f3),  the  number 
of  lines  of  x  intersecting  m  is  at  most  q  +  \.  Since  AT  is  a  clique  of  lines,  every 
line  of  X  intersects  m.  Therefore  q+\'^\x\^r>q-‘r  \  which  is  a  con¬ 
tradiction. 

In  Lemmas  15-17  we  examine  (s,  q,  <0'pscudo  projective  incidence  struc¬ 
tures  where  s  =*  d  -  1. 

LEMMA  15.  Le/  (P,L)  be  a  (d  —  \,q,d)-pseudo  projective  incidence 
structure.  Then  my  two  lines  intersect  md  if  q  =  1,  |E|  =  </. 

Proof.  {P,  L)  is  an  (r,  A;)-incidence  structure  where  r  =  q  ■¥  \  and  k  = 
-  \)Hq  -  1)  (if  g  =  1  then  k  =  d  -  \). 

Let  G  be  the  adjacency  graph  of  (P,  L).  Since  G  is  connected,  the  distance 
between  any  two  lines  is  finite.  If  not  all  lines  intersect  then  there  are  lines  m 
and  n  so  that  dim,  n)  =  1.  Assume  that  dim,  n)  =  1.  Then  for  some  xem, 
d(x,  n)  =  1.  By  (f3)  9  +  1  lines  contain  x  and  intersect  n.  Then  these  lines 
together  with  m  constitute  9  +  2  lines  containing  x,  which  violates  the 
condition  r  =  q  +  1.  Therefore  any  two  lines  intersect. 

Let  meL.  Since  k(r  —  1)  lines  intersect  m  and  all  lines  intersect,  \L\  = 
fc(r  -  1)  +  1.  If  9  =  1,  fc  =  d  -  1  and  \L\  =  d. 

LEMMA  16.  LetiP,L)beaid  —  I,  q,d)-pseudo projective  incidence  structure 
where  d  >  2  and  q  ^  2,  md  let  the  incidence  structure  dual  to  iP,L)  satisfy 
Pasch's  axiom.  Then 

(i)  9  is  a  prime  power  md  d  is  m  integer, 

(ii)  the  incidence  structure  dual  to  (P,  L)  is  a  (2,  q,  d)-proJective  incidence 
structure,  and 

(iii)  iP,L)  is  aid  —  1,  q,  d)-proJective  incidence  structure. 

Proof.  For  r  =  9  +  1  and  some  k,  (P,  L)  is  an  (r,  A:)-incidence  structure. 

We  show  that  (L,  P,  9)  satisfies  the  axioms  (plMp4)  of  Section  1.  Now 
elements  of  L  will  be  called  points  and  elements  of  P  will  be  called  lines.  By 
Lemma  15  any  two  points  are  incident  with  some  line.  Therefore  (L,  P,  a) 
satisfies  (pl).  By  hypothesis  (p3)  is  satisfied.  Every  element  of  P  is  incident 
with  9  +  1  >  3  elements  of  L.  Since  d  >  2  every  element  of  L  is  incident  with 
more  than  9  +  1  elements  of  P.  It  easily  follows  that  rank  of  (P,  L)  is  at  least 
4.  Therefore  by  the  theorem  about  finite  projective  spaces  (L,  P,  £)  is  a 
(2, 9',  d')-projective  .incidence  structure.  Clearly  we  must  have  9'  =  9  and 
d'  «  d.  This  establishes  (ii)  and  (i).  Since  aid  —  \,q,  d)-projective  incidence 
structure  is  dual  to  a  (2, 9,  d)-projective  incidence  structure  (iii)  follows. 

LEMMA  17.  Z,ef  (P,  £,)  be  a  id  -  \,\,d)-pseudo  projective  incidence 
structure  where  d  >  2.  Then  d  is  m  integer  md  (P,  L)  ’.s  a  id  —  I,  \,  d)- 
projective  incidence  structure. 
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Proof.  (P,L)  is  an  (r,  A:)-incidence  structure  with  r  =  2  and  k  =  d  —  1. 
Since  k  is  an  integer,  d  is  an  integer.  We  examine  the  dual  incidence  structure 
(L,  P,  9).  Elements  ofZ,  will  be  called  dual  points  and  elements  of  P  dual  lines. 
Each  dual  line  is  incident  with  exactly  2  dual  points.  Therefore  dual  lines  are 
equivalent  to  the  edges  of  the  adjacency  graph  of  {L,  P,  3).  By  Lemma  15, 
each  pair  of  dual  points  is  incident  with  some  dual  line.  So,  the  adjacency 
graph  of  (L,  P,  3)  is  the  complete  graph  on  \L\  =  d  vertices.  Let  T  be  a  <f-set 
and  Z,  be  the  set  of  /-subsets  of  Tj,  1  </<</—  1.  We  have  proved  that 
(L,  P,  3)  is  isomorphic  to  ( Y,  Zj).  Therefore  (i*,  L)  is  isomorphic  to  (Zj,  T,  3) 
and  hence  to  (Z^.j,  Z^.i,  s). 

LEMMA  18.  There  is  no  (s,  q,  d)-pseudo  projective  incidence  structure  where 
3  <  sandd  -  2<s<d  —  1. 

Proof.  Assume  ir  =  {P,  L)  is  an  (s,  q,  (f)-pseudo  projective  incidence 
structure  where  3  <  j  and  d-l<s<d  —  \.  \f  q  =  \  then  r(ir)  = 
d  —  s  1  is  not  an  integer.  Therefore  q  >  \.  Define  '€  as  in  Lemmas  6-11. 
By  Lemma  11  w*  =  (£,  "^  is  an  (j  +  1,  g,  </)-pseudo  projective  incidence 
structure  r(ir*)  =  (g‘‘"*-l)/(q  -  1)  so  1  <  r(7r*)  <  q  -t-  1.  Since  /-(w*)  ^  2 
and  Ar(jr*)  >  2  there  exist  meL  and  C e '8’ so  that  in  the  adjacency  graph  of 
w*  d{m,  C)  =  1.  By  (f3),  r{m)  >  q  -t-  1.  Since  r{m)  =  r{ir*)  the  impossibility 
of  the  assumed  incidence  structure  is  established. 


3.  Proof  of  the  theorems 

The  heart  of  the  inductive  procedure  for  Theorem  1  is  contained  in  the  next 
lemma. 

LEMMA  19.  Pbry  =  1, 2  let 

(i)  B,  be  a  set, 

(ii)  Af  and  C,  be  sets  of  subsets  of  B,, 

(iii)  the  incidence  structures  {Bj,  Aj)  and  (Bj,  CJ)  have  the  same  adjacency 
graph  Ht, 

(iv)  AfU  C)  be  the  set  of  maximal  cliques  of  Hj, 

(v)  A,r\Ci  =  0. 

Let  (Bi,  Cl)  and  (Bi,  Ca)  be  isomorphic.  Then  (Ai,  Bi,  9)  and  {A2,  B*,  9)  are 
isomorphic. 

Proof.  By  hypothesis  (Bi,  Ci)  and  (Bj,  Ca)  are  isomorphic;  let  <r:  Bi  Ba 
and  t;  Ci  -*•  Ca  be  bijections  which  preserve  incidence.  For  any  B'  £  Bi 
we  let  c(B')  =  {a(J) :  6  6  B'};  in  particular,  for  c  s  Ci,  a(c)  =  (o(b) :  bee). 
Then  a(c)  =  t(c)  for  all  c  e  Ci. 

o  is  an  isomorphism  between  the  adjacency  graph  ffi  of  (Bj,  Cj)  and  the 
adjacency  graph  /fa  of  (^2.  Ca).  Therefore  a  induces  a  bijection  between  the 
maximal  cliques  of  Jfi  and  the  maximal  cliques  of  /fa.  The  set  of  maximal 
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cliques  of  Hi  is  Ai  U  Ci  and  the  set  of  maximal  cliques  of  H2  is  A2  'J  C2. 
Since  Ai  n  Ci  ^  0  =  ^4*  n  Ca  and  a  induces  a  bijection  from  Ci  to  Ca, 
a  induces  a  bijection  from  Ai  to  A2.  Then  the  bijection  a;  Bi  ->■  B2  and  the 
bijection  from  Ai  to  A2  induced  by  a  show  that  the  incidence  structures 
{Bit  ^1)  and  {B2,  A2)  are  isomorphic,  and  also  that  (Ai,  Bi,  s)  and  {A2,  B2,  a) 
are  isomorphic. 

In  order  to  shorten  the  proof  of  Theorem  1,  we  introduce  some  terminology. 
For  q  =  1  and  a  positive  integer  d,  Fj,,  will  denote  a  finite  </-clement  set.  For 
q  a  prime  power  will  denote  a  d-dimensional  vectorspace  over  GF(q). 
For  9  =  1  an  /-dimensional  object  of  F^.,  will  mean  an  /-element  subset  of 
For  9  a  prime  power,  an  /-dimensional  object  of  Fj,,  will  mean  an  /- 
dimensional  subspace  of  F^.,.  For  0  <  /  ^  d,  IV,  will  denote  the  set  of 
/-dimensional  objects  of  F^.,. 

Proof  of  Theorem  1.  Assume  that  there  exists  a  counter  example  to  the 
statement  of  Theorem  1.  Among  all  such  counter  examples  we  choose  an 
incidence  structure  w  =  {P,  L,  I)  for  which  r(7r)  is  as  small  as  possible.  Wlog 
we  assume  that  lines  are  subsets  of  points.  We  write  s  for  s(7r)  and  d  for  d{n). 
Let  'if  be  as  in  Section  2.  By  Lemma  1 1 ,  «■*  =  (L,  'if)  is  an  (j  -I-  l,q,  d)-pseudo 
projective  incidence  structure.  Note  that  r{n*)  <  r{n)  and  that  the  dual  of 
ir*  satisfies  Pasch’s  axiom  by  Lemma  12.  By  Lemma  18,  j  <  d  -  2.  If 
s  <  d  —  2,  then  w*  satisfies  the  hypotheses  of  the  theorem  and  r(7r*)  <  r{n). 
Therefore  ir*  is  an  (r  1,  q,  d)-projective  incidence  structure.  If  j  =  d  -  2, 
then  by  Lemmas  1 6  and  17  n-*  is  an  (d  —  \,q,  d)-projective  incidence  structure. 
So  in  either  case  d  is  an  integer,  q  =  1  or  is  a  prime  power  and  tt*  is  isomorphic 
to  (fF„  IV,^i,  £)  where  IF,  is  the  class  of  /  dimensional  objects  of  a  F^,,  where 
i  =  s,  s  +  1.  For  we  IF,+  i,  let  w  =  (u:ue  IV,  and  m  £  w}  and  /F,+i  = 
{iv:  w e  IF,+i}.  For  welV,.i,  let  w' =  (u:  ue  IV„  u  3  w)  and  IV',. i  = 
{w' ;  we  IF,_i}.  It  is  easily  seen  that  (IF,,  lF,+i,  £)  is  isomorphic  to 
(IV„  ^,+,)and(IF,_„  IF,,  £)  is  isomorphic  to  (IFJ_i,  IF,,  b).  We  now  apply 
Lemma  19  with  Bi  =  IF,,  Ci  =  W,+i  and  Ai  -  IV',. i,  =  L,  Cj  =  and 
A2  =  P.  (IF,,  IF,+i)  and  (IF„  IFJ.j)  have  the  same  adjacency  graph  Hi. 
W',.i  u  W,^i  is  a  partition  of  the  set  of  maximal  cliques  of  Hi.  By  the 
remark  after  Lemma  9,  {L,  “if)  and  (L,  P)  have  the  same  adjacency  graph  H2. 
By  Lemma  14,  P  yj  If  is  &  partition  of  the  set  of  maximal  cliques  of  H2. 
Finally  {L,'<f)  and  (IF„Tr,+  i)  are  isomorphic.  Therefore  by  Lemma  19 
{P,L,3)  and  (IFJ_i,  IF„b)  are  isomorphic  and  hence  {P,L,I)  and 
{W,.i,  IF,,  £)  are  isomorphic.  Hence  there  is  no  counter  example  to  the 
statement  of  Theorem  1. 

Proof  of  Theorem  2.  Wlog  assume  that  lines  of  n  are  subsets  of  points. 
Consider  the  connected  components  of  G{tt).  Let  P,  be  the  vertex  set  of  the 
/th  component,  1  <  /  <  f.  Let  L,  be  the  set  of  lines  of  n  which  contain  at 
least  one  point  of  P,,  1  <  /  <  f.  Then  P  =  Pi  u  Pj  u  •  •  •  u  P,  and 
I,  -  Li  u  La  u  •  •  •  u  L,  are  partitions  and  each  line  of  L,  is  a  subset  of  P,, 
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1  <  /  <  f.  It  is  easily  checked  that  for  1  ^  ^  r,  (P,,  £,)  satisfy  the  Axioms 

(f  l)-(f5)  with  respect  to  the  integer  q.  Therefore  for  some  integers  s,  and  di 
{Pi,  Li)  is  an  (j,,  q,  <f,)-projective  incidence  structure  and  n-  is  the  direct  sum 
of  these  incidence  structure.  The  converse  follows  from  Lemma  2. 

4.  Minimality  of  the  axioms 

Lct^  be  the  class  of  {s,q,  <f)-projective  incidence  structures  with  3  ^s<d-\. 
The  Axioms  (fl)-(f5)  form  a  minimal  set  of  axioms  for  the  purpose  of 
characterization  of  the  class  We  now  demonstrate  the  minimality  of  the 
axiom  set  (fl)-<f5).  For  ye  {1, 2,  3, 4,  5}  we  choose  q  and  construct  an  in¬ 
cidence  structure  w'  which  satisfies  the  four  axioms  other  than  (fy)  and  is 
not  a  member  of  For  y  =  5,  we  saw  that  the  direct  sum  of  two  {s,  q,  d)~ 
projective  incidence  structures  (3  ^  s  <  d  -  1)  satisfy  the  four  axioms  other 
than  (f5),  Fory  =  1,  our  example  is  a  nondesarguesian  finite  projective  plane 
ir  of  order  q.  It  is  easy  to  see  that  n  satisfies  the  Axioms  (f2}-(f5)  and  that 
j(it)  =  2.  Since  ir  is  nondesarguesian,  w  is  not  an  (j,  q,  <f)-projective  incidence 
structure.  For  y  =  2,  we  construct  an  example  as  follows.  Let  ^  be  a  given 
prime  power.  We  choose  positive  integers  s  and  d  satisfying  3  <  j  ^  -  2 

and 

(2^  -I-  1)®  -I-  (2^  1)  +  1  <  Min(2l^^  2 1"- . 

Let  IT  be  an  (s,  q,  <f)-projective  incidence  structure.  The  point  set  of  the  incidence 
structure  v'  will  be  the  same  as  that  of  w  and  for  each  line  /  of  n,  n’  will  have 
two  lines  / and  /'  withPj  =  It  is  easily  checked  ik(ir')  =  (9*  -  l)j{q  —  1)  and 
r(n')  =  —  l)/(g—  1).  Therefore  with  respect  to  {2q  +  1),  3  <  j(it')  ^ 

d(n-')  —  2  and  also  n'  satisfies  (f3),  (f4)  and  (f5)  w.r.t.  2q  +  1.  Clearly  rr'  is  not 
a  member  of  ^  and  is  not  an  (s,  q,  </)-projcctivc  incidence  structure.  For y  =  3, 
we  proceed  to  construct  an  example  as  follows.  Consider  an  affine  space 
Aff(«,  9)  where 9  is  a  prime  power,  and^*  -1-^  1  ^(q’'~^-  l)/(q  -  1).  Letv' 

be  an  incidence  structure  whose  points  are  the  planes  of  the  aflSne  space  and 
lines  are  the  3-spaces  of  the  affine  space  and  incidence  is  containment.  Points 
and  lines  of  tt  will  be  respectively  called  ideal  points  and  ideal  lines.  It  will  be 
helpful  to  view  the  affine  space  as  a  projective  space  PG(n,  q)  minus  a  hyper- 
plane  2.  The  number  of  planes  contained  in  an  affine  3-space  is  q^  +  q^  +  q. 
Therefore  k{iT)  =  q^  +  q^  +  q  and  r(w)  =  (g*"®  -  l)/(q  —  1).  For  an  ided 
point  p  and  an  ideal  line  /,  p'  and  /'  will  respectively  denote  the  corresponding 
projective  plane  and  projective  3-space.  The  Axiom  (f  1)  is  satisfied  by  -n'. 
Clearly  (f2)  and  (f5)  hold  for  w'.  Let  pi  and  p^  be  two  ideal  points  such  that 
Pa)  =  2.  Then  Px  and  px  are  afiBne  planes  (Figure  1).  Since  pj)  =  2, 
there  exist  an  ideal  point  ptx  such  that  d(pi,Pi)  =  1,  f  =  1,2.  Hence  <pI,P3> 
is  a  3-space  for  i  =  1,2.  Therefore  pi  opj  is  a  line  for  7  =  1,2.  Therefore 
p'l  n  pj  is  a  point  O.  Let  1  be  an  ideal  line  such  that  px  is  incident  with  /  and 
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Fig.  1.  Two  possibilities;  O  on  or  off 

1)  =  1.  Then  /'  is  a  projective  3-space  such  that  p[  =  /'  and  pi  n  /'  is  a 

projective  line  passing  through  O.  Let  x,  (i  =  0, 1 . 9)  be  the  projective 

lines  of  pi  passing  through  O.  Then  letting  11  =  <pi,  Xo>,  0  ^  i  <  g,  li, 
0  <  i  <  9  are  all  the  projective  3-spaces  satisfying  pi  £  /',  pi  o  /'  =  a 
projective  line.  The  corresponding  affine  3-spaces  l„  0  ^  i  ^  q  are  all  the 
ideal  lines  satisfying  <f(pi,  /)  =  0  and  </(p2,  /)  =  1.  We  proved  that  n' 
satisfies  (f4)  w.r.t.  9. 

We  now  show  that  (f3)  does  not  hold  in  n'.  Let  i  be  an  ideal  line  and  p  be 
an  ideal  point  such  that  d{p,l)  =  1.  Let  p'  and  /'  be  the  corresponding 
projective  plane  and  3-space  respectively.  Since  </(p,  /)  =  l,p'  n  /'  must  be 
a  projective  line.  Case  1  (Figure  2).  p'  n  /'  =  p  is  a  projective  line  contained 
in  S.  There  are  (9  1)  planes  of  /'  which  contain  y.  Of  these  one  is  /'  n  S 

which  docs  not  correspond  to  an  ideal  point  of  n.  Therefore  in  Case  1  there 
are  9  ideal  points  p,  such  that  p,  is  incident  with  /  and  d{p,  p,)  =  1, 1  <  /  ^  9. 
Case  2  (Figure  3).  p'  n  /’  =  >»  is  a  projective  line  not  contained  in  2.  In  this 
case  there  will  be  (9  -t-  1)  ideal  points  pi  such  that  p,  is  incident  with  /  and 


Fig.  2. 
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Fig.  3. 


diPtPd  =  1,  0  <  /  <  With  respect  to  q,  ir'  satisfies  all  the  four  axioms 
except  (f  3)  and  v  _ 

We  now  consider  j  =  4.  Let  ^  be  a  prime  power,  n  ^  4,  PG{n,  q)  be  an 
n-dimensional  projective  space  over  GFf^)  and  Z,  ,3  be  an  (n  —  3)-flat  of 
PG(n,  q).  Let  w'  be  an  incidence  structure  whose  points  are  the  lines  of  PG(/i,  q) 
not  intersecting  S,_3  and  lines  are  the  planes  of  PG(/i,  not  intersecting 
2,_3.  As  before  points  and  lines  of  w  will  be  referred  to  as  ideal  points  and 
ideal  lines  respectively.  Lines  and  planes  of  PG(/i,  q)  will  be  called  projective 
lines  and  projective  planes.  Clearly  every  ideal  line  is  incident  withg®  +  g  +  1 
ideal  point  and  hence  k(ir)  =>  q^  +  q  +  1.  The  number  of  projective  planes  of 
PG(/i,g)  containing  a  given  projective  line  is  -  l)/(q  -  I).  Of  these 
projective  planes  (g”"*  —  l)/(g  -  1)  will  intersect  2,_3.  Hence  the  number 
of  ideal  lines  passing  through  a  given  ideal  point  is  Since  n  ^  4,  the 
Axiom  (f  1)  holds  for  n  with  respect  to  (q  -  1). 

Clearly  (f2)  and  (f5)  hold  for  ir'.  We  now  check  (f3)  for  n.  Let  p  and  / 
respectively  be  an  ideal  point  and  an  ideal  line  such  that  d{p,  /)  =  1.  Then  the 
projective  line  p  intersects  the  projective  plane  /  in  a  projective  point  0 
(Figure  4).  Let  2*-!  =  <P,S„_3>  be  the  span  of  p  and  Z,_3  and  po  = 
There  are  g  +  1  projective  lines  of  /  passing  through  O.  Let 
PotPif  •  -  tPn  be  these  lines.  The  projective  plane  <p,Po>  is  contained  in 
Z„.i,  intersects  Z,.,  and  hence  is  not  an  ideal  line  of  v.  Therefore  the  distance 
between  the  ideal  points  p  and  po  is  greater  than  1.  The  ideal  points 
PuPsf  •■tPn  are  the  only  ideal  points  p  satisfying  Pi  c  I  and  d(j>,p^  =  I, 

1  ^  <  9.  Therefore  n  satisfies  (f3)  with  respect  to  —  1). 

We  now  show  that  (f4)  does  not  hold  in  w'.  Let  pi  be  an  ideal  point  and 
<2i*_3,Pi>  =  Z,_i.  Let  P2  be  an  ideal  point  such  that  d(pi,p2)  =  2.  Case  1. 
P2  is  a  projective  line  not  intersecting pi  and  Z„.3  and  not  contained  in  Z,.^ 
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Fig.  4. 


(Figure  5).  Let  x„  0  4  i  <  g  be  the  g  +  1  points  of  p2  where  Xq  eS,_i,  and 
h  =  <Pi>  •>^>.  0  ^  i  ^  q.  The  projective  plane  U  intersects  2,-3-  In  this  case 
lx,...,  I,  are  the  only  ideal  lines  which  contain  pi  and  have  distance  one 
from  pt. 


Fig.  5. 


Case  2.  The  projective  line  ps  intersects  pi  and  is  contained  in  2„_i 
(Figure  6).  The  projective  plane  (pi,  pa)  intersects  S,.,  and  hence  is  not  an 
ideal  line.  Therefore  dipi.p^)  =  2.  Let  lx  be  any  projective  plane  which 
contains  px  and  is  not  contained  in  Then  it  is  easily  seen  that  px  c 
and  d{p2,  lx)  =  1.  In  case  2  the  number  of  ideal  lines  /  satisfying  pi  £  /, 
d(Pi,  /)  =  1  is  Therefore  (f4)  does  not  hold  in  tr  with  respect  to  (q  —  I). 
Obviously  n'  is  not  a  (s,q  -  1,  </>projective  incidence  structure  for  any 
choice  of  s  and  d. 

This  completes  the  proof  of  the  minimality  of  the  system  of  Axioms 
(fiHfS). 
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Concluding  Remarks.  Consider  a  simple  graph  whose  vertices  are  j-dimen- 
sional  subspaces  of  a  <f-dimensional  vector  space  V  over  GF(^).  Two  vertices 
in  this  graph  are  adjacent  iff  the  corresponding  s-dimensional  subspaces 
intersect  in  an  {s  —  l)-dimensional  subspace.  This  graph  will  be  called  an 
(j,  q,  </)-projective  graph.  The  Theorem  1  of  this  paper  can  be  used  to  obtain 
a  characterization  of  the  (j,  q,  </)-projective  graphs  provided  d  is  larger  than 
some  function  of  s  and  q.  We  are  also  considering  characterization  problems 
of  Affine  spaces  and  Polar  spaces  in  terms  of  flats  of  higher  dimensions.  These 
results  will  be  communicated  in  a  subsequent  communication. 
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1.  Introduction  and  Statement  of  Theorem 

An  incidence  structure  is  a  triple  {X,  B,  I)  where  X  and  B  are  disjoint  sets 
and  JQX  X  B.  Members  of  X  are  called  points  or  vertices,  and  elements  of  B 
are  called  blocks  or  lines.  A  simple,  undirected  graph  is  an  incidence  structure 
{V,  E,  I)  where  for  each  e  s  £  e  is  incident  with  exactly  two  elements  of  V. 
Members  of  E  are  commonly  known  as  edges.  We  shall  only  consider  finite, 
undirected,  simple  graphs  and  as  such,  we  will  drop  the  adjectives.  In  order 
to  specify  the  graph  G,  we  often  write  V(G)  as  the  set  of  vertices  and  £(G)  as 
the  set  of  edges.  An  edge  e  will  also  be  denoted  by  (x,  y)  where  x  and  y  are 
the  vertices  incident  with  e. 

Let  G  be  a  graph.  Two  vertices  x  and  y  are  said  to  be  adjacent  if  and  only 
if  (x,  y)  e  £(G).  If  Xi ,...,  x*  are  vertices  of  G,  then  Jfxj ,...,  x^)  denotes  the 
set  of  vertices  adjacent  to  all  of  the  x/s,  i  =  1,...,  k,  and  </(xi  ,.••>  ^it)  denotes 
the  cardinality  of  Jfxj x^).  A  graph  G  is  said  to  be  regular  if  and  only  if 
every  vertex  of  G  has  the  same  vertex  degree.  Three  distinct  vertices  are  said 
to  form  a  triangle  if  they  are  pairwise  adjacent.  If  x,  y  and  z  form  a  triangle 
in  G,  then  d(x,  y,  z)  is  called  the  triangle-degree  of  (x,  y,  z).  A  2-claw  (x;  y,  z) 
is  a  triple  of  vertices  in  G  such  that  x  is  adjacent  to  both  y  and  z,  but  y  and  z 
are  nonadjacent;  hence  d{x,  y,  z)  is  the  2-claw-degree  of  (x;  y,  z). 

A  (v,  n,  X,  fi)  strongly  regular  graph  G  is  a  graph  satisfying  the  following: 

(1)  I  K(G)|  =  r, 

(2)  G  is  regular  with  vertex  degree  n, 

*  This  research  was  supported  in  part  by  OMR  Contract  Number  N00014.67-A'0232- 
0016  and  NSF  Grant  Number  MPS734)8231. 
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(3)  G  is  edge-regular  with  edge-degree  A  and 

(4)  G  is  nonedge-regular  with  nonedge-degree  /i. 

A  strongly  regular  graph  is  an  (r,  k,  r)-strongly  regular  graph  if  v  =  (l/l) 
(r  -  m  -  !){*  -  0  +  r(A:  -  1)  -I-  1,«  =  KJt  -  1),  A  =  (r  -  IXr  -  1)  4- 
k  —  2  and  /x  =  rt.  The  linegraph  1,(2))  of  an  incidence  structure  2)  is  a  graph 
whose  vertex  set  consists  of  the  blocks  of  2),  and  two  vertices  are  adjacent 
if  and  only  if  there  exists  a  point  xeX  such  that  x  is  incident  with  both  blocks 
in  D.  The  linegraph  of  a  projective  plane  has  been  characterized  by  Dowling 
and  Laskar  [5].  We  prove  a  theorem  characterizing  the  linegraph  of  an 
affine  space. 

Theorem.  IfG  is  a  {q,  k,  q)-strongiy  regular  graph  satisfying  the  following: 

(Al)  9  >  4, 

(A2)  k  >  m<l  -  1)  +  9(9  +  1)(9*  -2q  +  2)). 

(A3)  for  every  triangle  (A,  B,  C)  in  G,  d(A,  B,  C)  either  equals  q(q  —  2) 
or  is  at  least  k  —  3, 

(A4)  for  every  2-claw  (A;  B,  C)  in  G,  d(A,  B,  C)  equals  either  2(q  —  1) 
or  q(q  -  1), 

then  G  is  isomorphic  to  the  linegraph  of  an  affine  space  AF{q,  n).  Furthermore, 
q  is  a  power  of  prime  and  k  =  (q’'  —  \)j{q  —  1). 

It  can  be  easily  checked  that  the  linegraph  of  an  affine  space  AF{q,  n) 
is  a  (q,  k,  q)  strongly  regular  graph  satisfying  axioms  (A1HA4).  However, 
Sims  [8]  has  shown  that  the  linegraph  of  a  projective  space  PG(d  —  1,  q) 
is  also  A  (q  +  1,  k,  q  +  1)  strongly  regular  graph  satisfying  axioms  (Al)  and 
(A2).  Therefore  in  order  to  characterize  the  linegraph  of  an  affine  space, 
we  have  to  study  the  triangle-degrees  and  the  2-claw-degrees  of  the  graph. 
In  fact,  axioms  (A3)  and  (A4)  form  the  bases  for  defining  “parallelism” 
among  the  lines  in  AF(q,  n).  We  shall  also  discuss  the  cases  where  q  =  1,2 
and  3. 


2.  Outline  of  the  proof 

An  (r,  k,  t)  partial  geometry  is  an  incidence  structure  that  has  the  following 
properties: 

(1)  every  point  is  contained  in  exactly  r  lines, 

(2)  every  line  contains  exactly  k  points. 
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(3)  every  two  distinct  points  are  contained  in  at  most  one  line, 

(4)  if  p  is  a  point  not  on  the  line  i,  then  p  is  incident  with  exactly  i  points 
on  (. 

To  every  partial  geometry,  there  is  associated  a  natural  graph  defined  on 
the  point  set  of  the  geometry:  two  vertices  are  adjacent  if  and  only  if  their 
corresponding  points  are  incident  with  each  other  in  the  geometry.  It  can  be 
easily  verified  that  the  graph  thus  defined  is  an  (r,  k,  t)  strongly  regular 
graph.  Conversely,  an  (r,  k,  t)  strongly  regular  graph  is  said  to  be  geometriz- 
able  if  there  exists  an  (r,  k,  t)  partial  geometry  whose  incidence  graph  is 
isomorphic  to  G.  'Not  every  (r,  k,  t)  strongly  regular  graph  is  geometrizable. 
Bose  [1]  has  given  the  following  sufficient  condition  for^the  geometrizability  of 
an  (r,  k,  t)  strongly  regular  graph. 

Proposition  1.  An  (r,k,t)  strongly  regular  graph  is  geometrizable  if 
k  >  Wir  -  1)  +  1)  +  t{r  +  l)(r*  -  2r  +  2)). 

Based  on  Bose’s  result,  we  see  that  if  fe  >  ^,q{q  —  1)  +  q{q  +  1) 
(q*  —  2q  +  2))  then  a  .(q,  k,  q)  strongly  regular  graph  is  geometrizable. 
Let  Cr  ^  a  (q,k,q)  strongly  regular  graph  satisfying  axioms  (Al)-(A4) 
stated  in  the  theorem.  Let  t^G)  denote  the  (q,k,q)  partial  geometry  as¬ 
sociated  with  C.  If  5  =  (jTi ,...,  ^b}  is  a  subset  of  y(G)  such  that  the  vertices 
in  5  are  pairwise  adjacent,  then  S  is  called  a  clique.  S  is  maximal  if  it  is  not 
a  proper  subset  of  any  other  clique  in  G.  A  clique  in  G  is  called  a  grand  clique 
if  it  is  both  maximal  and  of  size  at  least  k  —  {q  —  1)*  {q  —  1).  From  Bose’s 
Geometrization  Theorem,  we  observe  that  every  two  adjacent  vertices  A 
and  B  in  G  are  contained  in  a  unique  grand  clique,  denoted  by  C{A,  B). 
Since  each  grand  clique  in  G  corresponds  to  a  line  in  Mfj),  we  sometimes 
call  a  grand  clique  a  line.  Hence,  if  A  and  B  are  contained  in  a  line,  A  and  B 
are  called  collinear.  The  set  of  lines  in  G  has  the  following  property: 

Proposition  2.  If  G  is  a  geometrizable  (q,  k,  q)  strongly  regular  graph, 
then  any  two  distinct  grand  cliques  in  G  intersect  each  other  at  a  unique  vertex. 

Proof.  Suppose  there  exist  two  nonintersecting  grand  cliques  in  C,  say 
X  and  y.  Let  A  be  any  vertex  in  x.  is  a  vertex  not  in  y;  hence  A  is  adjacent 
to  exactly  q  vertices  B^ ,...,  B,  in  y.  For  each  i,  1  <  i  <  q,  B<  and  A  determine 
a  unique  grand  clique  C(A,  Bt)  containing  A;  thus,  there  are  q  distinct  grand 
cliques  containing  A.  Now  x  is  also  a  grand  clique  containing  the  vertex  A, 
but  is  distinct  from  the  q  grand  cliques  C(A,  Bt),  1  <  i  <  q.  This  con¬ 
tradicts  the  fact  that  there  are  exactly  q  grand  cliques  containing  A.  Hence 
any  two  distinct  grand  cliques  intersect  at  a  unique  point.  | 

By  virtue  of  this  proposition,  we  are  able  to  adopt  the  notation  x  A  y 
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for  the  unique  point  of  intersection  of  the  two  grand  cliques  x  and  y.  It  is 
also  clear  that  if  we  define  the  dual  of  the  (q,  k,  q)  partial  geometry  -niG)  to 
be  an  incidence  structure  P  whose  point  set  and  line  set  are  respectively  the 
sets  of  lines  and  points  of  w(<j),  then  every  two  distinct  points  in  P  determine 
a  unique  line  and  every  two  distinct  lines  intersect  at  at  most  one  point. 
Buekenhout  [3]  showed  that 

Proposition  3.  If  ^  is  an  incidence  structure  with  points,  lutes,  and  planes 
such  that  (1)  every  three  noncollinear  points  determine  a  unique  plane,  (2)  every 
plane  of  iP  is  an  affine  plane,  (3)  there  exist  three  noncollinear  points,  and 
(4)  every  line  contains  at  least  four  points,  then  9  is  an  affine  space. 

In  view  of  this  theorer'.,  if  we  can  establish  the  parallel  lines  and  affine  planes 
in  P,  then  we  will  have  shown  that  the  dual  of  the  (q,  k,  q)  partial  geometry 
ir(G)  is  isomorphic  to  an  afiine  space;  hence,  the  (q,  k,  q)  strongly  regular 
graph  is  isomorphic  to  the  linegraph  of  an  affine  space.  To  this  end,  we  study 
the  geometries  of  the  set  of  vertices  which  are  adjacent  to  two  other  vertices 
in  G.  Throughout  the  rest  of  this  paper,  we  shall  assume  that  G  satisfies 
axioms  (A1HA4)  in  the  main  theorem,  unless  otherwise  stated. 


3.  Transversals 

Definition.  If  A  and  B  are  two  nonadjacent  vertices  in  G,  then  a  transversal 
of  A  and  Bison  element  in  A(A,  B).  If  A  and  Bare  two  distinct  adjacent  vertices 
in  G,  then  a  transversal  of  A  and  B  is  a  vertex  in  A(A,  B)  which  is  not  contained 
in  C(A,,B). 

The  set  of  transversals  of  A  and  B  is  denoted  by  T(A,  B).  We  shall  first 
study  transversals  of  two  nonadjacent  vertices.  Leti4  and  B  be  two  nonadjacent 
vertices.  For  every  vertex  Ce  T{A,  B),  the  triple  (C;  A,  B)  is  a  2-claw  in  G. 
It  is  clear  that  every  grand  clique  containing  either  A  or  3  contains  exactly  q 
transversals  of  A  and  B.  Hence  if  C  6  T(A,  B),  then  there  are  least  2{q  —  1) 
other  transversals  of  A  and  B  that  are  adjacent  to  C,  namely  the  transversals 
contained  in  C(A,  C)  and  C(B,  C).  Thus,  for  any  2-claw  (C;  A,  B), 
d(C,A,B)>2(q-l). 

Lemma  4.  Let  A  and  B  be  any  two  nonadjacent  vertices  in  G.  If  C  and  D 
are  two  distinct  transversals  of  A  and  B,  such  that  C  is  adjacent  to  D  and 
(A,  C,D)and(B,  C,  D)  are  noncollinear  triples,  then  diA,  B,  D)  =^d{A,B,C)= 
qiq  -  !)• 

Proof  Since  (A,  C,  D)  and  (B,  C,  D)  are  noncollinear  triples,  D  ^  C{A,  C) 
and  D  f  C(B,  C).  From  the  remark  above,  there  are  2{q  —  1)  transversals 
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of  A  and  B  that  are  adjacent  to  C  and  are  contained  in  either  C(A,  C)  or 
C(B,  C).  Now,  D  is  a  transversal  of  A  and  B  which  is  adjacent  to  C  and  is 
distinct  from  these  2(9  —  1)  transversals;  hence  d(A,  B,  C)  >  2(q  —  1).  By 
Axiom  (A4),  (i(A,  B,  C)  =  qiq  —  1).  Similarly,  d{A,  B,  D)  =  q{q  —  1).  | 

We  shall  now  partition  the  transversals  of  two  non-adjacent  vertices  A 
and  B  in  accordance  to  the  different  cliques  containing  either  A  or  B.  Let 
us  first  introduce  the  following  notations.  If  ^4  is  a  vertex  in  G,  then  ^(A) 
denotes  the  set  of  grand  cliques  containing  A.  Let  A  and  B  be  two  distinct 
vertices  in  G,  and  C  e  T(A,  B).  If  x  6  ^{A)  u  ^(B),  but  x  ^  C(A,  B),  then 

jr(A,  B,  C,  x)  ={Ds  T(A,  B)  ID  is  adjacent  to  C  and  is 
contained  in  x}. 

and  m(A,  B,  C,  x)  =  1  ^(A,  B,  C,  x)|.  (See  Figure  1) 

Lemma  5.  Let  A  and  B  be  two  nonadjacent  vertices  and  C  e  T(A,  B).  If 
X  e  /(A)  u  /(B),  then  g  —  1  >  m(A,  B,  C,  x)  ^  1. 


Proof.  Without  loss  of  generality  we  may  assume  that  B  is  contained  in  x. 
Since  C(A,  C)  and  x  are  two  distinct  grand  cliques,  they  intersect  each  other 
at  a  unique  point  D.UD^  C,  then  clearly  D  eJe(A,  B,  C,  x)  and  m(A,  B, 
C,  x)  >  1 .  If  i>  =  C,  then  C  is  contained  in  x;  A  is  adjacent  to  exactly  q  —  I 
vertices  of  x  other  than  C  and  we  have  m(/l,  B,  C,  x)  =  q  —  1. 

To  show  ^  —  1  >  m(A,  B,  x),  we  only  have  to  consider  C  as  a  vertex  not 
contained  in  x.  Since  C  is  not  in  x,  C  is  adjacent  to  exactly  q  vertices  in  x, 
one  of  which  is  B;  hence  m(A,  B,  C,  x)  ^  q  —  1.  | 

Lemma  6.  Let  (C;  A,  B)  be  a  2-claw.  If  there  exists  a  grand  clique  x#  in 
/(A)  u  /(B)  such  that  Xq  #  C(B,  C),  Xq  C(A,  C)  and  m(A,  B,  C,  x#)  >  1, 
then 

ave  m(A,  B,  C,  ')  =  q  —  I 

where  the  average  runs  over  all  grand  cliques  in  /(A)  u  /(B). 
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Proof.  Without  loss  of  generality,  let  B  be  contained  in  x^.  Since 
m(/4,  B,C,x^  >  \,  there  exists  a  transversal  D  oi  A  and  B  contained  in 
wUch  is  adjacent  to  C.  But  both  (B,  C,  D)  and  (A,  C,  D)  are  noncloUinear 
triples;  furthermore,  .v,  ^  C(B,  C)  and  x#  ¥‘  C(A,  C);  hence  by  Lemma  4, 
d{A,B,C)  =  q(,q-l). 

Next,  we  count  the  number  of  ordered  pairs  {x,  E)  where  x  e  ^(A)  u  ^(B) 
such  that  £  is  a  transversal  of  A  and  B,  is  contained  in  x,  and  is  adjacent  to 
C.  Fixing  a  grand  clique  x,  xe  ^(A)  u  /(£),'  there  are  m(A,  B,  C,  x)  choices 
of  £.  On  the  other  hand,  if  we  fix  a  transversal  E  of  A  and  B  such  that  £  is 
adjacent  to  C,  then  there  are  exactly  2  choices  of  x,  namely  C(A,  E)  and 
C(B,  £).  Since  there  are  d{A,  B,  C)  choices  of  £,  we  have 

2]  m(A,  B,  C,  x)  =  2q(q  —  1). 

The  vertices  A  and  B  are  nonadjacent,  so  the  cliques  containing  either 
i4  or  £  are  all  distinct,  and  we  have  1  ^{A)  vj  /(£)]  =  2q.  Thus 

ave  m(A,  B,  C,  ■)=  q  —  1.  | 


From  these  two  lemmas,  we  obtain 

Proposition  7.  Let  A  and  B  be  two  nonadjacent  vertices  in  G.  If  Ce 
T{A,  Bjandxe  I{A)  U  I{B),  then  m(A,  B,  C,  x)  e{l,q-  1}. 

Proof.  Case  1 .  x  =  C(A,  C)  or  x  =  C(B,  C):  From  the  proof  of  Lemma  5, 
we  have  m(A,  B,  C,  x)  =  q  —  1.  Case  2.  x  ^  C(A,  C)  and  x  C'(B,  C): 
If  m{A,  B,  C,  x)  >  1,  then  from  the  previous  lemma,  ave  nt(A,  B,  C,  •)  = 
q  —  1  where  the  average  runs  over  all  grand  cliques  in  /(A)  u  1(B).  By 
Lemma  5,  m(A,  B,  C,  x)  ^  q  —  1;  hence  m(A,  B ,  C,  x)  =  q  —  1.  | 

Similar  to  nonadjacent  vertices,  we  would  like  to  study  the  transversals 
of  two  adjacent  vertices  A  and  B  which  are  also  adjacent  to  a  fixed  transversal 
C  of  A  and  B. 

Lemma  8.  Let  A  and  B  be  two  adjacent  vertices.  If  Cs  T(A,  B),  then  C  is 
adjacent  to  exactly  (q  —  1)(?  —  2)  other  transversals  of  A  and  B. 

Proof.  Since  G  is  a  (q,  k,  q)>strongly  regular  graph  and  A  and  B  are  two 
adjacent  vertices,  d(A,  B)  =  k  —  2  +  {q  —  1)*.  But  C(A,  B)  is  a  grand  clique 
containing  k  —  2  vertices  other  than  A  and  B,  which  are  not  transversals 
of  A  and  B;  hence  |  T(A,  £)|  =  (g  -  1)*. 

If  C  is  a  transversal  of  A  and  B,  then  C  ^  C(A,  B).  Therefore,  C  is  adjacent 
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to  exactly  q  —  2  vertices  in  C(A,  B)  other  than  A  and  B.  Hence,  for  sufficiently 
large  k 

d(A.  B,C)^ir(A,B)l-l+q-2 
=  (q-l)*  +  q-3 
<ifc-3. 

By  Axiom  (A3)  in  the  theorem,  d(A,  B,C)  =  (q  —  2)q.  However,  we  have 
seen  that  the  set  J(A,  B,  C)  n  C(A,  B)  consists  of  q  —  2  vertices  which  arc 
not  transversals  of  A  and  B.  Hence  C  is  adjacent  to  exactly  (q  —  2)(q  —  1) 
transversals  of  A  and  B.  | 

A  direct  consequence  of  the  above  lemma  is 

Lemma  9.  Let  A  and  B  be  two  adjacent  vertices.  If  Cs  T{A,  B),  then  C 
is  nonadjacent  to  exactly  q  —  2  transversals  of  A  and  B. 

Again,  we  would  like  to  know  how  these  (q  —  l)(q  —  2)  transversals  of 
A  and  B  which  are  adjacent  to  C  are  partitioned  in  accordance  to  the  various 
cliques  containing  A  or  B. 

Lemma  10.  Let  A  and  B  be  two  adjacent  vertices  in  G.  If  Ce  T{A,  B), 
then  ave  m(A,  B,  C,  •)  ==  q  —  2  where  the  average  runs  over  all  grand  cliques 
in  liA)  u  <f{B)  -  CiA,  B). 

Proof.  We  shall  count  the  number  of  ordered  pairs  (x,  D)  where  x  is  a 
grand  clique  in  IIA)  ^  1(B)  —  C{A,  B)  and  Ds.J((A,B,C,x).  Fixing  x, 
there  are  m(A,  B,  C,  x)  choices  of  Z>.  On  the  other  hand,  if  we  fix  a  vertex 
D  such  that  B  e  A(A,  B,  C)  and  B  e  T(A,  B),  then  there  are  exactly  two 
choices  of  x,  namely  C{A,  D)  and  C(B,  D).  From  Lemma  8,  there  are  (q  —  1) 
(q  —  2)  choices  of  B;  hence 

X  m(A,  B,  C,  x)  =  2(q  -  l)(g  -  2). 

Since  1 1(A)  U  ^(B)  -  C(A,  B)1  =  2(q  -  1)  we  have  ave  m(A,  B,  C,  •)  =  q-2. 

Lemma  11.  Let  A  and  B  be  two  adjacent  vertices  and  C  e  T(A,  B).  If  x  is 
a  grand  clique  in  i(A^\J  1(B)  —  C(A,B),  then  m(A,  B,  C,  x) q  —  2. 

Proof.  Without  loss  of  generality,  we  may  assume  x  to  be  a  clique 
containing  A. 

Case  1.  X  =  C(A,  C):  Every  vertex  in  x  different  from  A  and  C,  which 
is  adjacent  to  B,  is  contained  in  ..^(A,  B,  C,  x);  hence  m(A,  B,  C,  x)  =  q  —  2. 

Case  2.  x  ^  C(A,  Q:  Since  B  is  not  contained  in  x,  B  is  adjacent  to  q 
vertices  in  x,  namely  A,  D . B, .  If  C  is  adjacent  to  each  B( ,  2  <  i  <  q. 
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then  clearly,  m(A,  B,C,x)^q  —  2.  Suppose  C  is  nonadjacent  to  Dj ;  let 
us  consider  the  2-claw  (fi;  C,  D^.  The  grand  clique  x  contains  /), ;  hence  by 
Proposition  7,  m(C,  Z), ,  B,  x)  equals  either  1  or  q  —  1.  Since  A  and 
C{B.  C)  A  X  are  two  distinct  vertices  in  J((C,  ,  B,  x),  we  have  m(C,  , 

B,:C)  =  q—\.  This  means  that  for  every  i,  3  <  i  <  q,  D,  is  adjacent  to  C. 
Consequently,  m{A,  B,C,x)'^q  —  2.  | 

From  the  results  of  Lemmas  10  and  1 1,  we  arrive  at  the  following: 

Proposition  12.  Let  A  and  B  be  two  adjacent  vertices  and  C  e  T(A,  B), 
If  x  is  a  grand  clique  in  ^(A)  u  /(B)  -  C(A,  B).  then  C  is  adjacent  to  exactly 
q  —  2  transversals  of  A  and  B  which  are  contained  in  x. 

In  the  next  proposition,  we  shall  see  how  the  transversals  of  two  adjacent 
vertices  A  and  can  be  partitioned  in  accordance  to  the  various  grand 
cliques  in  G. 

Proposition  13.  Let  A  and  B  be  two  adjacent  vertices.  If  x  is  a  grand 
clique  in  G  that  contains  neither  A  nor  B,  then  there  exists  either  none  or 
exactly  q  — 2  transversals  of  A  and  B  contained  in  x. 

Proof.  Let  C  be  a  transversal  of  A  and  B  which  is  contained  in  x.  Since 
A,  B  and  C  are  noncollinear,  5  is  a  transversal  of  A  and  C.  Hence,  by  the 
previous  proposition,  we  have  m{A,  B,C,x)  =q-  2;  that  is,  there  are 
exactly  q  —  1  vertices  in  x  including  C  which  are  adjacent  to  both  A  and  B. 
But  one  of  these  q  —  1  vertices  is  the  vertex  x  A  C(A,  B),  which  is  not  a 
transversal  of  A  and  B.  Thus  there  are  exactly  q  —  2  transversals  of  A  and  B 
which  are  contained  in  x.  | 

Using  the  results  concerning  transversals  developed  in  this  section,  we 
shall  differentiate  between  two  types  of  nonadjacencies  in  G  and  define  the 
relation  ‘parallelism’  accordingly. 


4.  Parallelism 

In  this  section  we  shall  establish  two  types  of  nonadjacencies  in  C.  Let  A 
and  B  be  two  nonadjacent  vertices  in  G.  If  C  is  a  transversal  of  A  and  B 
and  jc  is  a  grand  clique  in  /(A)  U  /(B),  then  by  Proposition  7,  tn(A,.B,  C,  :c) 
equals  either  1  or  q  —  1.  Furthermore,  for  every  transversal  C  oi  A  and  B, 
ifx  C(i4,  C),x  C(B,  C)z.ndm(A,  B,C,x)  =  q  —  l,thenm(/4,  B,  C,y)= 
q  —  1  for  all  in  /(A)  u  /(B).  Thus,  in  differentiating  the  two  types  of 
nonadjacencies,,  we  may  assume  that  the  function  m(A,  B,  C,  x)  depends 
only  on  the  2-claw  (C;  A,  B). 
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Definition.  Let  A  and  B  be  two  nonadjacent  vertices.  A  is  parallel  to  B 
if  and  only  if  either  A  —  B  or  there  exists  a  transversal  C  of  A  and  B  such  that 
m(A,  B,  C,  x)  =  q  —  1,  where  x  e  /(A)  u  ^{B)andx  ^  C(A,  C),  at  #  C(B,  C). 
fVe  shall  denote  the  parallelism  by  AjlB. 

First,  we  have  to  show  that  the  relation  of  parallelism  is  independent  of 
the  choice  of  the  transversal  C  of  A  and  B. 

Lemma  14.  Let  A  and  B  be  two  notusdjacent  vertices  and  let  C  e  T(A,  B). 
If  m{A,  B,C,x)=q—l  for  some  grand  clique  x  e  i{A)  U  /{B)  and  x  ¥=■ 
C{A,  C),x¥^  C{B,  C),  then  B  is  adjacent  to  every  vertex  in  x,  which  is  distinct 
from  A  and  is  adjacent  to  C. 

Proof.  The  vertex  C  is  not  contained  in  x,  so  C  is  adjacent  to  exactly  q 
vertices  in  x,  namely  A,  D, .  Since  m(A,  B,C,  x)  =  q  —  \,  B  must  be 
adjacent  to  each  Di,l  <.i  <,q.  | 

Proposition  15.  If  m{A,B,C,x)  =  q—\  for  some  grand  clique  xe 
/(A)  u  /(5),  X  #  C(A,  C)  and  x  ^  C{B,  C),  then  for  any  transversal  C 
of  A  and  B,  m(A,  B,  C,  x)  =  q  —\. 

Proof.  Without  loss  of  generality,  we  may  assume  that  x  e  liA).  For 
clarity,  we  shall  denote  C(B,  C)  by  y.  Let  us  consider  the  vertex  C.  If  C  is 
contained  in  x,  then  clearly  m{A,  B,C',x)  =  q  —  1-  Henceforth,  we  shall 
assume  that  C  is  not  contained  in  x. 

Case  1.  C'  is  contained  in  y.  Since  both  vertices  C  and  C'  are  contained 
in  y  and  A  is  not  in  y,  C  is  not  contained  in  the  clique  determined  by  A  and  C', 
so  C  is  a  transversal  of  A  and  C'.  By  Proposition  12,  C  is  adjacent  to  exactly 
q  —  2  transversals  of  A  and  C'  which  are  contained  in  x.  But  by  the  previous 
lemma,  the  vertex  B  is  also  adjacent  to  all  of  these  q  —  2  transversals  of 
A  and  C.  Hence 


m{A,  B,  C,  x)  ^  q  —  2  >  1. 

This  implies  that  m{A,  B,  C,  x)  —  q  —  1. 

Case  2.  C  is  not  contained  in  y. 

Subcase  2.1.  C  is  adjacent  to  C.  Let  z  denote  the  grand  clique  containing 
C  and  C',  and  let  D  be  the  point  x  A  z.  The  vertex  D  is  contained  in  x  and  is 
adjacent  to  C,  by  Lemma  14,  B  is  adjacent  to  D.  Furthermore,  x  A  C(B,  C) 
is  another  point  contained  in  x  and  is  adjacent  to  A,  B  and  C'.  Thus,  m{A,  B, 
C,  Jc)  >  2  and  hence  m^A,  B,  C,  .x)  =  g  —  1. 
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Subcase  2.2.  C  is  nonadjaccnt  to  C.  Let  z  denote  the  grand  clique 
containing  B  and  C.  If  we  can  show  that  there  exists  a  transversal  C'  of  A 
and  B  contained  in  z  such  that  C"  is  adjacent  to  C,  then  C  is  not  contained  in 
either  x  or  y,  and  by  the  previous  subcase,  m(A,  B,C’,x)  =  q  —  1.  But  C 
is  a  vertex  contained  in  z  and  not  in  x,  by  case  1,  we  have  m{A,  B,  C,  x)  = 
q  —  Hence,  we  are  left  to  show  the  existence  of  C*. 

Since  m{A,  B,C,x)=q  —  l  and  z  e  /(5),  m{A,  B,C,z)=q—l;  this 
means  that  there  are  ?  —  1  transversals  of  A  and  B  which  are  contained  in  z 
and  are  adjacent  to  C.  Thus,  C'  exists  and  the  proof  is  complete.  | 

It  is  clear  from  this  proposition  that  ‘parallelism’  is  a  well-defined  relation 
on  pairs  of  nonadjacent  vertices.  We  still  have  to  construct  the  aifine  planes 
in  the  structure  P  defined  in  the  previous  section.  Before  that,  let  us  establish 
the  next  two  theorems  concerning  parallelism. 


Theore.m  16.  Let  x  be  a  grand  clique  in  G.  If  B  is  a  vertex  in  G,  not  con¬ 
tained  in  X,  then  there  exists  a  unique  vertex  A  contained  in  x  such  that  A 
is  parallel  to  B. 

Proof.  Let  n(x,  B)  denote  the  number  of  vertices  contained  in  x  which 
are  parallel  to  B.  We  shall  count  the  number  of  triples  (A,  C,  D)  where  A  is 
a  vertex  in  x  nonadjacent  to  5,  C  is  a  transversal  of  A  and  B  which  is  not 
contained  in  x,  and  D  is  a  vertex  in  x  adjacent  to  both  B  and  C.  Fixing  a 
vertex  A  in  x  nonadjacent  to  B,  there  are  q^  —  q  transversals  C  of  A  and  B 
which  are  not  contained  in  x.  If  A  is  parallel  to  B,  then  for  every  transversal 
C  of  A  and  B,  m(A,  B,C,x)  =  q  —  1,  that  is,  there  are  ?  —  1  choices  of  D. 
If  A  is  not  parallel  to  B,  then  m{A,  B,  C,  x)  —  1  and  there  exists  a  unique 
choice  of  D.  Since  there  are  n(x,  B)  vertices  in  x  which  are  parallel  to  B,  there 
axtk  —  q  —  n(x,  B)  vertices  in  x  which  are  neither  adjacent  nor  parallel  to 
B.  Hence,  the  number  of  triples  (A,  C,  D) 

=  rdx,  B\q*  -  qXq  -  \)  +  fk  -  q  -  nfx,  B)){q^  -q)-\.  (1) 

Next,  we  consider  a  vertex  C  which  is  adjacent  to  B  but  is  not  contained 
in  X,  and  count  the  number  of  vertices  D  in  x  which  is  adjacent  to  both  B 
and  C.  If  D  ^  C(B,  C)  A  x,  then  Z)  is  a  transversal  of  B  and  C.  But  by 
Proposition  13,  there  exists  either  one  or  exactly  q  —  1  choices  of  D.  In 
the  former  case,  any  vertex  A  which  is  contained  in  x,  distinct  from  D  and 
adjacent  to  C,  is  nonadjacent  to  B  and  there  are  exactly  q  —  1  such  vertices  A. 
In  the  latter  case,  since  there  are  ^  —  1  vertices  D  iax  which  are  adjacent  to 
both  B  and  C,  there  exists  a  unique  vertex  A  in  x,  which  is  adjacent  ot  C  but 
is  nonadjacent  to  .t.  Thus,  we  see  that  in  both  cases  there  are  ^  —  1  choices 
of  the  pairs  (A,  D).  Since  there  are  q{k  —  1)  —  ^  vertices  C  which  arc  adjacent 
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to  B  and  not  contained  in  x,  we  obtain  that  the  number  of  triples  {A,  C,  D) 

=  m  -  1)  -  q){q  -  1)  =  q{k  -  2)(q  -  1).  (2) 

Equating  Equations  (1)  and  (2)  we  have  n(x,  B)  =  1.  Consequently,  there 
exists  a  unique  vertex  in  x  which  is  parallel  to  the  vertex  B.  | 

Theorem  17.  Jf  A  and  B  are  two  distinct  vertices  which  are  parallel  to  C, 
then  A  is  nonadjacent  to  B. 

Proof.  Suppose  A  is  adjacent  to  B.  Since  C  is  parallel  to  both  A  and  B, 
C  is  a  vertex  not  in  the  grand  clique  C{A,  B).  By  the  previous  theorem,  there 
exists  a  unique  vertex  in  C(A,  B)  which  is  parallel  to  C,  but  this  contradicts 
the  fact  that  both  A  and  B  are  parallel  to  C.  Hence,  A  is  nonadjacent  to  B.  | 

Corollary  18.  Let  x  be  a  grand  clique  in  G.  If  A  is  a  vertex  contained 
in  X,  then  A  itself  is  the  unique  vertex  contained  in  x,  which  is  parallel  to  A. 

Proof.  By  definition,  A  is  parallel  to  itself.  If  there  exists  another  vertex  B 
contained  in  x  which  is  parallel  to  A,  then  A  and  B  are  nonadjacent;  this 
contradicts  that  A  and  B  are  both  contained  in  x.  | 


5.  Affine  Planes 

In  this  section  we  shall  define  affine  planes  on  P,  based  on  the  notion  of 
parallel  lines  developed  in  the  previous  section.  Henceforth,  two  parallel 
vertices  will  be  called  p-reltaed,  two  adjacent  vertices  will  be  called  a-related. 
For  every  distinct  pair  of  vertices  A  and  B,  A^JIA,  B)  will  denote  the  set  of 
vertices  Aat  are  parallel  to  A  and  are  adjacent  to  B.  Clearly,  if  A  and  B  are 
parallel,  then  Apa(A,  B)  is  empty.  Hence,  we  are  only  interested  in  two 
adjacent  vertices  A  and  B.  First,  we  shall  compute  the  number  of  vertices 
in  A^(A,  B). 

Lemma  19.  If  A  and  C  are  two  adjacent  vertices,  then  \  A^{A,  C)\  =  q. 

Proof.  By  Theorem  16  and  Corollary  18,  for  every  grand  clique  x  in 
/{€),  there  exists  a  unique  vertex  D  in  x  which  is  parallel  to  A.  Since  there 
are  q  grand  cliques  in  ^(C)>  I  C)|  —  q.  | 

Let  us  now  define  a  subincidence  structure  (A,  B,  Q  in  P  based  on  a  2-claw 
(C;  A,  B)  in  G  such  that  A  is  parallel  to  B.  Let  0  be  a  set  of  vertices  in  G, 
we  define 

=  {x  I  X  is  a  grand  clique  containing  a  vertex  D  in  0}. 
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Ut  Sr(A.  B.O  =  TiA,  B)  u  A^{A.  Q,  and  ^(A,  B,Q  =  ^(JSfiA,  B,  C)). 
We  shall  show  that  ^A,  B,  C)  is  an  afi^e  plane  with  Sf{A,  C)  as  the  set 
of  lines  of  the  plane  and  ^A,  B,C)  &s  the  set  of  points  with  the  obvious 
incidence  relation.  First,  we  show  that  Sf(A,  B,  C)  contains  the  correct 
number  of  lines  in  an  affine  plane. 

Proposition  20.  |  ^(A,  B,  C)|  —  q* q. 

Proof.  Since  every  transversal  of  A  and  B  cannot  be  parallel  to  A.  the 
two  sets  T(A,  B)  and  ^pJ(,A,  C)  are  disjoint,  thus 

I  SPiA,  i?,  OI  =  I  TiA,  B)\  -t-  I  A^A,  C)\=q*  +  q.  | 

Next,  we  shall  show  that  ^(A,  B,  C)  has  the  correct  number  of  points  in  an 
affine  plane. 

Lemma  21.  Let  A  and  B  be  two  adjacent  vertices  and  let  Ce  T{A,B). 
If  X  is  a  grand  clique  containing  either  A  or  B  but  not  both,  and  x  does  not 
contain  C,  then  there  exists  a  unique  vertex  D  in  x  such  that  D  e  T{A,  B) 
and  D  is  nonadjacent  to  C.  In  fact,  D  is  the  unique  vertex  partdlel  to  C. 

Proof  Without  loss  of  generality,  we  may  assume  x  e  ^(A).  By  Proposition 
12,  m(A,  B,  C,  x)  —  q  —  2,  but  there  exist  q  —  I  transversals  of  A  and  B  in  x. 
Hence  there  exists  a  unique  transversal  Z)  in  x  which  is  not  adjacent  to  C. 
Consider  the  2-claw  (B;  C,  D).  Since  x  is  a  grand  clique  containing  D  but 
not  B  and  there  at  least  q  — 2  vertices  in  x  which  are  adjacent  to  both  B  and  C, 
rrdC,  D,B,x)'^q  —  2.  Thus,  m(C,  D,B,x)=‘q—l  and  C  is  therefore 
parallel  to  D.  | 

Lemma  22.  Let  A  be  parallel  to  B.  If  Cs  T{A,  B),  then  A^{A,  Q  = 

O. 

Proof.  It  suffices  to  show  that  for  any  £s  C),  E  is  parallel  to  B. 

Let  X  be  a  grand  clique  in  ^{A)  such  that  x  does  not  contain  C.  Let  />  be  a 
transversal  of  A  and  £  in  x  such  that  D  is  adjacent  to  C.  Furthermore,  let  D 
be  such  that  D  is  not  contained  in  C{B,  C).  (Note  that  at  least  two  such  D'% 
exist,  because  m{A,  B,  C,  x)  =  q  —  \  and  q  >  4).  Since  neither  one  of  the 
triples  (A,  C,  D)  and  {B,  C,  D)  is  collinear,  both  A  and  B  are  transversals  of 
the  adjacent  vertices  C  and  D. 

Using  the  previous  lemma,  we  see  that  for  every  grand  cliquey  containing 
C  which  does  not  contain  A  ot  D  (that  is,  y  ^  CiA,  O  and  y  #  C(Z),  Cf), 
there  exists  a  unique  vertex  Ay  such  that  AJIA  and  A,  e  T(C,  D).  If  y  contains 
the  vertex  B,  then  clearly  Ay  B  and  ^4,  is  parallel  to  £.  If  y  does  not  contain 
the  vertex  B  and  both  Ay  and  B  are  parallel  to  A,  then  by  Theorem  17, 
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Af  and  B  are  nonadjacent.  But  by  the  previous  lemma  the  unique  transversal 
A,  of  C,  D  which  is  nonadjacent  to  5  is  parallel  to  B.  Thus,  for  all  vertices 
£  in  J^(A,  O  such  that  C(£.  C)  ^  C(A,  Q  and  C(E,  Q  ^  C(A  C),  E  is 
parallel  to  B.  Hence,  £e  C). 

If  Ee/i^(A.  O  and  C(£.  Q  =  C(A,  Q.  then  E  is  the  unique  vertex 
parallel  to  A  and  contained  in  C(A,  Q;  hence  E=A.  Obviously,  AIIB:  so 
EIIBtiadEeA^(A,C). 

It  remains  to  show  that  if  £'  e  A^(A,  C)  such  that  C(£',  C)  =  C(D,  Q, 
then  £*  6  A^B,  C).  At  the  beginning  of  the  proof  we  have  observed  that 
there  exists  another  vertex  /)'  which  has  the  same  properties  as  those  of  D. 
But  C(D ,  C)  C(Dy  O;  hence  C(£',  C)  ^  C(D',  C)  and  using  the  same 
arguments  as  above,  £'  e  C).  | 

From  this  lemma,  we  observe  that  ^(A,  B,C)  =  ^(B,  A,  C).  So  A  and  B 
are  ‘equivalent’  in  the  sense  that  they  can  be  interchanged  without  affecting 
the  definition  of  ^(A,  B,  C). 

Lemma  23.  Let  E  and  £'  be  two  vertices  in  ^A,  B,  C).  I/EIIA  andE'HA 
then  EljE'. 

Proof.  Since  EH  A  and  Es^(A,  B,  C),  E  is  adjacent  to  C.  Thus,  Ce  T 
{A,  £).  By  Lemma  22,  C)  =  A,JiE,  C).  But  E'llA  and  £'  e  J^A,  B,  Q, 

®  ^pa(A,  C).  This  implies  that  £'//£.  | 

Theorem  24.  |  &>{A,  B,  C)|  =  q*. 

Proof.  Let  us  first  compute  the  number  of  grand  cliques  contained  in 
C)).  Since  the  vertices  in  A„(A,  C)  are  pairwise  nonadjacent,  we 

have 

I  ^(^^(A,  0)1  =  X  =  9*- 

Thus,  if  we  can  show  that  f(J^(A,  Q)  =  ^(A,  B,  C),  then  we  are  done. 
But  J^(A,  O  C  JSr(A,  B,  O;  hence  ^(J„(A,  Q)  C  ^A,  B,  C).  So  we  only 
have  to  show  that  ^A,  B,C)Q  ^(A„(A,  O)- 

Let  xe^(A,B,C).  If  xed{Apa(A,  C)),  then  we  have  nothing  else  to 
prove.  If  X  c  /(T{A,  B)),  then  there  exists  a  transversal  D  of  A  and  B  such 
that2)  is  contained  in  x.  Jf  x  contains  either or £, then  clearly  xe  ^(J„(A,0). 
Henceforth  we  shall  assume  that  x  does  not  contain  A  or  B. 

Case  1.  2)  is  adjacent  to  C.  Since  A  and  B  are  nonadjacent  and  both  are 
adjacent  to  C  and  D,  at  least  one  of  the  two  vertices  A  and  B  is  a  transversal 
of  C  and  D.  By  the  remark  that  A  and  B  are  ‘equivalent’,  without  loss  of 
generality,  we  may  assume  that  A  e  T(C,  D).  By  Lemma  21,  there  exists  a 
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unique  transversal  £  of  C  and  Dm  x  such  that  EH  A;  that  is  £e  dpJiA,  C) 
and  £  is  contained  in  x.  Thus,  x  €  f{A^A,  C)). 

Case  2.  D  is  nonadjacent  to  C.  Let  £  denote  the  vertex  .t  A  C{B,  C). 
Clearly,  £  is  adjacent  to  both  B  and  C.  If  £  is  adjacent  to  A,  then  £  e  T{A,  B) 
and  £  is  contained  in  x;  hence  using  Case  1  of  the  proof,  x  e  /{A,a(A,  C)). 
So  we  only  need  to  show  that  £  is  adjacent  to  A. 

Both  the  vertices  D  and  £  are  contained  in  x,  so  i)  and  £  are  adjacent. 
But  B  is  not  contained  in  x;  hence  B  e  T(D,  £).  Let  z  denote  the  clique 
C(A,  D).  Clearly  z  does  not  contain  B.  Thus,  there  exists  a  unique  transversal 
T  of  D  and  £  in  z  such  that  TUB.  Since  A  is  the  unique  vertex  in  z  which  is 
parallel  to  B,  A  —  T.  T  is  adjacent  to  £  and  the  proof  is  complete.  | 

Next,  we  shall  show  that  ^{A,  B,  C)  is  an  affine  plane. 

Theorem  25.  ^(A,  B,C)is  an  affine  plane. 

Proof.  We  shall  first  show  that  every  two  distinct  points  in  ^{A,  Bj  O 
determine  a  unique  line  in  SPfA,  B,  C).  Let  us  count  the  number  of  triples 
(x,  y,  L)  where  x  and  y  are  distinct  points  in  ^(A,  B,  C)  and  L  is  a  line  in 
SP{A.^  £,  C)  that  contains  both  x  and  y.  For  every  line  L  in  SP(A,  B,  C),  L 
contains  q  points;  hence  there  are  q(q  —  !)  choices  of  (x,  y).  Since 
I  S?{A,  B,  0\  =  qiq  -f  1),  we  have 

Number  of  triples  (x,  y,  L)  =  q(q  -r  1)  q{q  —  1).  (3) 

On  the  other  hand,  if  we  fix  a  pair  (x,  y)  in  ^(A,  B,  C)  and  let  /(x,  y) 
denote  the  number  of  lines  in  ^'(A,  B,  C)  that  contain  x  and  y,  then  there 
are  2]/(x,  y)  such  triples  (x,  y,  L)  where  the  sum  runs  over  all  ordered  pairs 
of  distinct  points  in  ^A,  B,  C).  Thus, 

Number  of  triples  (x,  y,  L)  =  qHfi*  —  1)  ace /(•••)  (4) 

Equating  Equations  (3)  and  (4)  we  obtain  ave /(•■■)  =  1. 

Since  every  two  distinct  grand  cliques  x  and  y'mG  intersect  at  a  unique 
point  in  G,  /(x,  y)  <  1.  Hence,  /(x,  y)  =  1,  that  is,  every  two  distinct 
points  in  ^A,  S,  C)  determine  a  unique  line  in  .Sf(A,  B,  C). 

Next,  we  will  show  that  for  every  line  in  SPfA,  B,  C)  and  a  point  x  not  in  L, 
there  exists  a  unique  line  L,  in  ^{A,  B,  C)  such  that  L,  contains  x  and  is 
parallel  to  L.  Let  us  consider  ^r»(A,  C).  The  set  of  parallel  lines  in  ^^(A,  C) 
partitions  the  points  in  ^{A,  B,  C).  Hence,  for  every  line  L  in  ^pJiA,  C) 
and  every  point  x  not  in  L,  there  exists  a  unique  line  L,  containing  x  which 
is  parallel  to  A.  By  Lemma  23  L,  is  parallel  to  L  and  £,  e  SP{A,  B,  C). 

Consider  a  line  L  e  T(A,  B)  and  a  point  x  in  ^A,  B,  C)  such  that  x  is 
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not  in  JL.  If  X  is  a  point  in  A,  then  let  C  be  the  line  determined  by  x  and 
C(B,  L);  otherwise,  let  C'  be  the  line  containing  x  and  the  point  C(A,  L). 
Since  A  and  B  are  ‘equivalent’,  without  loss  of  generality,  we  may  assume  C 
to  be  the  latter.  Consider  the  pair  (B,  C).  L  is  a  transversal  of  Aand  C,  and  x 
is  a  grand  clique  containing  C  but  neither  B  nor  L.  By  Lemma  21,  there 
exists  a  unique  transversal  L,of  B  and  C  such  that  L,  is  contained  in  x  and 
LJjL.  If  Lf  is  adjacent  to  A,  then  L,eT{A,  B)  and  L,  is  contained  in 
Bf(A,  B,  C).  So  we  only  need  to  show  that  L*  is  adjacent  to  A.  Since  AjjB, 
ni(A,  B,  C,  x)  =  q  —  I,  that  is,  every  vertex  in  x  which  is  adjacent  to  B  is 
adjacent  to  A.  Thus,  L,  is  adjacent  to  A. 

Since  0*(,A,  B,  C)  possesses  the  two  properties  we  have  derived  above, 
and  clearly  ^(A,  B,  C)  contains  3  noncollinear  points,  ^A,  B,  C)  is  an 
affine  plane  and  the  proof  is  complete.  | 

Thus  far  we  have  defined  affine  planes  3\A,  B,C)  on  P  based  on  a  2<law 
(C;  A,  B).  But  in  order  to  show  that  these  affine  planes  are  well-defined,  we 
have  to  show  that  they  are  independent  of  the  choice  of  the  transversal  C 
of  A  and  B,  and  are  also  independent  of  the  choice  of  the  pair  of  parallel 
lines  A  and  B  in  the  plane. 

Lemma  26.  Let  A  and  B  be  f*vo  distinct  parallel  vertices  in  G.  If  C  and  D 
are  both  in  T{A,  B),  then  A^{A,  C)  —  A,J^A,  D). 

Proof.  Let  E  e  A^(A,  C).  If  £  is  adjacent  to  D,  then  clearly  E  e  ApJ^A,  D). 
If  E  is  not  adjacent  to  D,  then  E  and  D  are  parallel  lines  in  ^{A,  B,  C). 
Since  E  is  also  parallel  to  /(,  B  is  parallel  to  A.  But  this  contradicts  the  fact 
that  DeT(A,B).  Hence,  EeA^(A,D)  and  A^iA,C)QA^(A,D).  By 
symmetry,  ^  ^pJ(.A,  C)  and  the  proof  is  complete.  | 

By  virtue  of  the  above  lemma,  we  may  simplify  the  notation  ^{A,  B,  C) 
to  ^A,  B)  where  A  and  B  are  two  distinct  parallel  lines. 

Lemma  27.  Let  A  and  B  be  two  distinct  parallel  lines  in  P.  If  M  and  N 
are  two  distinct  parallel  lines  in  SP(,A,  B),  then  ^(A,  B)  =  N). 

Proof.  Since  ^{A,  B)  and  ^(Af,  N)  are  both  determined  by  the  lines  in 
S^(A,  B)  and  N)  respectively,  we  shall  show  that  SP{A,  B)  =  N). 

Case  1.  Ml  I  A.  By  Lemma  23,  any  line  that  is  parallel  to  A  must  be 
parallel  to  M.  Similarly,  any  transversal  of  A  and  B  must  be  a  transversal 
of  M  and  N.  Thus,  T{A,  B)  C  r(A/,  AO-  Let  Ce  TiA,  B\  then  Ce  r(Af,  N). 
If  £e  C),  then  clearly  E  e  J,a(Af,  C).  Therefore,  we  have  SP{A,  B)  C 
JSf(M,  N).  Since  both  A  and  B  are  in  .S?(A/,  N),  by  similar  arguments,  we 
have  Se{M,  N)  C  SP{A,  B).  Hence,  SP{A,  B)  =  SP(M,  N). 

Case  2.  M  is  adjacent  to  A.  Clearly  Me  T{A,  B)  and  A  e  TiM,  N).  Let 
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E  6  T(A,  B).  If  E  is  adjacent  to  M,  then  E  is  adjacent  to  N-,  hence  E  e  TiM,  N) 
and  £  is  also  contained  in  if(M,  N).  If  E  is  parallel  to  Af,  then  E  e  A) 

and  £  is  also  contained  in  ^(M,  AO-  Thus,  T(A,  B)  Q  £E{M,  N). 

If  £€dp.(i4,  A/),  then  £  is  adjacent  to  M.  Hence  £  is  adjacent  to  N. 
Thus,  £e  r(Af,  AOand  r(Af,  iV)C  N).  So  A^{A,  N). 

Consequently,  we  have  Sf{A,  B)  Q  Se{M,  N).  By  Proposition  20, 
ISe(A,  B)l  =  ISfiM,  N).  Hence,  Sf(A,  B)  =  £^(M.  N). 

Based  on  these  two  lemmas,  one  easily  sees  that  the  afiine  planes  ^[A,  B) 
defined  on  a  pair  of  distinct  parallel  lines  A  and  B  are  well-defined  planes. 


6.  Proof  of  the  Theorem 

Let  G  be  a  geometrizable  (q,  k,  qy^troagly  regular  graph  and  let  7t(<j) 
denote  its  corresponding  (9,  Ar,  ^j-partial  geometry.  If  n*(G)  is  the  dual 
geometry  of  it(G),  then  ir*(G)  is  a  (k,  q,  ^j-partial  geometry.  Let  P  be  an 
incidence  structure  with  the  point  set  as  the  set  of  points  in  ir*(G)  and  the 
line  set  as  the  set  of  lines  in  ir*(<7),  then  every  two  distinct  points  determine  a 
unique  line  and  every  two  intersecting  lines  intersKt  at  a  unique  point. 

If,  in  addition,  q  ^4  and  G  has  its  triangle  degrees  equal  to  either  q{q  —  2) 
or  to  be  at  least  k  —  3,  and  its  2-claw  degrees  equal  to  q(q  —  1)  or  2{q  —  1), 
then  affine  planes  ^(A,  B)  can  be  defined  on  P  based  on  any  two  distinct 
parallel  lines  A  and  B  in  P.  Thus  P  is  an  incidence  structure  with  points, 
lines  and  planes  such  that  each  plane  is  an  affine  plane. 

Let  X,  y  and  a  be  3  noncollinear  points  in  P.  TTiere  exists  a  unique  line  L 
containing  z  and  parallel  to  the  line  <jc,  y>.  Since  zeL  and  z $  <jr,  y>, 
E  <x,  y>;  hence,  L  and  <,x,  y>  determine  a  unique  affine  plane  which 
contains  x,  y  and  z.  So  every  3  noncollinear  points  in  P  determine  a  unique 
plane. 

From  the  above  discussion,  we  see  that  P  satisfies  the  hypotheses  in 
Buekenhout’s  theorem,  P  is  therefore  an  affine  space.  Clearly  the  linegraph 
of  P  is  isomorphic  to  the  {q,  k,  q)  strongly  regular  graph  G.  Therefore,  we  have 
characterized  the  linegraph  of  an  affine  space. 


7.  Cases  where  q  =  1,2  and  3. 

For  the  case  where  ^  1,  the  dual  of  a  (1,  Ar,  1)  strongly  regular  graph 

consists  of  a  singleton  point,  and  is  a  trivial  graph.  For  q  =  2,  the  dual  of  a 
(2,  k,  2)  strongly  regular  graph  is  simply  a  complete  graph  on  A:  1  vertices. 
If  a  (2,  k,  2)  strongly  regular  graph  is  isomorphic  to  the  linegraph  of  an  affine 
space  AF(2,  n),  then  it  is  easily  checked  that  A:  =  2"  —  1.  Since  complete  graphs 
of  arbitrary  size  k  exist,  not  every  (2,  Ar,  2)  strongly  regular  graph  is  iso- 
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moipWc  to  the  lincgraph  of  an  affine  space  AF(2,n).  For  g  3,  the  Hall 
matroid  on  81  points,  constructed  by  Hall  [6],  has  the  properties  that  the 
Unegraph  of  the  matroid  is  a  (3,  k,  3>strongly  regular  graph,  and  each  plane 
is  isomorphic  to  an  affine  plane  AF{3. 2),  but  the  matroid  is  not  isomorphic 
to  an  affine  sap«  i4F(3, 3).  Thus,  we  see  that  for  g  »  2  and  3,  the  answer 
to  our  characterization  question  is  negative. 
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Combinatorial  characterizations  of  some  incidence  structures  obtained  from  projective  spaces  and 
offine  spaces  over  finite  fields  are  given.  Also  some  extremal  theorems  for  matroid  designs  are 
proved. 

1.  bitroduction 

An  incidence  structure  is  a  triple  (X,  I),  X  and  are  finite  sets,  and 

I SX  X  Elements  of  X  are  called  treatments,  while  elements  of  ^  are 
called  blocks.  If  (x,  B)  e  /,  we  say  that  x  is  incident  with  B,  and  denote  it  by 
X  e  B.  We  shall  follow  the  usual  notations  of  incidence  structures,  and  often 
consider  a  block  as  the  set  of  treatments  incident  with  it  If  D  and  D'  are 
isomorphic  incidence  structures,  we  write  D  a:  D‘.  For  any  B  e  ii,  we  shall 
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denote  by  |  B  |  the  number  of  treatments  incident  with  it  Incidence  struc¬ 
tures  are  also  called  designs;  for  various  definitions  connected  with  in¬ 
cidence  structures,  see  Dembowski  [4], 

An  incidence  structure  D  =  (X,  3i,  I)  is  said  to  be  BIBD  (r,  b,  r,  k,  >1)  iff  (if 
and  only  if)  it  satisfies  following  conditions: 

(a)  X\~v,\3i\^b. 

(b)  B|  «kforaUBei9. 

(c)  Each  treatment  is  incident  with  exactly  r  blocks. 

(d)  Every  pair  of  treatments  is  incident  with  exactly  k  blocks. 

Parameters  {v,  b,  r,  k,  2)  satisfy  the  equations 

-l(t>-l)  =  r(k-l)  (1.1) 

bk  =  rv  (1.2) 

b'^v  (Fisher’s  inequality).  (1.3) 

A  BIBD  (p,  b,  r,  k,  A)  with  v  =  b  and  hence  r  =  k  is  called  an  SBIBD 
(p,  k,  A).  For  further  results  on  BIBDs,  see  [4]. 

An  incidence  structure  G  =  (X,  3i,  /)  is  called  a  simple  graph  iff  |  B  |  =2 
for  each  B  €  ^,  and  if  Bi,  B2  e  £9,  Bi  ^B^,  B|  and  B2  are  distinct  treat¬ 
ment  sets.  Treatments  of  a  graph  are  also  called  vertices,  while  blocks  are 
called  edges.  Two  vertices  x  and  y  are  said  to  be  adjacent  iff  there  exists  an 
edge  incident  with  both  x  and  y.  A  simple  graph  G  =  (X,  /)  is  said  to  be  a 

strongly  regular  graph  G(p,  n|,  pii,  pfj)  [2],  iff  it  satisfies  the  following 
conditions: 

(A)  |X|-p. 

(B)  Each  vertex  is  incident  with  exactly  iiy  vertices. 

(C)  If  X,  y  e  X,  X  y,  there  are  exactly  p\  i  or  p* ,  vertices  2  such  that  z 
is  adjacent  to  both  x  and  y  according  as  x  and  y  are  adjacent  or  not  adjacent 

Let  X  be  a  set  of  p  elements  and  G  =  G(p,  n^,  p}j,  pf,)  be  a  strongly 
regular  graph  with  vertex  set  X.  An  incidence  structure  D  «  (X,  /)  is 

called  a  PBIBD  (p,  b,  r,  k,  2i,  Aj),  with  association  graph  G(p,  n„  p}  „  pfi)  iff 
following  conditions  are  satisfied: 

(i)  X|-p. 

(ii)  B I  k  for  each  B  e 

(iii)  Each  treatment  is  incident  with  exactly  r  blocks. 

(iv)  Any  two  distinct  treatments  x  and  y  occur  together  in  exactly  A|  or 
A}  blocks  of  D  according  as  x  and  y  are  adjacent  or  not  adjacent  in  G. 

We  shall  denote  the  association  graph  of  a  PBIBD  D  by  G(D).  For 
various  examples  and  results  on  PBIBDs,  see  [4].  We  shall  denote  by 
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PG{d,  9),  a  projective  space  of  dimension  d  over  a  finite  field  GF(9).  while  by 
AG{d,  q)  we  shall  denote  a  d-dimensional  affine  space  over  GF{q). 

For  d  >  m  >  /  ^  0,  define  an  incidence  structure  P^^id,  q)  as  follows. 
Treatments  of  Pj,a(d,  4)  are  all  {-dimensional  subspaces  of  PG{d,q).  An 
incidence  relation  is  given  by  containment  A|,«(d,  q)  is  similarly  defined  by 
taking  <4G(d,  q)  instead  of  PG(d,  q).  When  no  confusion  arises  we  shall  also 
write  P|,  *  for  P,,  „(d,  q)  and  A,,  „  for  *(d,  q).  The  following  results  are  well 
known  and  can  be  proved  easily  by  using  common  properties  of  projective 
and  affine  spaces; 

•a)  Po  «(d,  q)  and  Aq  .(d,  q)  are  BIBDs  for  all  d  >  m  >  0. 

(1.4) 

(b)  If  d  ^  3,  Pi, 4.  i(d,  q)  is  a  PBIBD  {v,  b,  r,  k,  Aj,  ij),  where 


(,-*i_l)(^_l) 

1 

1 

^  9-1  ’ 

q-  1 

1 

1 

1 

(q^-l)(q-l) 

q-l  ’ 

9-1 

G{Pi,4-i)  is  a  strongly  regular  graph  {v,  n„  p{„  pf,)  where 

«.-{«+  ^  -  2  +  9^ 

Pii-(9+l)*  (1-6) 

Any  two  vertices  in  G(Pi,^_ ,)  are  joined  by  an  edge  iff  they  are  intersecting 
lines  in  PG(d,  q). 

By  “replacing”  a  desarguesian  plane  by  nondesarguesian  plane  in 
PG(d,  q)  or  i4G(d,  q)  one  can  construct  BIBDs,  with  the  same  parameters  as 
those  of  Po,  m  ot  Ao,  m  >  i’ui  nonisomorphic  to  Pq,  „  or  Aq,  ^ ,  respectively  (see, 
for  example,  Mavron  [8]).  Dembowski  and  Wagner  [S]  proved  a  characteri¬ 
zation  theorem  for  Pq,,). i(d,  q)  for  d  ^  3.  In  Section  3  we  prove  the  follow¬ 
ing  characterization  theorem  for  Pi,4-i{d,  q)  for  d  ^  6. 

Theorem  1  Let  d  and  q  be  positive  integers,  d  ^  6,  q  >  1.  Suppose  Di  is  a 
PBIBD  (■;,  b,  r,  k,  A|,  A2),  where  parameters  are  given  by  (1.5),  and  G(D|)  has 
parameters  (0,  Oi,  p}|,  ph),  given  by  Eqs.  (1.6),  then  q  is  a  prime  power, 

DiS‘P,.4-i(d,q)  and  G(D,)  a  G(P,.^_,). 

We  define  a  combinatorial  geometry  (or  matroid)  by  the  “hyperplane 
axioms.”  An  incidence  structure  D  =  (X,  3S,  1),  is  said  to  be  a  combinatorial 
geometry  iff  it  satisfies  following  conditions: 

(a)  Given  Hi,  H2  e  Hi  1/2  •  ff  1  is  not  a  proper  subset  of  H2 . 
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(b)  Given  H,  and  xeX,  there  exists  a  block 

Hi  6  s.t  (such  that)  Wj  n  Hj  u  {x}  s  Wj . 

(c)  For  each  xe  X,  nH  =  {x},  where  intersection  is  taken  over  all 
blocks  H  s.t  X  e  H. 

Treatments  of  a  combinatorial  geometry  are  called  points,  while  blocks 
are  called  hyperplanes.  Combinatorial  geometries  have  been  studied  in 
detail,  and  for  various  results  on  combinatorial  geometry,  we  refer  to  Crapo 
and  Rota  [3].  We  shall  follow  the  notation  of  Crapo  and  Rota  [3]. 

A  combinatorial  geometry  D  =  (X,^,l)  is  called  a  geometric  design  iff 
D  is  also  a  BIBD.  A  regular  geometric  design  is  a  combinatorial  geometry  in 
which  all  flats  of  rank  i  have  the  same  cardinality  nii .  It  can  be  easily  seen 
that  a  regular  geometric  design  is  indeed  a  geometric  design  [12].  Geometric 
designs  have  been  studied  by  Edmonds,  Young,  and  Murti  [12],  in  particular 
they  have  given  many  examples  of  such  designs.  We  list  a  few  well-known 
examples  of  regular  geometric  designs. 

(a)  At  —  (c,  k,  .i)  design  [4]  with  2  =  1  is  a  regular  geometric  design  of 
rank  (r  +  1)  s.t 

m,  =  1  for  0  ^  i  <  r  and  m,  =  k. 

(b)  Po.m  is  *  regular  geometric  design  of  rank  m  -i-  1  s.t. 

-  1  r  «  . 

m,  =  - - -  for  0<i  <m<d. 

q  -  I 

(c)  Ao,*  is  a  regular  geometric  design  of  rank  m  +  1  s.t. 

mj  =  ‘  for  0<  i  ^m<d. 

We  note  that  nto  —  0,  m,  =  1;  and  mj  is  the  size  of  a  line  in  any  regular 
geometric  design.  Clearly  nij  ^  1 

In  Section  4  we  shall  prove  the  following  results. 

Theorem  2  IfD  =*  (X,  di,  I)isa  regular  geometric  design  of  rank  n  ^  4, 
then: 

(a)  m,  {mi  -  l)(mi_ ,  -  m,_  i)for  n^i^3. 

(b)  Equality  holds  in  {a)  for  any  i  iff  D  a  Po_  ,(</,  q)for  some  prime  power 
q  and  d^n+l  or  mi  =  2  and  D  is  a  3-design. 

Geometric  designs  of  rank  3  are  precisely  BIBDs  with  /  =  1.  We  also 
study  geometric  designs  of  rank  4  in  Section  4,  and  show  that  all  such 
designs  are  regular  and  examples  (a)-(c)  given  above  are  the  extreme  cases  of 
certain  inequalities  to  be  satisfied. 
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Theorem  3  IfD  =  (A",  /)  is  a  regular  geometric  design  of  rank  n  ^  4, 

then: 

(a)  m,  -  nij  ^  (nij  -  ,  -  m;_  J/or  n  ^  i  > ;  k  1 

(b)  Equality  holds  in  (a)  for  any  i  iff  D  Si  P^,  ,{</,  q)for  some  prime  power 
q  and  d^n  +  l  or  m2  =  2  md  D  is  a  3-desigru 

Theorem  4  Let  Ds=  (A,  I)  be  a  geometric  design  (v.  b,  r,  k,  A)  of  rank 
4,  then: 

(a)  vs  k  mod(A  —  1 ). 

(b)  >lk-2(A- 1)^4)^^. 

(c)  v  =  Ak  —  2{X  —  1)  iff  D  is  a  3-{v,  k,  lydesign. 

(d)  v  =  Xk  —  i(A  —  1)  —  i(A  —  lyjdk  —  3  iff  k  =  q^  +  q  I  for  some 
power  q  and  D  s:  Po,  2(n,  q)  where  n  is  given  byv  =  (f*  ^l{q  —  1)  or  k  <1  and 
D  is  a  2~(v,  k,  l)-design. 

(c)  Ifv>Xk-\{X-l)- i(A  -  then  v^Xk~{X-  l^/k 

and  for  k^l6  equality  holds  iffDs^  -4o.  2(n.  q)  where  k  =  q^for  some  power  q 
and  p  =  q". 

2.  Preliminaries 

In  this  section  we  shall  state  various  known  results  on  characterizing 
geometries,  which  we  shall  be  using  in  the  next  section. 

Let  i)  be  a  BIBD  (p,  b,  r,  k.  A)  with  A  =  1.  It  is  well  known  that  the  dual  D' 
is  a  PBIBD  {b,  v,  k,  r,  Ai,  Aj)  with  A,  =  1,  A2  =  0  s.t.  G(D')  is  a  strongly 
regular  graph  with  parameters  {b,  r(k  —  1),  r  —  2  +  {k  —  1)^,  k^).  Any  two 
vertices  Bj,  B2  are  joined  in  G(D')  if  and  only  if  |  B,  n  B2 1  =  1  in  Z). 

The  following  result  is  a  particular  case  of  a  well-known  theorem  of  Bose 
on  partial  geometries  [2]. 

Proposition  5  If  G  —  (V,  E,  I)  is  any  strongly  regular  graph  with  par¬ 
ameters  (b,r(k-l),r-2  +  {k  -  1)^,  k^i  where  b,  r,  k  are  integers  s.t. 

r  >  ^k(k  -  1)  -t-  k{k  +  l)(k^  -  2k  -t-  2)] 

then  there  exists  a  unique  BIBD  D(v,  b,  r,  k.  A)  with  A  =  1,  p  =  r(k  —  1)  -F  1  s.t. 
V  is  the  set  of  blocks  of  D  and  G(D')  =  C. 

Let  D  =  (A,  3i,  /)  be  an  incidence  structure.  For  x,yeX,x^y,  line  xy 
is  defined  by 

where  intersection  is  taken  over  all  blocks  B  s.L  x,yeB. 

The  following  well-known  theorem  due  to  Dembowski  and  Wagner  [5] 
gives  a  characterization  of  the  incidence  structure  Po.i-i(d,q)  obtained 
from  PG(d,  q). 
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Proposition  6  IfD  is  a  symmetric  BIBD  (v,  b,  r,  k,  /I),  A  >  1  s.t.  its  dual  D' 
is  a  combinatorial  geometry,  then  D  c:  Pq,4-  i(<i,  q)for  some  positive  integer  d 
and  prime  power  q. 

We  note  that  the  dual  D'  of  a  BIBD  D(v,  b,  r,  k,  A)  is  a  combinatorial 
geometry  iff  every  line  of  D  meets  every  block  of  D. 

Let  D  =  {X,  if,  /)  be  an  incidence  structure.  For  each  block  B  of  D  we 
define  a  new  incidence  structure  D,  as  follows.  Treatments  of  Dg  are  treat¬ 
ments  of  D  incident  with  B.  Blocks  of  Ds  are  the  lines  of  D  contained  in  B. 
The  following  results  on  regular  geometric  designs  of  rank  4  are  well  known. 
The  first  one  is  essentially  the  definition  of  a  projective  space.  The  second  is 
due  to  Buekenhout  [1]. 

Proposition  7  If  D  is  a  regular  geometric  design  of  rank  4  s.t.  ^  3  and 
Dgisa  projective  plane  for  all  blocks  B  of  D,  then  D  s:  Pq.  2[d,  q)for  some  d 
and  prime  power  q. 

Proposition  8  If  D  is  a  regular  geometric  design  of  rank  4  s.t.  mi  ^4  and 
Dg  is  an  affine  plane  for  all  blocks  B  of  D,  then  D  s:  i{d,  q)for  some  d  and 

prime  power  q. 


3.  Proof  of  Theorem  1 

Let  d  and  q  be  positive  integers,  d  ^6.  Throughout  this  section  we  will 
assume  that  D,  =  (X,  J’,  I)  is  a  PBIBD  (v,  b,  r,  k,  Aj,  A2)  with  association 
graph  Gi(c,  ni,  pi,,  pf,),  where  these  parameters  are  given  by  Eqs.  (l.S)and 
(1.6).  The  proof  of  TTieorem  1  is  essentially  based  on  the  Propositions  5  and 
6.  We  first  prove  the  following  simple  lemma. 

Lemma  9  The  dual  ofDi  is  a  BIBD  with  parameters  (b,  v,  k,  r,  A)  where 

(q-l)(q^-l)  • 

Proof  We  have  only  to  prove  that  any  two  blocks  of  D,  intersect  in  A 
treatments.  The  following  two  equations  are  obtained  easily  by  counting  the 
occurrences  of  treatments  and  pairs  of  treatments  in  blocks  of  B, : 

L  |P|  nB2|  =  b(r- l)k  =  i;r(r- 1)  (3.1) 

01,  0}  •  H 

and 

I  |Bi  nB2|(|B,  nB2|-l)  =  «;n,A.(A,-l) 

-(-  t;(o  -  1  -  n|)A2(A2  -  1)  (3.2) 
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where  the  summations  in  (3.2)  and  (3.3)  are  over  ail  pairs  of  distinct  blocks 
Bi  and  of  Using  (3.2)  and  (3.3)  we  can  derive  the  following  equation 
easily: 

I  (|Bi  nB,|-A)^  =  0.  (3.3) 

From  (3.3)  it  follows  that  |B,  n  Bj]  «  A  for  all  blocks  Bj  and  Bj  of  /)„ 
Bi  ^  B] .  This  completes  the  proof. 

Consider  the  PBIBD  D,  =  (X,  0i,  /).  Let  1  e  X  and  B  e  Let  t,  denote 
the  number  of  treatments  li  e  X  s.t.1^  e  B  and  the  vertices  I  and  are  joined 
in  Gi.  Suppose  /  s  B,  then  counting  the  occurrences  of  treatments  of  B  in  the 
remaining  blocks  of  Di,  containing  /  and  using  Lemma  9  we  have 

(A,  -  l)t,  +  (A,  -  l)(k  -  1  -  r,) «  (A  -  l)(r  -  1) 

since  A,  -  A2  =  #  0,  solving  the  above  equation  for  f,,  we  get 

‘1  *  (9  +  1")  ‘  ® 

Similarly,  if  /  €  B,  we  can  obtain  the  following  equation 

~  *()  =  -^ 

and  hence 


Thus  we  have  proved 


Lemma  10  For  I  e  X  and  B  €  if  ti  is  as  defined  above,  then  t/  is 
independent  of  the  choice  of  B  and  is  given  by 


and  ti  = 


1 


for  le  B 


q-l 


for  I  ^  B. 


Lemma  11  Let  d^  6.  There  exists  a  unique  BIBD  Di  =  (X^,  X,  I^) 
with  parameters 


\  q-l  ’ 


(9"-l)(9-l)  ’ 


9^-1 

q-l 


.9+1 


s.t.  G(D'2)  a:  G,. 


Proof  Since  d  ^  6,  the  conditions  of  Proposition  S  are  satisfied  for  the 
graph  Gt  and  the  result  follows  from  the  same. 
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From  now  on  we  shall  assume  that  d'^6  and  Dj  is  the  design  defined  by 
the  above  lemma.  We  note  that  blocks  of  Dj  are  the  treatments  of  Df  We 
define  a  new  incidence  structure  0^==  {Xi,  Ij)  as  follows.  Treatments  of 
Dj  are  the  treatments  of  Dj ,  while  the  blocks  of are  the  blocks  ofDj.A 
treatment  x  of  £>3  is  incident  with  the  block  B  iff  there  exists  I  e  Xs-tx  e  I'm 
Dj  and  /  6  B  in  D,. 

We  proceed  to  compute  the  block  size  k3  in  Z>3 .  Let  B  be  a  block  of  Dj . 
For  each  treatment  x  6  B  in  D3 ,  define  a,  to  be  the  number  of  treatments  1  of 
s.t  /  6  B  in  and  x  €  /  in  Dj .  We  first  show  that  —  t)|9— 1 

for  each  x  e  B  in  1)3 .  Let  /  be  any  treatment  of  D]  s.L  /  £  B  in  D|.  Then  using 
Lemma  10  and  the  definition  of  Bj ,  etc.,  we  have 

+  (3.4) 


where  the  summation  is  over  all  the  q  +  1  treatments  x  e  I  in  Dj. 

Also  if  for  each  x  €  1  in  B2  there  is  some  treatment  f  of  D|,  f  ^  B  in  Bj  s.L 
X  £  f  in  B2,  then  again  using  Lemma  10,  etc.,  we  have 


a,  ^  t|.  = 


q-  1 


q-  1 


+  1. 


(3.5) 


Using  (3.4)  and  (3.S)  it  follows  that 


for  all 


or  there  is  some  x  €  /  in  B2  s.t  a. 


X  £  1 

y-1 

'  q-l' 


Suppose  there  exists  x  €  B  in  B3  s.t 


(3.6) 


q-  1 


(3.7) 


We  next  show  that  for  all  z  ^  x,  z  £  B,  ot,  <  q(q*~^  -  l)/(q  -  1). 

Now  if  z  is  any  treatment  of  B3 ,  z  £  B,  z  x,  then  using  (3.7),  if  f  is  the 
unique  block  of  Dj  containing  x  and  z,  f  £  B  in  B,.  Hence  using  (3.4)  for  f 
we  have 


(3.8) 


for  all  z  £  B  in  B3 ,  z  #  x. 

Now  since  the  block  size  in  B,  is  (q*  -  l)(q'"‘  -  l)/(q^  -  l)(q  -  1), 
there  is  at  least  one  treatment  T  of  B^  s.t  f  £  B  in  B|  but  x  ^  f  in  B2. 
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Equation  (3.6)  for  F  and  Eq.  (3.8)  give  a  contradiction.  Hence 


for  all  X  6  B  in  Da . 

Now  using  (3.9),  by  counting  the  number  of  elements  in  the  set 
{(x,  /)|x  6  /  in  Dj,  /  e  B  in  D,}  we  have 


Hence 


(9+4 


for  all  blocks  B  oF  Dj.  We  can  now  prove  the  following  lemma. 
Lemma  12  Let  d  ^6.  Then  Dj  is  an  SBIBD 


9^-1  9^-*-l\ 
\  q-1  ’  q-r  q-1  ;• 


Proof  It  is  obvious  that  the  number  of  treatments  or  the  number  of 
blocks  in  Dj  is 

q^^*-l 

q-1  • 

Using  (3.10)  it  follows  that  each  block  of  D3  is  of  size  ka ,  where 

Hence  we  have  only  to  prove  that  any  two  treatments  of  Da  occur  in  exactly 
(q^"‘  -  l)/(q  -  1)  blocks.  Suppose  x,  and  Xj  are  two  treatments  of  Da. 
TTien  there  is  a  unique  treatment  /  of  D.  s.t  x.,  Xj  e  /  in  Da .  Now  I  occurs  in 
exactly  r  *=  (q^“  ‘  -  l)/(q  —  1)  blocks  of  D,.  Hence  x.,  Xa  occur  in  at  least 
(q^"  *  —  l)i/(q  -  1)  blocks  of  Dj .  Counting  the  elements  of  the  set 

{(y,  z,  B)|y,  z  e  Xa ,  y,  z  6  B  in  Da ,  B  6  «}. 

we  easily  derive  that  in  Da  any  two  distinct  treatments  are  incident  with 
exactly  (q^  -  l)/(q  -  1)  blocks.  This  completes  the  proof. 

We  can  now  complete  the  proof  of  Theorem  1.  We  first  note  that  the 
blocks  of  the  BIBD  Da  correspond  to  the  lines  of  Da  •  For  /  €  X,  let  (/)  denote 
the  elements  of  X 2  incident  with  /  in  Da  •  It  is  easily  proved  that  for  x,  y  6  (/), 
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(/)  is  the  line  generated  by  x  and  y  in  D3 .  For  the  sake  of  brevity,  /  will  also 
denote  the  line  of  .  Using  Lemma  10  given  any  block  B  of  Dj  and  a  line  / 
of  Dj ,  there  exists  at  least  one  treatment  m  of  D|  s.L  m  e  B  and  /  and  m  are 
incident  with  a  common  block  of  Therefore  any  line  and  any  block  of  Dy 

intersect.  Thus  the  conditions  of  Proposition  6  are  satisfied.  Hence 
q)-  It  follows  that  D,  a  q)  and  G,  a;  G(P,,^_,) 

and  9  is  a  prime  power. 


4.  Geometric  Designs 


In  this  section  we  shall  study  regular  geometric  designs.  We  shall  also 
study  geometric  designs  of  rank  4.  We  shall  first  prove  Theorem  2. 

Let  D  s  {X,  /)  be  a  regular  geometric  design  of  rank  d  ^  3.  Let 

d  ^  3.  Let  P  S  A"  beany  {j  -  3)-flat  of  D.  And  Q  2  P  be  ay-flat  of  D.  We 
define  an  incidence  structure  Dj>.  q  as  follows.  Treatments  of  D,,  q  are  all 
O'  —  2)-flats  that  contain  P  and  are  contained  in  Q.  Blocks  are  all 
0  —  l)‘flats  that  contain  P  and  are  contained  in  Q.  Incidence  is  given  by 
containment  The  following  result  can  be  proved  easily.  In  fact  the  usual 
proof  for  projective  spaces  can  be  extendi  to  regular  geometric  designs 
[121- 

Proposition  13  Dp,  qIS  a  BIBD  with  parameters 

I  mj-mj.j  (wj  -  Wj-iKwj  -  Wj-a)  ntj-mj-y  mj-i  -mj.y  J 

—  {mj-i  —  mj-i){mj-i  —  mj-j)’  mj-i—mj.y’  mj-i  —  ntj-y’  ) 

Proof  of  Theorem  2  Let  D  =  (A,  ^,  /)  be  a  regular  geometric  design  as 
defined  above.  Using  (1.2)  and  (1.3)  for  D^  q  we  have 


mj-i-mj.j  mj.j-mj.y' 


Hence 


for  all  d^j^3.  (4.1) 

mj.i-mj.2  mj.2-mj.3 

Using  (4.1)  it  follows  that 

— — -  ^  wij  -  1  for  all  i  ^  3 
m,.,  -m,., 

hence  mj  —  m,_ i  ^  (mj  -  l)(m(_ ,  —  m,_2)  for  d  ^  i  ^  3.  This  proves  state¬ 
ment  (a]l  Now  suppose 

m,  —  «!(_ I  “  (mj  —  l)(mj_ ,  —  m,_2)  for  some  L 
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Then  we  will  have  equality  in  (4.1)  for  all  j,  3.  In  particular 


Hence 


mj  —  mj  =  (nil  ~  I)*- 


mj  »  (m2  -  1)^  +  (mj  -  1)  +  1. 


Thus  if  Q  is  a  rank  3  flat  of  D  and  0  denotes  the  0-flat,  then  Dq,  o  will  be  a 
projective  plane  for  all  Q.  Now  let  D)  be  an  incidence  structure  defined  as 
follows.  Treatments  of  D,  are  the  treatments  of  D.  Blocks  of  Di  are  all  the 
3-flats  of  D.  It  is  obvious  that  D,  is  a  regular  geometric  design  of  rank  4.  If 
nil  ^  3,  then  D,  satisfies  the  conditions  of  Proposition  7  and  hence 
—  ^0.  <l)  for  some  d  and  prime  power  q.  Now  it  follows  easily  that 

^  —  Po,  fl)  and  d  ^  n  +  1.  If  m2  *  2,  then  any  three  points  determine  a 
unique  3-flat  of  D,  and  hence  clearly  they  are  incident  with  exactly 


(m,  -  m3)(m,  -  mj  •••  (m,  -  m,-2) 

(m,_,  -mj)  •••  (m..,  -m,_2) 

blocks  of  D.  Thus  Z>  is  a  3-design.  This  completes  the  proof  of  the  theorem. 
Theorem  3  is  the  obvious  inductive  extension  of  Theorem  2. 

For  the  rest  of  this  section  we  shall  assume  that  D  »  (X,  /)  is  a 

geometric  design  of  rank  4.  Let  the  parameters  of  D  be  (v,  b,  r,  k,  A).  Since 
rank  D  =  4,  A  >  1. 


Lemma  14  All  geometric  design  of  rank  4  are  regular. 

Proof  Let  D  be  a  geometric  design  of  rank  4,  with  parameters  (v,  b,  r,  k, 
A).  Let  X,  y  e  X,x  y.  Let  I  be  the  unique  2-flat  containing  x,  y,  Le.,  line  xy. 
Now  from  the  properties  of  combinatorial  geometries  it  follows  that  given 
ze  X,z  4  I,  there  is  a  unique  block  B  of  D  s.L  /  vj  {z}  c  b.  Hence  counting 
the  number  of  elements  in  the  set  {(z,  B)  |  z  €  X  —  ^  z  e  B,  1  £  B},  we  have 

X(k-\l\)^v-\l\. 

Hence 


Thus  the  cardinality  of  a  line  /  is  independent  of  the  choice  of  the  line  /.  Proof 
of  Lemma  14  is  now  complete. 

We  now  prove  the  final  result  of  this  paper. 

Proof  of  Theorem  4  Using  Lemma  14,  B  is  a  regular  geometric  design 
with 

mi  -  yZY 
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Since  m2  is  an  integer,  k  mod(A  —  1).  Also  since  m2  ^ 2, 

2*-d^2(A-  1). 

Hence 

p^Ak-2(>l-l). 

Suppose  v*‘  Xk-2{X-  1).  Then  m2  2  and  clearly  D  is  a  3-(r,  k,  l)-design. 
Thus  we  have  proved  (c).  We  now  prove  the  remaining  parts  of  Theorem  4. 
Using  Theorem  2(a)  for  i »  3,  we  have 

k  ^  m2(m2  —  1)  +  1.  (4.3) 

Hence  using  (4.1)  we  have 

-  v(m  -  (A  -  1))  +  X^k^  -  (A  -  l)*k  ^  0. 

Hence 


This  proves  (b).  Now  suppose  »  =  Ak  -  i(A  —  1)  —  i(A  -  l)v/4k  —  3;  then 
we  will  have  equality  in  (4.3)  and  the  statement  (d)  follows  from  Theorem 

2(b).  .  ^ _ 

Now  suppose  r  >  Ak  -  i(A  -  1)  —  i(A  —  l)^4k  —  3.  Hence 

k  >  m2(m2  —  1)  +  1. 


Thus  if  P  is  any  3-flat  of  D  and  0  denotes  the  0-flat,  then  Df^  0  is  °ot  an 
SBIBD.  Parameters  of  Dj>,o  are 


>"3(t»3  ~  f)  m3  —  1 
””  m2(m2  -  1)’  m2  -  r 


Hence 


mj  —  1 
m2  —  1 


^m2  +  1 


i.e.,  k  ^  ml .  Hence  using  (4.2)  we  have 

0*  —  2Xkv  —  (A  —  l)^k  +  A*k*  ^  0. 


(4.4) 
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Hence 

v^Xk  —  iy/4A^k‘‘  —  4[(^  —  l)*Jlc  + 

i.e^ 

»  ^  Afc  -  (A  —  l)^yX 

If  p  »  AA  —  (A  —  l),yX  and  k  ^  16,  then  we  will  have  equality  in  (4.4)  and 
m2  ^4.  Hence  all  designs  f>j.,o  are  affine  planes,  and  the  statement  (e) 
follows  from  Proposition  8.  Tliis  completes  ffie  proof  of  the  theorem. 

A  natural  question  arises.  Are  there  geometric  designs  of  rank  4  different 
from  those  given  by  cases  (c)-(e)  of  Theorem  4.  We  note  that  using  examples 
of  Steiner  triple  systems  due  to  Hall  [6],  one  can  construct  one  such  geome¬ 
tric  designs  of  rank  4  (see  also  Teirlinck  [1 1]X  This  example  also  shows  that 
the  hypothesis  k  ^  16  in  statement  (e)  is  necessary.  An  interesting  problem 
will  be  to  classify  all  geometric  designs  of  rank  4. 
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